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Problem 1 Consider the following one dimensional parabolic problem
ut −uxx = f in (0,1)× (0,T)
ux(0, t) = ux(1, t) = 0 for t ∈ (0,T),
u(x,0) = v(x) for x∈ (0,1),

(1)

whereu = u(x, t) and f = f (x, t). Assume thatf andv are sufficiently regular
a) Define the spatial piecewise linear FE solutionuh of (1) (assume thatuh(0) = vh≈ v)
b) Derive the following stability property ofuh:

‖uh(t)‖ ≤ ‖vh‖+
∫ t

0
‖ f (x,s)‖ds for each t ∈ (0,T]

c) Show that for eacht ∈ (0,T], the FE solutionuh exists and unique.

Problem 2 Consider the following singularly perturbed two-point BVP:{
−ε u′′+u = f in (0,1)
u′(0)+u(0) = 0 and u(1) = 0,

(2)

whereu= u(x), f = f (x), andε is a strictly positive constant. Assume thatf is sufficiently
regular.

a) Define the weak formulation of (2)
b) Show that (2) has a unique weak solution
c) Define the piecewise linear FE solutionuh of (2)
d) Prove thatuh exists and unique
e) Derive the error‖u−uh‖1

f) Justify that forε sufficiently small, the order of convergence of the error‖u−uh‖1

need not be one.

Problem 3Consider the following two-point BVP:{
−u′′+bu= f in (0,1)
u′(0) = u′(1) = 0,

(3)

whereu = u(x) and f = f (x). Assume thatu is the strong solution of (3).
a) If b≥ b0 > 0, show that‖u‖2 ≤C‖ f‖.
b) Justify that the inequality:‖u‖2 ≤C‖ f‖ may not be applicable to (3) whenb = 0.


