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Exercise 1
Find all entire functions f such that

| f (z)| ≤ |z|
4

ln |z| for |z| > 1.

Exercise 2
Prove that for any polynomial p(z)

1
2iπ

∫
∂B(c)

p(z) dz = p′(c)

where B(c) = {z ∈ C : |z− c| < 1}, c ∈ C.

Exercise 3
Let γ : [0, 2π]→ C be γ(t) = r eit and let g : |γ| → C be continuous. Show that∫

γ
g(w) dw = −

∫
γ

g(w)

(
r2

w2

)
dw.

Exercise 4
Let f be analytic on the closure of the disc ∆r = {z ∈ C : |z| < r}. Define

g(z) =
1

2πi

∫
∂∆r

f (w)

w− z
dw, |z| 6= r.

1. Show that

g(z) =
1

2πi

∫
∂∆r

(
f (w)

w− z

)
r2

w2 dw.

2. Find g(z) for |z| > r and prove that g(z) = f (0) for |z| < r.

3. Deduce that

f (z) =
1

2πi

∫
∂∆r

< f (w)

w
(w + z)
w− z

dw + i= f (0), for |z| < r.

(Hint: < f =
f + f̄

2
)

Exercise 5
Suppose that f is an entire function such that f (0) = 1, f ′(0) = 0 and

f ′′(1 +
1
n
) = 7− 3

n
for all n natural number. Find f that satisfies these proper-

ties.



Exercise 6
Let f be analytic in some region containing the closed unit disc ∆ = {z ∈ C :
|z| ≤ 1} and suppose that | f (z)| ≤ M for all z ∈ ∆.

1. If f (ak) = 0 for 1 ≤ k ≤ n, show that

| f (z)| ≤ M
n

∏
k=1

∣∣∣∣ z− ak
1− ākz

∣∣∣∣ .

2. If f (ak) = 0 for 1 ≤ k ≤ n, each ak 6= 0 and | f (0)| = M|a1 . . . an|, find a
formula for f .

Exercise 7
Suppose that both f and g are analytic on ∆r = {z ∈ C : |z| ≤ r}, with
| f (z)| = |g(z)| for |z| = r. Show that if neither f nor g vanishes in ∆r, then
there is a constant λ, |λ| = 1, such that f = λg.
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