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Q:1 (18 points) Solve the initial vale problem using Laplace transform,

y′′ − 2y′ + 2y = δ(t− 1) with y(0) = 1, y′(0) = 0.
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Q:2(20 points) Consider the Sturm–Liouville problem

y′′ − 2y′ + λy = 0 with y(0) = 0, y(2) = 0.

(a) Find the eigenvalues and corresponding eigenfunctions.

(b) Write the equation in self–adjoint form and write the weight function.
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Q:3 (22 points) Use separation of variables method to solve the problem

∂2u

∂r2
+

1

r

∂u

∂r
+

∂2u

∂z2
= 0, 0 < r < 1, 0 < z < 2,

subject to the boundary conditions

u (1, z) = 0, 0 < z < 2

u (r, 0) = 0, 0 < r < 1

u (r, 2) = 1, 0 < r < 1

solution u(r, z) is bounded at r = 0.
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Q:4 (22 points) Find the steady-state temperature u(r, θ) in a sphere of radius 1 by solving
the problem

∂2u

∂r2
+

2

r

∂u

∂r
+

1

r2
∂2u

∂θ2
+

cot θ

r2
∂u

∂θ
= 0, 0 < r < 1, 0 < θ < π,

subject to the boundary condition

u (1, θ) = 5 cos(θ), 0 < θ < π.
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Q:5 (22 points) Use Laplace transform to solve the problem

4
∂2u

∂x2
=

∂2u

∂t2
, 0 < x < 1, t > 0,

subject to the boundary and initial conditions

u (0, t) = 0, u (1, t) = 0, t > 0,

u (x, 0) = 0,
∂u

∂t

∣∣∣∣
t=0

= sin(πx), 0 < x < 1.
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Q:6 (18 points) Find Fourier integral representation of

f(x) =


0, x < −1
2, −1 < x < 0

−x+ 2, 0 < x < 1
0, x > 1
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Q:7 (18 points) Use Fourier sine transform to solve the problem

2
∂2u

∂x2
=

∂u

∂t
, 0 < x < ∞, t > 0,

subject to the boundary and initial conditions

u (0, t) = 2, t > 0,

u (x, 0) = 0, 0 < x < ∞.


