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Solve the following Exercises.

Exercise 1(15 points). Let K|r be an extension of fields. Prove that
K is algebraic over F' if and only if every intermediate ring between F
and K is a field.
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Exercise 2 (20 points). Let K| be a quadratic extension of fields and
suppose that F is of characteristic 2.

(1) Prove that K is separable over F'if and only if there is § € K\ F
and « € F such that 6% + 60 + a = 0.
(2) Prove that K = F'(f) and K|p is Galois.

(3) Prove that X2+ X +a = (X +6)(X +6+1) and it is the minimal
polynomial of 6 over F'.



Exercise 3(20 points).

(1) Prove that for any root 6 of the polynomial X* — 2 of Q[X], Q(6)
is not a normal extension of Q.

(2) Find three extensions K; ; Ky ; K5 such that K, is normal over
K;, K; is normal over Q but K is not normal over Q.

(3) K3 normal over Q.
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Exercise 4(25 points). Recall that if E is a subset of the complex field
C containing 0 and 1 and [ is the set of all element z € C constructible
(from E) with ruler and compass, then E is the smallest subfield of C
containing E and satisfying:

(i) if 22 € E, then z € I, (ii) if z € I, then z € .

(1) Prove that an angle 6 is constructible (from E) if and only if cosf
is constructible.

(2) Find a necessary and sufficient condition so that the angle 6 is con-
structible from the angle 36.

(3) Is the angle # = 10 constructible from the angle 307
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Exercise 5(20 points). Let f(X) = X? —3X +1 € Q[X], and let K
be the splitting field of f(X) over Q.

(1) Prove that f(X) is solvable by radicals.

(2) Prove that K is not a radical extension of Q.
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Exercise 6(20 points) Let F' be a field containing a primitive nth root
of unity and K a finite extension of F'. Prove that K| is an n-Kummer
extension if and only if K = F({/aq,..., {/a,) for some a; € F.
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Exercise 7(30 points). Let F' be a field, N an algebraic closure of

F and a € N separable over F. Let K be the normal closure of

F(a) over F', p a prime positive integer, Hy,..., Hs the p-Sylow sub-

groups of Gal(K|r), H the subgroup of Gal(K |r) generated by U H;,
i=1

M,; = F(Hi) (the fixed field of Hi) and M = F(H).

1=s

(1) Prove that M = ﬂ M; and that M is Galois over F.

i=1

(2) Prove that if p divides [K : F], then there exists j € {1,..., s} such
that a ¢ M;.

(3) Let L be an intermediate field of N|p.

(i) Prove that K N L(a) = (K N L)(a).

(ii) Prove that if L(a)|; is Galois, then (K N L)(a)|xnr) is Galois and
Gal(K|p) is isomorphic to a subgroup of Gal((K N L)(a)|knr).

(4) Prove that p divides [K : F] if and only if there is an intermediate
field L of N|r such that L(a)|. is Galois of degree p.




