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Section 4.2

Knowing that 3; = €2* is a solution to the differential equation
y'—4y=0

Use reduction of order to find the second solution.

Solution 4.2
Y2 = uy gives yp = u'y1 + uyj and yy = u"y1 + 2u'y; + uyy.

Substitution gives : u"y; + 2u'y] + wy| — duy; = u"y1 + 2u'y] +u (yf — 4y1) = 0.
0
Then, 3} = 2e2* gives u”e** + 2u/'2e?z = 0 = v + 4u’ = 0.

Let w = o/ then w' + 4w =0 = w = ¢~ J4dv = ¢4z,

_ —1_—4x _ —1_—2z
Thus, u = e and yo = e 7.



Section 4.3
(a) Solve the following differential equation and give its real valued solutions :

y'+y +y=0
(b) Use the result found in (a) to find the general solution to the differential equation :

y//_'_y/_’_y:ex

Solution 4.3
(a) Assume y = €™ then ¢/ = me™* and y’ =m
is:m24+m+1=0=A=-3and VA = —/3i.
Thus my = 1(—1 — v/3i) and my = 1(—1 + v/3i). The real valued solutions to the
differential equation are :
V3

Yy = 67%96605(73:) and yo = eféxsin(TSx).

2em The auxilary equation obtained

(b) Use of the annihilator (D — 1) will make the differential equation in (b) become
homogeneous with third order.
The general solution to the differential equation is then given by ;

y(x) = cre” + cay1 + c3y2

After substitution it appears that ¢; = %



Section 4.5

(a) We know that (D — «) annihilates e®*.

Suppose that (D — a)"~! annihilates 2" 2e® and give the proof that (D — )" anni-
hilates 2"~ le®.

(b) We know that (D? — 2aD + (a? + 3?)) annihilates e cos(3z).
Suppose that (D? —2aD + (a?+ £2))"~! annihilates 2" 2e*®cos(Bx) and give the proof
that (D? — 2aD + (a? 4 5%))" annihilates 2"~ e cos(Bz).
Solution 4.5
(a) (D_a)nxn—leax — (D_a)n—l(D_a)a;n—leax — (D_a)n—l [(n _ 1)xn—2eax + axn—lea:p _ aa;n—leax]

(n—1)(D—a)" 12" 2e% = (n — 1) x 0 = 0.

( 2(b)5(2]5))2—21aD+((Z;—GBQ))”x”_lewcos(ﬁx) = (D?-2aD+ (o +B%))" " Y(D? - 2aD +
ot + " e cos(fx).

After calculation :
(D?—2aD+(a?4 %))z e cos(Bx) = D(n—1)z"2e*cos(Bz)—(n—1)Bz"Le“sin(Bz).

Applying (D? —2aD + (o + %)) would yield 0 because (D? —2a.D + (a2 + 32))" !
annihilates 2" 2e“cos(Bx) and (D? — 2aD + (a? + 82)) annihilates e®®sin(Bz).



Section 4.6
Solve the following differential equation using the variation of parameters approach.

Y — 2y +y = ze”

Solution 4.6

(1) Solve the corresponding homogeneous DE : ¢/ — 2y +y =0
with y = €™ = m? —2m +1 =0,
A=0= mi=mo=1= y; =" and yy = xe”.

(2) Using variation of parameters, y, = u1y1 + u2y2.

uh, =¥yl = %2 gych that :
1 w ? 2 w

T T
. e xe
With W=, .7 . |=¢e*>,
e’ e tuxe
0 ze” 3
Wy = v . | =22 sl = -2 = u =%
ret ev +xe
xT
e 0 2
And Wo=| , =z s uh=—c=u="%.
xe

3 3
(3) yp =1 Y1 +u2y2 = —Fe" + Ge
= y=ce® + coxe” + %e‘”.



Section 4.7
Solve the following differential equation.
4z2y" — 62y + 6y = 423

Solution 4.7
First, we find the solutions to the corresponding homogeneous differential equation :
4m? —10m +6 =0

A=25-24=1=+VA=1 [

m1 =1 and my = % :>yc:C’1x+C’2x%.

Dividing the differential equation by 422 yields " — %y’ + %y = .
Then, using the assumption : y, = uiy1 + u2ys,

I w I w
we find uj = 7 and uy =

3 w
) T xT2 3
With W = 3 1 :%mz’
1 §$§
3
0 x2 5
Wl — 3 1 = —$2’
X 5[1:2
x 0
and Wy = = 22
1 =«
/ 23 / z2 1
Hence, v} = = —2z and uy = =222,

N[
NICO|

Thus uy = [ —2xdx = —2?.

and ug = f2x%dx = %x%

The particular solution is then y, = %x‘g.
Finally y = %x?’ + Chix + C’zx%.



