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Solve the following Exercises.

Exercise 1 (10 points 3-3-4): Let K = F (a) be a finite extension of F . For α ∈ K,
define φα : K → K by φα(x) = xα.
(1) Prove that φα is an F -linear transformation.
(2) Prove that det(xI − φa) is the minimal polynomial of a, where I is the identity
F -transformation.
(3) For which α ∈ K is det(xI − φα) the minimal polynomial of α over F .
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Exercise 2 (10 points): Let K|F be a field extension.
Prove that K is algebraic over F if and only if every monic polynomial of K[X] is
a divisor of some non-zero polynomial in F [X].
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Exercise 3 (10 points 3-4-3): Let a be an odd integer.
(1) Prove that X3 + 4X − a2 is irreducible in Q[X].
(2) Let E be a splitting field of X4 − aX − 1, θ a root of X4 − aX − 1 in E and
K = Q(θ). Prove that for every α, β in E, if X2 +α+β divides X4− aX − 1, then
the minimal polynomial Pα2,Q of α2 over Q is X3 + 4X − a2.
(3) Find [K : Q].
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Exercise 4 (10 points 3-3-4): Let F be a field of positive characteristic p, K =
F (X,Y ) and L = F (Xp, Y p).
(1) Find [K : L].
(2) Prove that up ∈ L for every u ∈ K.
(3) Prove that the extension K|L has infinitely many intermediate fields.
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Exercise 5 (10 points): Let K be a field and σ ∈ Aut(K) has infinite order. Let
F be the fixed field of σ. Prove that if K is algebraic over F , then K is a normal
extension of F .
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Exercise 6 (10 points 5-5): Let K and L be two normal extensions of a field F
and suppose that K and L are subfields of a common field E.
(1) Prove that K ∩ L is a normal extension of F .
(2) Prove that F (K ∪ L) is a normal extension of F .
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Exercise 7 (10 points 3-4-3):
(1) Prove that for any root θ of the polynomial X4−2 of Q[X], Q(θ) is not a normal
extension of Q.
(2) Find three extensions K1 $ K2 $ K3 such that K2 is normal over K1, K1 is
normal over Q but K2 is not normal over Q.
(3) K3 normal over Q.



8

Exercise 8 (10 points 3-4-3): Let K|F be an extension of fields of characteristic
p 6= 0 and set L = {x ∈ K|xpr ∈ F for some integer r ≥ 0}.
(1) Prove that L is an intermediate field (i. e., F ⊆ L ⊆ K.
(2) Prove that if K is perfect, then L is perfect.
(3) Prove that every F -automorphism of K is an L-automorphism.
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Exercise 9 (10 points): Let F ⊆ L ⊆ K be extension of fields such that K|L is
normal and L|F is purely inseparable. Prove that K|F is normal.
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Exercise 10 (10 points 3-4-3): Let F be a field of characteristic p 6= 0, n a positive
integer and a ∈ F .
(1) Prove that Xpn

has only one irreducible divisor f in F [X].
(2) Prove that there exists a positive integer m ≤ n such that Xpn − a = fp

m

.
(3) Prove that there exists b ∈ F such that f = Xpn−m − b.


