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e Mobiles and calculators are not allowed in this exam.
e Write all steps clear.

e Write MCQ Answers on the front page.

Written Questions

Question # Marks Maximum Marks
1 12
2 20
3 16
4 20
5 16
Total /84

Multiple Choice Questions

Question # | Student Answer Marks Maximum Marks
1 7
2 7
3 7
4 7
5 7
6 7
7 7
8 7
Total /56
Grand Total /140




SOLUTION MATH 202 FINAL EXAM (Term 111) Page 1 of 9

Q:1 (12 pints) Determine singular points of the differential equation
23(x? —16)(z — 1)*y" + 3z(x — 1)y’ + 5(z + 4)y = 0.

Classify each singular point as regular or irregular.

Sol: z3(2? —16)(x —1)2 =0 = x =0,1,—4,4 are the singular points. (4 points)
3r(r —1 3
P(z) = —— : ) 2~ 2
23(2? —16)(x —1)2  2%(z —4)(z+4)(x — 1)
B 5(x +4) B 5
Q) = (2 — 16)(z — 1)2  23(x — 4)(x — 1)2
Check © =0, p(z) = zP(z) = ’ not analytic at x =0
R = Ca(r—4)(x+4)(z—1) Y B
= x = 0 is an irregular singular point (2 points).
3

Check x =1, p(z) = (x — 1) P(x) =

22(x —4)(x +4)’

o(o) = (0= 17QUe) = s

= x = 1 is a regular singular point (2 points).

3

Check z =4, p(z) = (v —4)P(z) = z?(z +4)(x —1)

5(z —4)

_ 2 _

¢(z) = (z — 4)°Q(z) = Pa1)

= 1z =4 is a regular singular point (2 point).
3

Check = —4, p(v) = (z + 4)P(z) = 22z —4)(z — 1)’

5(x +4)?

1) = (470 = R — 1

= & = —4 is a regular singular point (2 points).
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Q:2 (20 points) Find two linearly independent power series solutions of y” + xy' +3y = 0
about the ordinary point x = 0. Give the first three nonzero terms for each series solution.

Sol: Lety= Y c,2", theny' = > nc,z" ' and vy’ = > n(n—1)c,z2"?——(3 points)
n=0 n=1 n=2

Substituting in the equation y” + xy’ + 3y = 0, we get

St n(n—1)e, 2" 2+ 3. ne, ™+ 3> cp™ =0,

n=2 n=1 n=0

2co+ Y. n(n— 1), 2" 2 + 3. ne,z™ + 3co + 3 Y. ¢,2" = 0,——(4 points)
n=3 n=1 n=1

(2c9 + 3co) + D (k+2)(k + Depox® + 3 (k + 3)epa® = 0, This gives
k=1 k=1

(k’ + 3)Ck

2¢9 4+ 3cg = 0 and ¢y0 = — , k=1,2,3, .. 4 points
Cy = —=Cy, C3 = —=C1, C4 = — Ccy = =Cy, C ———30 = —c (4 points)
2= 75, 3= 730, (=TT et =g, 6= T 0= pa p

The general solution of the differential equation is

Yy = co+ 12 + cox? + ez + caxt + 5’ + .

2 5 1
=co+ i — 500952 — 501503 + gcom‘l + gclx5...
3 5) 2 1
=co(1 — §x2 + §x4 +..)+a(x— gx?’ + 5x5 + ...)——(3 points)

The two linearly independent solutions are

3 ) 2 1
yp=1-— 5&:2 + §x4 +...and yp = & — gx?’ + Sx‘r’ + ... — (2 points)
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3 1 —1
Q:3 (16 points) Solve the differential equation X’ = AX, where A= | 0 2 1
00 2
3—A 1 —1
Sol: |A—M|=| 0 2-XA 1 |=@E-M\)2-A\2=0 = \=23,22(6points)
0 0 2—A
0 1 —1 T 0
For \=3:(A—3)X=0 = |0 —1 1 w | =10
0 0 -1 T3 0
1
= =1, 13=0 = X;=|1 (2 points)
0
11 1] [m 0
For \=2:(A—20)X=0 = |0 0 1 z | =0
00 O T3 0
1
= I =29, 23=0 = Xy =] —1 (2 points)
0
11 -11[m 1
Now we solve (A —2)P =X, = 00 1 pa | = | —1
00 0 s 0
1
= pi+p—p3=1,p3=—-1 =P=| —1 (3 points)
-1
X = 61X163t + CQXQ@Zt + C3 [th -+ P] €2t
1 1 1 1
=c | 1 |e4c | =1 |4 |t -1 | + ] -1 e —————(3 points)

0 0 0 -1
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Q:4 (20 points) Solve the initial value problem X' = AX, X(0) = [ L }

1
-3 -1
where A = [ 5 1 }

Sol: |A— M| =

—3-A —1
2 —1-A

‘:(3+>\)(1+>\)+2:O

= M+4\+5=0 = A=-2+i (4 points)

For A= —2+i: (A= (—2+))X =0 = {—1—2‘ —1,“%}:{0}

2 1—1 T2 0
= (—1—i)z1—22=0, 207+ (1 —d)zy =0 (4 points)
1 1 . .
= X;= 1 and X, = N E there can be other choices. —-(4 points)

Let By = Re(X;) = l _11 } and By = Im(X;) = [ _01 ], then

X=q ({ _11 } cost — [ _01 } sint) e 2 4 ¢y ({ _01 } cost + { _11 } sint) e 2t

_ cost ot sint ot ‘
Cl{—cost%—sint}e +02{—C08t—sint16 (4 points)

wowx =[] = [ ea[ L ]ea] ] anten 2

- cost ot sint o [cost—2sint ]| L, . .
X_{—cost—i—sint]e 2[_(30875_511“5}6 = | cost+3sint |© (4 points)
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Q:5 (16 points) Find X, for the system X' = AX + F(t), where A = [ ; _22 ],

70¢1t e 2¢*
F(t) = [ 20t ] and X, = ¢ { _9pBt } + 2 l o2t ]

€—3t 2€2t :|

Sol: From X, we get the fundamental matrix ® = { Cop3t 2t (4 points)

e—St 262t B B e2t _2€2t e3t —263t '
|(b| = ‘ _2673t €2t = de t? ¢ L= %6t |: 2673t €73t :| = % |: 2672t e*2t :|(4p01ntS)
N et =23 | [ 70e* 14e™ — 8e*t )
P lF(t) = % [ 9p—2t =2 } 20et | = | 2862 1 et (3 points)
2Tt — 2¢%t ]
-1 _ )
JOTF(t)dt = [ 1462 — de~t (2 points)

67325 2€2t :| |: 2€7t _ 26415 :|

2et — 2et 4 28ett — Ket
—2e73t 2 142t — 4e~t

_ -1 —
Xp—q)fq) F(t)dt— |: —4€4t+46t+14€4t—4€t

a t at ot
_ [306 10e :|:10|:36 e ] (3 points)

10e* ett
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1. Integrating factor that makes the differential equation
(—xysinx + 2y cos z)dx + 2z cos xdy = 0 EXACT is:

M=

(a) (secx)

[NIE

(b) (tanz)

(c) ; In(sec x)

(d) =secx

2. If y(x) is a solution of (z + ye=)dx — zerdy = 0 with y(1) = 0, then
y(e?) is equal to:
(a) €*In3
(b) eln3
(¢) 3In3
(d) eln9

(e) €*In9
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3. After 6 hours, a radioactive material has decreased by 87.5%
(remained 12.5%). What is the half life of the material?

(a)

4. If y(x) is the solution of the initial value problem 3y” + 2y” = 0,

y(0) = —1, ¥/(0) =0, y”(0) = 1, then y(2) is equal to:

()

2 hours

4 hours

6 hours

8 hours

o0 hours
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D.

(D +1)(D? — 6D + 25)

(a) e "4 ¥ cosda

(b)  e® + ze* cosdx

(C) e—a: + 65:10 + ZL’€5$

(d) e—x 4 6—51’ + x6—5m

(e) e "+ e 3 cosbr + e > sin5x
6.

Page 8 of 9

Which one of the following functions is annihilated by the operator

If y. = ¢y cos2x + c9 sin 22 is complementary function of the equation

4y" + 16y = csc 2z, then a particular solution is given by:

(a) 2+1'21|'2|
a) ——=xcos2r + — sin 2z In | sin 2x
8 16

1 1
(b) ——wcos2z+ 3 sin 2z In | sin 2z

16

1

(c) —g&cos 2r — 3 sin 2x In | sec 2|

1 1
(d) —=zcos2x+ 16 sin 2z In | cos 2z |

8

1 1
() ——zcos2z+ 3 sin 2z In | csc 2z

16
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7. If we convert the Cauchy-Euler equation —2x2%y” + 23/ — 2y = 0 into

an equation with constant coefficients y” + ay’ + by = 0, then a + b is

equal to:
1
(a) -5
3
b)) -2
0 -
1
(c) 2
1
4 —=
@ —
2
(e) 3
8. If y,, = ze” is a particular solution of " —y' = €”

and y,, = %(cosx —sinx) is a particular solution of ¢y — ¢/ = sinz,
then y, = sinz — cosx — ze” is a particular solution of:

(a) o' —y =—-2sinz—¢€”

(b) 4" —y =sinz —cosx +¢€”
() y'—y =2sinz—¢"
(d) o' —y =e"—cosz

(e) " —y =2e"—2sinzx
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