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Exercise 1 (20 points) 
Use the augmented matrix to find all values of r  for which the system (S) has: 
a/ No solution           b/ a unique solution       c/ infinitely many solutions 

(S) 




















2

22
2 r

zyx

zryx

zyx

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 



Exercise 2 (20 points) 

Let 
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2-Find KerL  and KerLdim . Is L a one-to-one linear operator? 
3-Find RangeL  and )dim(RangeL . Is L an onto linear operator? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 3 (20 points) 
Let nP  be the vector space of all real polynomials of degree n  and 

')(,: 34 ffDPPD   be the differential operator. Let  },,,,1{ 432 ttttS    and 

},,,1{ 32 tttT   be the standard bases of 4P  and 3P  respectively. Set 

},,,1,2{' 24322 ttttttS    and },1,1,1{' 32 tttT  . 

1-Prove that S’ and T’ are bases of 4P  and 3P  respectively. 

2-Find the transition matrix P from 'S   to S . 
3-Find the transition matrix Q from 'T   to T . 
4-Find the matrix representing D with respect to 'S  and 'T  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 4 (20 points) 

Use Gram-Schmidt process to transform the basis }
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orthonormal basis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 5 (20 points) 

Let 
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A and set }|)({ 3 BAABRMBW  . 

1-Prove that W  is a vector space. 
2-Find a basis for W  and Wdim . 
3-Find the value of the positive integer n  such that W  is isomorphic to nR . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 6 (20 points) 
Let A  and B  be two nn similar matrices (i. e. APPB 1 ). 
1-Prove that if 1  and 2  are distinct eigenvalues of A  and 1V  and 2V  are eigenvectors 

associated to 1  and 2  respectively, then 1V  and 2V  are linearly independent. 
2-Prove that A  and B  have the same eigenvalues. 
3-Prove that for a common eigenvalue   of A  and B , if V is an eigenvector of A  
associated to  , then  VP 1  is an eigenvector of B  associated to  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 7 (20 points) 
Let A  be an nn  matrix with characteristic polynomial  
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  and suppose that 00 a . 

1-Prove that A  is invertible and find 1A . 
2-Application: Find the 33  matrix A  such that 144 23  XXXf  and 
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Exercise 8 (20 points) 
Let L  be a linear operator of 3R whose matrix in the standard basis S  is 
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][ SL .  

1-Prove that L  is diagonalizable. 
2-Find an orthonormal basis  T  such that DL T ][  is a diagonal matrix. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 9 (20 points) 
Let A  be a real symmetric matrix. 
1-Prove that the eigenvalues of A  are all real numbers. 
2-Prove that eigenvectors associated to distinct eigenvalues are orthogonal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Exercise 10 (20 points) 
Let yzxzxyzyxzyxg 444),,( 222   be a quadratic form of 3R . 

1-Find the canonical quadratic form h  that is equivalent to g . 
2-Find the rank and the signature of g  
 
 
 
 
 
   
 


