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Problem # 1. (10 marks) Given the one-dimensional problem

U (T, 1) — U (2, 1) =0, x>0, t>0

u(z,0) = ¢(x), u(z,0) = P(z), x>0 (1)
uz(0,8) —u(0,8) = 2t, t>0

where ¢ and ¢ are C?([0, +00)), with ¢(0) = ¥(0) = 0.
a. Find a continuous solution for (/)
b. If ¢(z) = 22 and ¥(x) = 0, write down the solution.



Problem # 2. (10 marks) Solve the Cauchy problem

Ut — (ua:a: + uyy) = 07 (xay) S ]R27 t>0
u(m7y70> = ut(x7y70) =2y, ((L‘,y) € IR‘Q



Problem # 3. (5 marks) Assume that u is a solution of
Ugg + Uyy = 0, (z,y) € Q

where €2 and the boundary conditions are shown if the figure.
Show that
0<ulz,y) <4, V(z,y) €N



Problem # 4. (5 marks) Consider

—Au+ud = f in 2
u = @ on 0f)
where €2 is a bounded domain with a smooth boundary.

a. Show
(s* =) (s — 1) >0, Vs,r € R

b. Show that (*) has at most one solution.



Problem # 5. (15 marks) Given the problem

up(z,t) — Uge (2, t) + 2u(z, t) =0, re(0,m), t>0

u(z,0) = sin®x — 4 cos , x>0 (I1)
uz(0,t) = ug(m,t) =0, t>0
a. Let v(z,t) = u(z,t)e*. Show that v satisfies

ve(z,t) — vm(m t) =0, ze (0,m), t>0

v(r,0) = sinz — 4 cos z, x>0 (I11)
v5(0,t) = vgp(m,t) =0, t>0
b. Solve (I11) c. Show that there exists a constant C' such that

lu(z,t)] < Ce™ 2



