Solution Math 301-101  Sec: 02 & 03  Quiz 6 (A)

Q:1 Solve the heat equation
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u(0,t) = 0, u(mt)=0, t>0
u(z,0) = 100, O0<z<m.

Sol: Let u(z,t) = X(x)T(t), then
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u(0,t) = 0, = X(0)=0andu(m,t)=0 = X(m)=0

1. For A =0, X” + AX = 0 has solution X (z) = ¢1 + co.
Using X (0) = 0 and X (7) = 0 we get the trivial solution X (z) = 0.

2. For A = —a?, X" + AX = 0 has solution X (z) = ¢; cosh(ax) + ¢ sinh(az)z.
Using X (0) = 0 we get ¢; = 0 and using X (7) = 0 we get ¢y sinh(am) = 0. Since
sinh(arm) = 0 only if & = 0. But « # 0, therefore ¢, = 0 and we get a trivial solution
X(z)=0.

3. For A = o, X" + AX = 0 has solution X (z) = ¢; cos(ax) + ¢y sin(az)z.
Using X (0) = 0 we get ¢; = 0 and using X (7) = 0 we get ¢y sin(am) = 0. For nontrivial
solution ¢y # 0 and sin(ar) =0 = ar=nwora=n, n=1,2,3,.... The solutio is
X(z) = cosin(nz), n=1,2,3,....
For A = a2 = n2, T' + nT = 0 has solution T(t) = cze™ """
The general solution is u(x,t) = 0%, A, sin(nz)e ™",
u(z,0) =100 = 100 = 2, A, sin(nz) which is a half range Fourier sine series.
A, =2 [T100sin(nz)de = 220((—1)" — 1) = 28(1 — (-1)")
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So u(x,t) =37 @(1 — (=)™ Sin(na:)e_”%
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Q:2 Solve the wave equation
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uw(0,t) = 0, u(L,t)=0, t>0
u(xz,0) = 0, w(x,0)=g9(r), 0<z<L.

Sol: Let u(z,t) = X (x)T(t), then
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u(0,t) = 0, = X(0)=0andu(L,t)=0 = X(L)=0

1. For A =0, X” + AX = 0 has solution X (z) = ¢1 + co.
Using X (0) = 0 and X (L) = 0 we get the trivial solution X (x) = 0.

2. For A = —a?, X” + AX = 0 has solution X (z) = ¢; cosh(az) + ¢ sinh(az)z.
Using X (0) = 0 we get ¢; = 0 and using X (L) = 0 we get cpsinh(aL) = 0. Since
sinh(aL) = 0 only if @« = 0. But a # 0, therefore ¢ = 0 and we get a trivial solution
X(xz)=0.

3. For A = a2, X” + AX = 0 has solution X (z) = ¢; cos(ax) + ¢y sin(ax)z.
Using X (0) = 0 we get ¢; = 0 and using X (L) = 0 we get cosin(aL) = 0. For nontrivial
solution ¢; # 0 and sin(aL) =0 = aL =nmora= ", n=1,2,3,.... The solutio is
X(x) = cpsin(Fx), n=1,2,3,....

For A = o2, T" + o*T = 0 has solution T'(t) = czcos(2Et) + ¢4 sin(%Ft).

u(z,0) =0, = T(0) =0 = ¢3=0.

The general solution is u(z,t) = >, A, sin(2%x) sin(2¢).

Now wu(x,0) = g(x) = g(x) = > 2, A2 sin(%Fx) which is a half range Fourier sine

series, where A, %" = %fOL sin(%z)dz or A, = = fOL sin(%%x)dx.



