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Abstract

Algebraic and analytic aspects of self-adjoint operators of order four or more
with polynomial coefficients are investigated. As a consequence, a systematic way
of constructing such operators is given. The procedure is applied to obtain many
examples up to order 8; similar examples can be constructed for all even order
operators. In particular, a complete classification of all order 4 operators is given.
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1 Introduction

The classification of self-adjoint second order operators with polynomial coefficients is a
classical subject going back to Brenke [7]. This paper is a contribution to certain algebraic
and analytic aspects of higher order self-adjoint operators with polynomial coefficients. Its
main aim is to construct such operators. This involves determining the explicit differential
equations for the polynomial coefficients of the operators and the boundary conditions
which ensure self-adjointness. These operators are not in general iterates of second order
classical operators - as stated in [17]; (cf. [21]). As the weight function which makes these
operators self-adjoint depends only on the first two leading terms of the operator, there-
fore, if one can find a second operator with the same weight function, the eigenpolynomials
for both operators would be the same; see Section 4.

We should point out that some of the most important recent contributions to this
subject are due to Kwon, Littlejohn and Yoon [18], Bavnick [3, 4, 5], Koekoek [13] and

Kockock-Koekock [12]; see also the references therein.
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A classical reference for higher order Sturm-Liouville theory is the book of Ince [10,
Chap.IX]. This theory was revived by Everitt in [8]; the paper [9] by Everitt et al. deals
with the same subject.

Classical references that deal with various aspects of polynomial solutions of differential
equations are the references [23, 7, 6, 19, 16]. More recent papers that deal with the same
subject are [14, 15, 20, 25, 1, 2]. A reference for related topic of orthogonal polynomials
is [24]. A more recent reference for this topic which also has an extensive bibliography is
the book [11].

Here is a more detailed description of the results of this paper. We consider linear
differential operators with polynomial coefficients that map polynomials of degree k into
itself- for all k. Proposition 2.1 gives necessary and sufficient conditions for such an n™
order linear operator to be self-adjoint. The integrability and asymptotic properties of the
weight function and its derivatives near the zeroes of the leading term given in Propositions
3.2 and 3.3 carry enough information to determine the form of the first two terms of the
operator in specific cases. This is used further to determine the full operator, using the
boundary conditions and the determining equations of Proposition 2.1. Although similar
determining equations are known (cf. [18]), boundary conditions involving all polynomial
coefficients of the linear operator do not seem to have been considered earlier and these
are equally crucial to the construction of operators given here.

The classical second order operators are completely determined by the integrability of
the associated weight function.

In general, if the operator is of the form L(y) = ay™ + by 4 ... then, as shown
in Proposition 3.4, for n > 2, the multiplicity of each root of a is at least 2 and its
multiplicity in b is less than its multiplicity in a and it is of multiplicity at least 1 in b. In
particular, if the operator is of fourth order and the leading term has distinct roots, then
every root occurs with multiplicity 2 and therefore the leading term must have exactly
two distinct roots and their multiplicity in the next term is 1 - as shown in Proposition
3.4.

In [21], fourth order Sturm-Liouville systems were given for ordinary weights and for
weights involving distributions. In particular, for ordinary weights, the authors found
operators that are iterates of second order ones. In this paper, a systematic way of
producing Sturm-Liouville systems with ordinary weights for all even orders is given. We
recover the fourth order operators obtained in [21] as well as new classes that are not, in
general, iterates of second order operators - as stated in [17]; cf. [21].

The examples 11.6, I1.7 of fourth order operators in [21] with weights involving delta

and Heaviside functions and the sixth order operator in Example 4.1 in [18] with weight
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involving delta functions are solutions of the determining equations given in Section 4.
For these 4th order operators of [21], the 3rd boundary condition in the sense of (4.6)
fails at one or both the boundary points. For the sixth order operator of Example 4.1 in
[18] the last three boundary conditions in (4.12) do not hold. Many such examples can
be constructed but the solutions of the determining equations are too many to be listed
efficiently (cf. Example 4.1, Section 4.3).

We also give examples of sixth and eighth order operators where all the boundary
conditions hold. In fact similar examples can be constructed for any even order; such
constructions involve increased computational complexity.

All the solutions presented in the examples in Section 4 have been first verified using
Mathematica and then directly generated (from the same file) by Mathematica as LaTeX

output for the paper.

2 Algebraic aspects of higher order Sturm-Liouville
theory

n

Consider, on the space C*°, the nth-order linear operator L = Y ax(x)D*, where D is
=1

the usual differential operator and each ay := a(x) is a polynomial of degree at most k.

In this way, for each natural number N, the vector space Py of all polynomials of degree
at most IV is L-invariant. Our first objective is to obtain conditions on the polynomials ay
for the existence of an inner product (u,v) = [ ;puvdz on C* for which L is self-adjoint,
and where the weight p is a piecewise smooth function on some real interval I. This
smoothness assumption is reasonable since it is satisfied by all weights of classical orthog-
onal polynomials. For a function f and an interval J with (possibly infinite) endpoints
a < f8, 0J denotes the boundary {«, 8} of J, and [f]; means 11_1)1[1317 f(z) _xl_igl+ f(z), where

both limits are finite. For notational convenience, let b; := pa; (1 < j < n), and by be

the zero function.
Our main result in this section is the following.

Proposition 2.1. With the above notation, for L to be self-adjoint with respect to the
2 an—1(®)
f ©) dx
end “antz
inmner product (u,v) = [, p(x) (x)dx, it is necessary that p(x) = W on each
an(z
3y e
|an(z)|

and b; = paj, it is necessary and sufficient for L to be self adjoint that the following
conditions hold for 1 < j < mn.

subinterval of I where it is smooth and that n be even. Conversely if p(z) =



(@) (o7 = (T e (< 1)y = by on

J

() =G G0 e
() B o I G Vsl N Py

(if) ”*1 =0 on OI.
(=) () (e bl

In particular, n must be even.

To prove Proposition 2.1 we shall need the following lemmas. The first is a formula for

repeated integration by parts, while the last one may be of independent interest.

Lemma 2.2 (See [22]) Let [ and y be functions k times differentiable on some interval

k=1
I. Then [, fy®dz = (—1)* [, fPydx + lZ(—l)jf(j)y(klj)l :
i=0 s
Lemma 2.3 Let f; (1 < j <) be functions continuous on some interval (a,b), where

b may be infinite. If there exists a non-singular square matriz A = [a;j|1<i j<, such that

lim > a;fj(x) =0 for 1 <i<r, then lim f;(z) =0 for 1 <i<r.
T—b~ j=1 r—b—

Proof. Put g;(z) = > a;;f;(z) (1 <i <), so that for all z € (a,b)
j=1

A(fl(x)v fg(l'), ) fT(r))T = (gl(x>792(x)a "'ng<I))T'

The conclusion follows from the fact that lim g;(z) = 0 and that

z—b~

(f1(@), o), s fo(@)" = A7 g1 (2), g2(2), ... g, (). O

Lemma 2.4 Let v; (0 <1i <) be functions continuous on a real interval I such that for

all polynomials u, [Z viu(i)} =0. Then v; =0 (0 <1i <) at each endpoint of I.
i=0 I

Proof. Suppose first that the endpoints a, 5 (o < ) of I are finite. We need only show

that v, = 0 at each endpoint of I, the statement for the remaining v; would then follow
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T

by straightforward (reverse) induction. From v = (r — «)"(z — )"z (2 a polynomial)

we get [rlv,z];, = 0 ie. [v.2]; = 0. Then, from z = 1 and z = x respectively, we get
v-(8) — vr(a) = 0 and Bv,.(8) — av.(a) = 0. These equations imply v,(5) = v.(a) =0, as
required.

Suppose now that 3 = co (with « possibly infinite). Put u; = 2" (1 < j < r+1). Then,

; : ) y
since mhjgo 2/ = oo and 351010 2o mgfﬂ_lvi(m) is finite for each j (1 < j < r+1),
()l () i ,
we obtain ) oo — 0 as & — oco. If we now put f;(z) = 2" “v;(x), 0 <i <,
i=0 r J— 1)

(r+7)!

,

we get lim Y a;fi(x) = 0 for 1 < 5 < r+ 1, where a;; = ————. In view of
o0 5 ! (r+j—1i)

Lemma 2.3, we need only show that the matrix A = [a;j]1<; j<, is non-singular. We have

r+j :
ij)]ogigr,1§j§r+1 !
mti;l)} form >n > 2,
J 1<i,j<n+1

then it is easy to show that D(m,n) = D(m,n — 1). This gives D(m,n) = D(m,1) = 1,

so that det B = D(r + 1,r) # 0, i.e. A is non-singular. The case when « is infinite is

a;; = i!(”{j) hence A is non-singular if and only if the matrix B = [( s

non-singular. If, more generally, we let D(m,n) := det {(

similarly dealt with. [J

Lemma 2.5 Let ¢ and ¢; (0 < j < n) be functions continuous on an interval I. If

n
cjy(j)] = f[ cydx for all n-times differentiable functions y, then ¢ = 0 on I and
§=0

each c; vanishes at each endpoint of I.

Proof. We first prove that ¢ = 0 on I. Suppose on the contrary that ¢ () # 0 for some

v in I. We can assume that ¢ > 0 on some subinterval [d,¢] of I containing . Let

1
e@0e—2 ff<ar<e
x) = I
¢ () { 0 otherwise

Then, putting y = (z — §)**(z — £)*¢(x), we get lz cjy(j)] = 0 and so [, cyde =
i=0

I
[5 c(x — 8)*(x — €)*"¢(x)dz = 0. This is impossible since the integrand in this last

integral is positive. This shows that ¢ = 0 on I. By Lemma 2.4, each c¢; equals zero at

each endpoint of I, and the proof is complete. [J



Proof of Proposition 2.1 By Lemma 2.2, we have for any functions y and v in C*°

(Ly,u) = /p(Ly)ud;U = Z/paky(k)ud:): = Z/(paku)y( Vda
I k=11 k=11

k—1

—Z hﬁ Y o)y | 4 (-1 [ o) Py | )
Jj=0 I 4
Suppose first that L is self-adjoint. Then for all polynomials y and w, (Ly, u) = (y, Lu) ,
ie.
n k—1
Z [Z I (pagu)DyE=1=0 | 4 (1) /(paku ) B yda Z/paku(k)ydl (2.2)
k=1 7=0 I

Fix u and put ¢ = 3 (= 1) (bpu)® — 3 bu®, ¢; = 32 (=117 () ¥ (0 < j <
k=1 k=1 k=j+1

Jj=0

n—1
n —1). Then (2.2) gives [Z ij(j)] = [, cydz, which by Lemma 2.5 implies ¢ = 0 on
1
I'and ¢; =0 (0 < j <n—1) at each endpoint of I. Applying Leibniz rule to the terms

(bu)™ of ¢ we obtain

n

in—Z ki() u. (23)

k=1 7=0
Since this is true for all  in C*°, we can equate coefficients of u(¥) and get from k = n
that n is even and that for 0 <k <n-—1

2, = k(’“;l)b;+1 ()b g + -+ (g)b TRk is odd
0= ( —l: Veyr + (70 =+ (i )b’(lnik) if k is even
From k& = n — 1, we obtain the equation 2pa, 1 = n(pa,)’, whose solution is p =
2 [ inol gy
en an

|an

(2.4)

»

Applying Leibniz rule again to ¢; = > (=17 () * 7 (0 < j < n — 1), we
k=j+1
obtain in a similar manner, but this time on 9/ (i.e. at the endpoints of 7), the following

equations for 1 < j<n



1 . -2 i i
<?—1>b?_”"<?—1>bﬁf D (=) =0
2 , =3\, (nje :
(?_2>bglnj)_ <7;_2>b£zn—1] 1)+ +(=1)"b; =0
g _ — =1\ i :
cogwﬁ Clé )ﬂi”+ +(=1)"7; =0

. _ T
This can be put in matrix form A; [b&"_]) bsln__lj_l) b]} =0 (1<j<n), where 4;

is the j x (n — j + 1) matrix

(o) —(5) (=17
G2 —(2) (—1)"
L) =37 (—1)"]
We thus have for 1 < j<n
[ (?) _<n;‘1) (_1)n—j' B bgl”*j) ] 'bj
I e B A = B
e?) 03y e b L

where the first equation is on I and the remaining ones are on 01.

Conversely, it is clear that if for 1 < j <n, (7) b — (”;l)bfﬁfljfl) +oe e (=1, = by

() () (0" - o
() —() (D" e

on I and n—1 = 0 on 01, then equation (2.2)
W) () ey B

L\ o
holds for all functions y, u in C*°; and therefore L is self-adjoint. [J
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The following observation is particularly useful. When, in the above proof, j > n—j+1
ie. j > 14+ n/2, we get more equations than ”unknowns” bf,"_j), b,(ji‘l"‘”, .., bj. Thus,
deleting the first 2j —n —1 rows of A; and putting k =n—j (0 <k <n/2—1), we obtain
the equations By [bgC> bik__ll) bn_k}T = 0 where By, is the (k + 1) x (k + 1) matrix

G -G - (=DM
v -G o (pF

L) (G2 - (=D
(6) T

Clearly, det By = +det E, where E;, = . As in the proof of
g e el
(") (") (%)
")) e ()
Lemma 2.4, if we let E(m, k) = , then elementary column
m m+1 m+k
k ( k ) e k
operations give E(m, k) = E(m,k—1) = --- = E(m, 1) = 1. Therefore det E}, = E(k, k) #

0, i.e. By is non-singular, and we obtain

pM) = p* V) = =, =00ndl for 0 <k <n/2—1. (2.3)
An interesting consequence of this is that if the weight p = 1, then alf) = ag:l) = 0 for

0 <k <n/2—1on0dl, and so, if a, is not constant, I must be a finite interval [, /3]
with a, = A(r — a)"/?(x — 8)"/? for some non-zero constant A and a,_; = ATn?(x -
(a+ B)/2)(x — a)"?> Yz — B)V27! (recall that the degree of ay is at most & and that
2pa,_1 = n(pa,)’). We thus obtain the form of the two leading polynomial coefficients of

what may be considered as the n-th order Legendre differential equation.

Proposition 2.1 gives a necessary and sufficient set of conditions under which the operator

L is self-adjoint with respect to an inner product of the form (u,v) = f ; puvdz. This was

8



achieved under the assumption that p is an admissible weight, that is || ; pudz is integrable
for all polynomials u, and that p satisfies certain differentiability conditions. It is therefore
highly desirable that we obtain conditions under which this assumption holds. The next

section is devoted to such an analysis

3 Analytic aspects of Sturm-Liouville theory

1

| |e% J 247 1y the weight function, where, for
a
brevity, a = a, is a polynomial of degree < n and b = a,,_1 is a polynomial degree < n—1.

Keeping the same notation as before, let p =

Without loss of generality, we may assume a to be monic. The weight function is actually

defined piecewise. If I is an interval that has no zeros of the leading polynomial a = a,
% Iz b(t) 44

then choosing a base point py in I the weight function is given by p(z) = %

this section we discuss the integrability of the weight function over an interval I whose

In

endpoints are consecutive zeros of a(z). The integrability is basically a consequence of

the following Lemma.

€ ek‘a;d
0 zo

Lemma 3.1. For e > 0 and d, « integers with a > 0,
and d < 0.

dx exists if and only if kK < 0

We say that a function f(z) defined and continuous on an open interval I containing 0
as a left end point is left integrable at 0 if for any n € I, lil(lﬁr / ! f(z)dx exists.
€ €
Similarly if f(z) is a function defined and continuous on an an open interval I containing
0 as a right end point is right integrable at 0 if for any n € I, 6l_)ngl_ /6 f(z)dx exists.
n

Clearly this is equivalent to saying that the function g(z) = f(—=x) is left integrable at 0.
By suitable translations, one can define the concept of left and right integrability at the
end points of an interval I on which the given function is defined and continuous.

Let r be a zero of a(z) = a,(z) and let m,(r) = a and m,(r) = 8 be the multiplicities
of r as a root of a(z) and b(x) = by_1(x). Thus X2 — (z — r)f~2¢(z) where ¢(z) is a

a(z)

rational function with ¢(r) # 0. Hence 22 = ¢(r)(x — r)P~*4b(z) where ¢(r) = 1.

a@)

Definition. We say that a root r of a(z) is an ordinary root if my(r) — ne(r) +1 # 0,

and it is a logarithmic root if my(r) — my(r) +1 = 0.

Using Lemma 3.1 we have the following result which is one of the main tools for ex-

plicit determination of self-adjoint operators.
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Proposition 3.2. Let = my(r),a = mq(r), so that b((x) (x —7r)P=2¢(x), where ¢(z)

b(x
is a rational function with ¢(r) = hm(:r — )P (( )) #0. Then
a(x
(i) For an ordinary root r of a, the weight function p(x) is integrable from the right
at v if and only if « — B> 2 and $(r) >0
It is integrable from the left at v if and only if o — 3 > 2 and (=1)*Pé(r) <0
In this case, the weight function p(z) is respectively right/left C*° differentiable at

r and p and all its (one sided) derivatives vanish at r.

(ii) For a logarithmic root r of a, the weight function p(x) is right/left integrable near

\xfr\%d’(
|z—r]e

T 2
r if and only if L is integrable near r if and only if —¢(r) —a+1>0.
n

Using lower and upper bounds on the asymptotic form of the weight function (as z — 00),

or partial fraction decomposition of —, one can prove the following result.
a

Proposition 3.3.

b(t
2 g

(i) If a has no real roots and p(z) = @ then the weight function p(x) gives

finite morm for all polynomials if and only if degb— dega is an odd positive integer
and the leading term of b is negative.

o ai
0 a . .
W gwes a finite norm for all

(ii) If a has only one root, say 0, then p(z) =
polynomials if and only if

(a) degb—dega >0 and the leading term of b is negative.
() If a = 2 (Ao + Az +--) and b = :rﬂ(BO+le+~~), where Ay and By
are nonzero constants, then « — 3 > 1, and — > 0 for a — § > 2 whereas

Ao
9B,

— —a+1>0fora—p=1
nAo

The differentiability properties of ordinary roots have already been discussed. We
now assume that the multiplicity of a root r of a(z) = a,(z) is a and its multiplicity in
b(x) = a,—1(z) is 5. For convenience of notation we assume that r is zero.

As above, we have a,(z) = 2%(Ag + Ajx + --+), ap_1(v) = 2°(By + Bix —|— -+ ) with
Bo_q) o

1+4(x)
where ¢, ¢ are analytic near zero and ¥ (0) = 0. When there is no danger of confusion

(6 — @) = —1. Thus near x = 0, the weight is of the form p(z) = N |\:L‘|(

5 ’
we will write p(z) ~ |;p|(%78_“), Now p' =p (%g — %) Therefore, all higher derivatives



of p are of the form pp where p is a rational function and all higher derivatives of pp are
also multiples of p by rational functions. For later use we record the asymptotic behavior

of p’ near a zero of a,.

1 280 ) e?@) 2b o
R :C|(n Ag )7 _— — —
| Ao| 1+¢(z) \na a

The weight p is integrable near zero if and only if (2% —a+ 1) > 0. Moreover

hH(l)p( )a,(r) = 0if and only if 282 > 0. By the integrability of the weight 280 > o —1 >

z—>

0. Thus the boundary condltlon hné p(x)a,(z) = 0 is a consequence of the mtegrablhty
T

P(r) =

—1) ol
|("A0 )Hw()(Bo—i—Bla:—i— ),

of the weight near zero. Similarly p(x)a,_1(z) = |z
) =0 if and only if (2 Do _ 1) > 0.

1
ol
keeping in mind that « — 8 = 1. Hence hm p( Yan—1(z

3.1 Higher order operators

The principal aim of this section is to prove the following result.

Proposition 3.4. Let L = a,(z)y™ + an_1(2)y™ + - + as(z)y” + a1(2)y’ be a self-
adjoint operator of order n with n > 2. If a, has a real root then the multiplicity of the
root is at least 2 and the multiplicity of the same root in a,_1 is positive and less than its
multiplicity in a,,.

Proof. Let r be a real root of a, and assume that it is a simple root. It is then a

logarithmic root. Therefore, near r, we have
2@,1)
ple) ~ o = r| (5,

where a,(z) = (x —7r)(Ag+ Ar(x —7r)+-++), ap_1(x) = (Bo + Bi(z —r) 4+ -+ ) and A,
By are not zero.
Now p' =p (2 fn=l %) Therefore

| oo (35 (2000)_ i)

n a,(x) an(x)

Similarly
(”AU )(BQ+B1(.Z*7)+)

p(x)an(z) ~ |z =7

The boundary conditions in Proposition 2.1 imply that (a,p), (an,—1p) and (a,—1p)’ vanish
on the boundary.

Now lim a,(z)p(x) = 0 is a consequence of the integrability of the weight near r. Similarly
T—r

lim a,,—1(x)p(x) = 0 if and only if (2& — ) > 0.
T—Tr



a—f a’"—l(x> an—1(r)
a P

Since lim pa,,_; = 0 and a,_1(r) # 0 we see that p must vanish at r in the sense that its
r—r

Let [, = lim(z — r) . Clearly I, = % = asa—f3=1
=T 0

limit at r is zero. The boundary condition lim(a,_1p)" = 0 now implies that lim p'(z) = 0.
T—T T

Now p' = p (%“Z—;l — %) Thus near the root r,

an
2
p’ ~ |1- _ 7«|(%l"'72a) (nanl — a;) .

If a,_1 — Za!, = 0 then in particular (%a”’lm — 1) =0.

20n ar(r)

2 a,_
This means that lim(z — r)fa 1)
T n an(x)

boundary condition lim a,,—1(z)p(z) = 0.
T—r

—1=0i.e. (%% — 1) = 0. This contradicts the

Let (an—1 — %ay) = (z —r)*H(z) where X\ > 0 and H(z) # 0. If (a,—1 — 2al,) =
2 a,_
(r —r)*H(x) with A > 0 then lim(z — r)fan 1(2)

n a,(x)

— 1 = 0 which again contradicts the
boundary condition lim a,,—1(z)p(z) = 0.
T—r
Hence p/ ~ |z — r|(%l"72“)H(x) so p' — 0 at r if and only if (2, — 2a) > 0.
By Proposition 2.1, the operator must satisfy - beside other equations - the determining

equations
n(anp), = Q(G/n—lp) (31)

W(anqp)” = (n=2) (an-2p)’ + 2(an—3p) =0 (3.2)

Equation (3.2) is equivalent to

3 / " /
e e e Gy G G Gy A
Cl< 1) +Cg< 1) ( 1> +Cg< 1> +O4< 2) +C ! 2“!‘0@ 320
an an a/n/ a/7l aTL an an a7l

(3.3)
where
Cf = 2(n — 1)(n—2)’ Cy = (n— 1)(n—2)’
3n?2 n
—1D(n—-2 2(n — 2
03:w7 04:_(71_2)’ 05:_M7 Ce = 2.
6 n
This implies the identity
Gt (an_l — an'n) (an_l — ga;) = 0(moday,) (3.4)
Using this identity, as (z — r) divides a, but it does not divide a,_; nor (an,l — %ail),
it must divide (an,l — 2%%). But then lim (an,l — 2%%) = 0. This means that
T—T

12



. 2 Ap—1
lim —
T N a%
Since o = 1 we have a contradiction.

—2=0ie. %%—2 = 0. Asseen above p’ — 0 at r if and only if (%ZT — 2a) > 0.

Therefore @, cannot have a simple root and its multiplicity « in a, is at least 2.
Suppose that the multiplicity 8 of r in a,_; is zero. By considering the order of poles

of a, in (3.3) we see that 8 cannot be zero. This completes the proof of the proposition. O

This result has an important consequence for fourth order self-adjoint operators.
Corollary 3.5. Let L be a self-adjoint operator of order 4 and ay be its leading term.
If a4 has more than one real root then it has exactly two real roots with multiplicity 2.

Moreover the multiplicity of each real root of ay in as is 1.

We also have the following result.
Proposition 3.6. Let n > 2 and suppose that a = a, has at most one real root. Then
2degb—dega<n—2 or 3degb—2dega <n — 3, where b =a,_;.

(1) If a has no real root then
dega < degh <n —3

(ii) Suppose a has only one real root r with multiplicity «, let B be the multiplicity of

r as a root of b, and let a = (x —r)*u, b= (x — )’ v. Then
2<dega<degb<mn-—2 and 1+degu <degv <n-—3

Proof. First, in all cases, degb > 1. This is because if a has no real root then degb is
odd and if a has (at least) one real root then this will also be a root for b (by Proposition
3.4). If we multiply by a® both sides of (3.3), then the six terms on the left-hand side will

be polynomials with respective degrees

3degb, 2degb+dega—1, 2dega+degb—2, dega+ dega, o —1,
dega + degb + dega,_o, 2dega+ dega,_3

A comparison of degrees shows that a,_» and a,_3 cannot be both zero and that

2degb < dega + dega,_s, or
3degb < 2dega + dega,_3

Using the fact that dega; < j, we obtain

2degb—dega<n—2 or 3degb—2dega<n-—3
13



If a has no real roots then, by Proposition 3.3 (i), degb — dega > 1 and hence
dega < deghb <n —3

If a has only one real root r with multiplicity «, then o > 2 and b has r as a root with

multiplicity 5, where 1 < § < a (by Proposition 3.4). Since degb > deg a, we obtain that
2<dega <degb<mn-—2

Let a = (x —7)%u, b= (z — r)ﬂv. Then dega = o + degu and degb = 8+ degv, and we
obtain degv —degu > a — > 1. Now f+degv <n—2,s0 1 +degu < degv <n —3
and thus degu < n —4. 0O

4 Examples of higher order operators, their eigenval-
ues and orthogonal eigenfunctions

LetL be an operator of the form L(y) = 3 ax(2z)y™®, where degay < k; then the eigen-
k=0
values of L are the coefficients of 2™ in L(z"), n =0,1,2,---.

Proposition 4.1. Let L be a linear operator that maps the space P, of all polynomi-
als of degree at most n into to itself for alln < N. If the eigenvalues of L are distinct

orif L is a self-adjoint operator then there is an eigenpolynomial of L in every degree < N.

The proof is left to the reader. This means that if two operators leave the space of
polynomials of degree at most n invariant for all n and the weight function which makes
the two operators self-adjoint is the same, then they have the same eigenfunctions. The
eigenvalues in general are not simple.

Let X be an eigenvalue of L and P, (\) the corresponding eigenspace in the space P,
of all polynomials of degree< n.

If ng is the minimal degree in P, (), then there is, up to a scalar only one polynomial
in P,(\) of degree ng. Choose a monic polynomial @1 in P, ().

Let n; be the smallest degree, if any, greater than ng in P,(A). The codimension
of Ppy(A) in Pp(A) is 1. Therefore, in the orthogonal complement of P, (A) in Py, (A),
choosing a monic polynomial @)s,which will necessarily be of degree n;, the polynomials
@1, Q2 give an orthogonal basis of P, (A). Continuing this process, we eventually get an

orthogonal basis of P,,(A) consisting of monic polynomials.
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We illustrate this by an example of a fourth order self-adjoint operator that has re-
peated eigenvalues but which is not an iterate of a second order operator.

Consider the operator
L=(1—-2%)%W —8x(1 —2%)y" + 8y — 24uxy/. (4.1)

Its eigenvalues are A, = n[(n—1)(n—2)(n+5) —24]. The eigenvalue A = —24 is repeated
in degrees n =1 and n = 3.
The weight function for which this operator is self-adjoint is p(x) = 1. The eigenpolyno-

mials of degree at most 3 are

W) =1, (o) =2, palr) =2 — 5, (o) =o*

This gives the set of orthogonal polynomials {1, z,z* — %xd — gm} Since the weight
function is the same as that for the classical Legendre polynomials, this family up to
scalars is the same as the corresponding classical Legendre polynomials.

We now return to examples of higher order operators. The restrictions on the param-
eters appearing in all the examples come from integrability of the weight and boundary
conditions. Before giving examples of higher order operators, it is instructive to consider

the classical case of second order operators in the frame work of section 3.

4.1 Self-adjoint operators of order 2

Assume n = 2 and that as(x) has distinct roots, which we may assume to be —1 and
1. If o is the multiplicity of a root r of as(z) and 8 is its multiplicity in a;(z) then the
integrability of the associated weight gives the equation « = 4+ 1+ 9, with 6 > 0. As

a =1, we must have § =0, § = 0. Thus, only the logarithmic case can occur.
ap(x)

> 0.
az(z)

As we are assuming that as(z) = 2% — 1, the integrability conditions at both the roots
givesc+d >0, —c+d<0,s0 —c<d<ec.

Let ay(z) = cx +d. The integrability condition at a root r reads lim(z —r)
=T

If az(x) has no real roots, then, by Proposition 3.3, az(x) must be a constant, so taking
az(x) =1, we have ay(x) = cx + d, with ¢ < 0. Finally if as(z) has only one real root, we
may take it to be 0. By Proposition 3.3, only the logarithmic case can occur, so taking
as(z) = x, we have a1(x) = cx + d, with ¢ < 0, and d > 0.

4.2 Self-adjoint operators of order 4

In this section we determine all self-adjoint operators

L = ay(x)y™ + as(2)y” + azx(x)y” + ar(x)y/, (4.2)
15



1 ag(x)
eif ai(m)d’”

with an admissible weight p(z) = , satisfying the differential equation

|aq(2)]

L(y) = \y. (4.3)

By Proposition 2.1, the operator L must satisfy the determining equations

(aqp) = %(agp) (4.4)
(azp)" = 2(azp)’ + 2(a1p) = 0 (4.5)

on I, subject to the vanishing of

(asp), (aszp) and ((aﬂ))(a:;p)') (4.6)

on the boundary 0I.

4.2.1 Case: a4(z) has no real roots

If a4(x) is a monic polynomial having no real roots then I = (—o00, 00) and, by Proposition
3.6, we have a4(x) = 1, az(x) linear.

Considering a4(z) = 1, az(x) linear and solving determining equations (4.4), (4.5)
subject to the constraints (4.6) determines the fourth order self-adjoint operators (4.2)

and the differential equations (4.3) as
as(z) =1, as(z) = 2(m; — 2max),
as(r) = dmsya? —dmimiz + A, ai(z) = (—m? +2m3 + A)(my — 2my’x)

with the weight function
p(x) _ e—m§x2+m1x+mo (m2 7& 0)

and the eigenvalues
An = 2m3 (mf — A+2m3(n — 2)) n.

Depending on the choice of A, my, my one can get repeated eigenvalues.
The specific case m; = 0,my = 1, A = —4 gives the standard fourth order Hermite

operator [21]
as(z) =1, as(z) = —4z, ay(x) =4(z* —1), ai(z) =4z

with the weight p(z) = e~*" and non-repeated eigenvalues )\, = 4n?. It is worth noticing
that this specific case is the only operator in the class of fourth order operators with
as(x) = 1 that is an iterate of the second order Hermite operator, and in general, this

class is not obtained as iteration of the second order case.
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4.2.2 Case: ay(z) has only one real root

In this case we have, by Proposition 3.6, as(z) = z* and a3(z) = z(a + bx) with b # 0.
The weight is determined as p(z) = |z|22¢3% with b < 0 and I = (0, c0).
Solving the determining equation (4.5) subject to the constraints (4.6) determines the

fourth order self-adjoint operators (4.2) and the differential equations (4.3) as
p(z) = |x|%_2e%1 witha > 2,6 <0
as(z) = 2*,  az(r) = z(a + bx),
a(x) = i[—2a b4 a(dA+ )], ar(e) = i(QA — ab)(—2+ a + bx)

with the eigenvalues

An = Zn(QA —ab—"b+bn),

which in general are not iterates of second order operator.

The special case a = 4,b = —2, A = —5 gives the classical fourth order Laguerre operator
[21] with the weight p(z) = e™* as

as(z) = 22, ag(w) = —2(=24 )2, ay(x) =2 —5x+2, ai(x)=—-14+z

and the eigenvalues A\, = n?. This coincides with the second iteration of the classical

second order Laguerre operator

4.2.3 Case: a4(z) has more that one real root

By Corollary 3.5, a4(x) must have exactly two real roots with multiplicity 2 and the
multiplicity of each real root of a4 in a3 is 1. By a linear change of variables and scaling,
we may assume that the roots are —1 and 1, and take a4(z) = (1 — 2?)2.

Now az(z) = K(1 — 2?) is ruled out by Proposition 3.2 (ii).

So az(x) must have the form (k; + koz)(1 — 2?) with ky # 0. Without loss of generality,
we consider the form az(z) = —2(b+ (=2 + a)x)(—1 + 2?) which determines the weight

function.

— withb—a>0and b+a < 0.

1. If b =0, then az(x) = 2(—=2 + a)z(1 — 2?) with a < 0.
Solving the determining equation (4.5) subject to the constraints (4.6) determines

the fourth order self-adjoint operators (4.2) and the differential equations (4.3) as
pa) = (- (a<0)
as(r) = (1 —2%)?% az(z) = —2(—2+a)z(—1+ 2?)
as(z) = —2a + a® + A(—1 —|—1a%’2), ar(z) =a(2 —3a+a* — A)x



with the eigenvalues
A =n(—a+n—1)(—a*—-na+4a+n*+A—n-—2).

The particular cases that are iterates of corresponding second order operators are

given below:

(a) The values a = —2, A = 14 lead to the Legendre operator [21] with the weight
p(z) =1 as
as(z) = (1 —2%)?% as(z) = —8x(1 — 2?), ay(x) = 142> — 6, ay(z) = 4w
with the eigenvalues A, = n%(n + 1)2.
(b) The special case a = —1, A = 7 is the Chebychev operator of first kind [21]
with the weight p(z) = \/1177 as

as(z) = (1 — %)%, az(z) = —6z(1 — 2?), ag(x) =72 -4, aj(z) =2

with the eigenvalues \, = n*.

(c) The special case a = —3, A = 23 is the Chebychev operator of second kind [21]
with the weight p(z) = /1 — 22 as

as(z) = (1 —2%)?% as(z) = —102(1 — 2?), as(x) = 232° — 8, ai(v) =9z
with the eigenvalues A, = n%(n + 2)2.

2. If b # 0, then az(z) = —2(b+ (-2 +a)z)(—1+2?) with b—a > 0 and b+a < 0. So
a<b< —a.
Solving determining equation (4.5) subject to the constraints (4.6) determines the
following fourth order self-adjoint operators (4.2) and the differential equations (4.3)

for this case.
p(r) = (1— 33)%(727“71’)(1 + x)%(ﬂ*‘”b) (b—a>0, b+a<0andb#0)
ai(@) = (1 - 2%
az(z) = =2(b+ (=2 4 a)x)(—1 + 2?)

b+ B+2(—-1+a)b’r — Ba® + b(—2 + a + 22° — 3ax® + a’z?)
N b

as(x)

B
ai(x) :B—Q—%

with the eigenvalues

N = (a—n+1)n(=bn*+abn + bn — ab+ B)
n — b .
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4.3 Self-adjoint operators of order 6

This section provides examples of the self-adjoint operators

L = ag(2)y"® + as(2)y® + as(2)y™ + ag(x)y” + as(2)y" + ar(2)y’ (4.7)
1 fL(z)dx
e3 "’ agle)
with an admissible weight p(z) = PO satisfying the differential equation
6
L(y) = \y. (4.8)
By Proposition 2.1, the determining equations in this case are
3(asp)" = (asp) (4.9)
5(asp)” — 6(asp)' + 3(asp) = 0 4.10)
(a4p)” — 3(asp)” + 5(azp)’ — 5(arp) = 0 4.11)
on I, subject to the vanishing of
(ap), (asp), (asp), (asp), (aap)' —3(asp), (asp)” —3(asp) +5(azp)  (4.12)
on the boundary 0I.
Equations (4.10) and (4.11) are equivalent to
10 as 3 10 as as ! 10 as " Q4 ! 4@5 Q4 as
— [ — el e I — (=] -4l—) —=——+2—==0 4.13
27 <a6> + 3 (a6 ag + 3 \ag ag 3a6a6+ ag ( )
and
as\"  ag (a5\®  az (a5’ _as [a a az\’ ar\"”
— 81 (3) +2 <5> —9-2 <5> +45-2 (5) —135— +135 <2> +27 (4>
ag ag \ ae ag \ ag Qg \ a6 ag ag 3
as (as\" a5 (as\” as\ (as\ a5\’ [\ = asas (as)
() () () ) R )
Qg ag Qg Qg ag Qg ag Qg Qg Qg ag

() () () () -
ag ag ag 3
These identities give the congruences
5as (a5 — 6ag’) (a5 — 3ag’) = 0(modag)

and

ay (a5 — 9ag’) (a5 — 6ag’) (a5 — 3ag’) = 0(modag).

(4.14)

(4.15)

(4.16)

Before giving examples in detail, we note that, in case the leading term has a real root,there

are many operators that satisfy the determining equations but for which one of the bound-

ary condition fails at one or both end points of interval I. In case the leading term has no
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real roots, the boundary conditions will be satisfied - because of the form of the weight -
but where one of the determining equations will not be satisfied. Here are some typical

examples.

Example 4.1
The operator in (4.7) with

ple) = (z = 1)*(z +1)

ag(r) = (z = 1)*(x +1)%,  as(z) = 3(x — 1)(z +1)°(92 — 1),

(z) = 60z(z + 1)*(5z — 3), ag(z) =240 (72° + 62 — 22 — 1),
(z) =

720x(5x + 3), ai(x) = 360(x + 1)

Q4

ag( X

satisfies the determining equations (4.9), (4.10), (4.11) and all the boundary conditons in
(4.12) except that the last boundary condition fails at the end point 1 of 7 = [—1,1].

Example 4.2
The operator in (4.7) with

p(x) =" (m#0)

ag(r) = 22, as(x) = —3x(m’z —4),

ay(r) = =30m?*z + Az? + 30, az(z) = 52°m°® — 2(Ax? + 30)m* + 84z,
as(z) = 2(C — 3m®z) + A(m*2? +12),

ay(z) = 18m*x — 60m° — 8Am*s + 24Am? + C(3 — m?x)

satisfies the determining equations (4.9), (4.10), (4.11) and all the boundary conditons in
(4.12) except that the last boundary condition fails at the end point 0 of I = [0, o).

Example 4.3
The operator in (4.7) with
a2
pla)="Sog (m#0)
ag(z) =2 +1, as(z) = —6m’z(x* + 1),
as(z) = 102*m* — 10m* + A2® + A, az(x) = —4m?(—10m* + 5m? + A)x(2? + 1),
as(z) = Coa® + Crz + Co, ay(z) = Do+ Dix

satisfies the determining equations (4.9), (4.10) and all the boundary conditons in (4.12)

for I = (—o00, 00) but fails to satisfy the remaining determining equation (4.11).
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In the following sections, we give examples of sixth order self-adjoint operators with
the weights of the form p(z) = e=**, p(z) = |z["e™ and p(z) = ((1;:9;))7:

determining equations and boundary conditions using Mathematica.

by solving the

4.3.1 Sixth order operators (4.7) with as = 1 and weight of the form e~

ag(z) = 1,a5(7) = =67, a4(x) = 122> — = — 7 6,
as(z) = =82 + (D + 2C + 12)z, as(z) = (=D — 20)2* + C,a1(x) = Dz

with eigenvalues
An = —n (8n® +2Cn + Dn — 24n — 2C' — 2D + 16) .
The specific case D = —8, C' = 16 gives the standard sixth order Hermite operator

ag(z) =1, as(r) = =62, ay(x) =122% — 12,
az(z) = 362 — 82°,  ay(w) = 16 — 242*, ay(z) = —8x

with the eigenvalues A\, = —8n?3, and coincides with third iteration of the classical second

order Hermite operator.
4.3.2 Sixth order operators (4.7) with a¢ = 2° and weight of the form |z|"e™
p(x) = |x\%’?’e%w with @ > 6,b <0

ag(z) = 2°,  as(x) = 2%(a + bx),

aq(x) = %x(—Ba +a® + 2(3A + b%z))

1 ‘
as(z) = E(ag’ —9a*(1 + bz) + 9a(2 + 2Az + 3bx — b*2?) + 2(b*2* + 18A(-3 + bx)))
1 ,
as(x) = E(lSaQb —2a°b + 27Cx — 2ab(18 + b*z?) + 3A(18 — 9a + a* + b*z?))
1
a(z) = 8—1(—6(—3 + a)Ab — 12ab® + 4a*b* + 27C)(—6 + a + bx)

with eigenvalues

b
M= g (4aV* + 3n*b* — 6ab> — 6anb> — Inb® + 6b> — 6aAb + 9Ab + 9Anb + 27C) .
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The special case a = 9,b = —3, A = —21,C = 13 is the standard sixth order Laguerre
operator with the weight p(z) = e as

2 as(z) = =3(=3 + )%, as(z) = 3x(2® — Tz +6),
az(z) = —2® + 152° — 302 + 6, ay(r) = —32° + 132 — 6, ai(r)=1—2x

8
<)
—
8
~
I

with eigenvalues )\, = n®, which coincides with the third iteration of the classical second

order Laguerre operator.

4.3.3 Sixth order operators (4.7) with as = (1 — 2%)® and weight of the form
(142) =5

== with (b—a—2) >4o0r (b—a—2) € {0,2,4}, and (b+a+2) <
—4dor (b+a+2)e{-4,-2,0}

4.3.3.1 The case J': (b—a—2)€{0,2,4}, (b+a+2) € {-4,-2,0}

o JOla: h_q—-2=0 b+a+2=0

(
as(z) = —18:1:(—1+:132)2,
—((=14+2?) 2C (=1 +2*) + D (=1 +2%) + 144 (-1 +5x2))).

as(r) = 3

az(z) =z (724 D —1202> — Da* = 2C (-1+27%)),
az(z) = C + (—3C — D) 2?,

a1(z) =Dz

with eigenvalues
1
An = —gn(n+1) (8n* +16n* 4+ 2Cn? + Dn® — 56n* + 2Cn + Dn — 64n — 4C' — 6D + 96) .

The special case C' = 36, D = —8 gives the standard sixth order Legendre operator
with the weight p(x) =1 as
ag(z) = (1 - m2)3, as(z) = —18z (1 — x2)2, ag(z) =2 (1 - a:2) (49332 -13),
az(z) = =8z (—17+232%), az(z) =36 —1002°, ai(z) = —8x
with eigenvalues \, = —n3(n + 1)3, which coincides with the third iteration of the

classical second order Legendre operator.
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o JOIb. p_q—-2=0b+a+2=—-2

plz)y=1—x

ag(z) = (1 - x2)3,

as(z) = -3 (1+7x) (*1+$2)2,
(@) 7((71+x ) (C (-1+2?)+D (-1+2?) +72 (-1 + 22+ 72?)))

ay\x 4 5

a3(2) 2 (34 156z — 1522 — 352°) — C (=1 —bx +a? +5a®) — D (—1 — 5z + x* + 52°)
3 = 2 9

ax(z)=C+(-2C—-2D) x (—zC’ + > (_203_2D) — %) z2,

a(z)=D+3Dzx

with eigenvalues

1 ‘
A = —n(n+2) (4n* +16n° + Cn® + Dn® — 28n” +2Cn + 2Dn — 88n — 3C — 7D + 96) .

JOle: b—a—-2=0,b+a+2=—4

p(z) = (1 -2’

as(z) = (1 71:2)3,

as(z) = —6 (1+4z) (— 1—|—x2)2,

ol —((-1+42?) (2C (-1+2?) + D (-1+2%) +48 (—1 + Tz + 142?)))

4 )
= (3+6x721x —282°) —2C (-1 -3x+2”+32%) = D (-1 -3z +2*+32°),
=C+(-10C =5D) x4 (=15C — 7D) 2?
=D+2Dz

ag\ T

() =
as(x)
(x)
a1 (z)

with eigenvalues

1
An = = n(n+3) (4n* + 24n® 4+ 2Cn® + Dn® — 20n* + 6Cn + 3Dn — 168n — 8C — 6D + 160) .

JOLd: h—aq—-2=2 b+a+2=0

pl)=1+=z
z) = (1 —;c2)3,
as(z) = =3 (-1+7x) (-1 +x2)2,

— 22 —C2? z— 7> — a2
a4(x):( 1+2%) (C-C +72(14+2 74?)+ D (—1+ ))’

(@) 2 (=3+152+152*=352%) 4+ C (-1 +bx+2”>—52%) + D (1 -5z —a® +52°)
a3(xr) = s

2
az(z) =2Dz (-1+22)+C (1+2x - 52%),
a(z)=D—-3Dz

23



with eigenvalues

1
A = —n(n+2) (4n" +16n° + Cn® — Dn® — 28n” +2Cn — 2Dn — 88n — 3C + 7D + 96) .

o JOle: h_q—2=2 bta+2=—2
plx)=(1—-2) (1+2)
ag(z) = (1—a%)°,
a5(z) = =242 (—1+22)°,
—((=1+2%) (4C (=1+2%) + D (=1+2*) + 576 (~1+72?))

ay(z) = 24 ’
2 (D—Da’+96 (3—72%) —4C (—1+a?))

asz(x) = 5 )

az(z) = C — (5C + D) 2°,

a1(z) =Dz

with eigenvalues

1
An = =5 n(n+3) (24n" + 144n® 4+ 4Cn* + Dn® — 120n* + 12Cn + 3Dn — 1008n — 16C — 10D + 960) .

o JOIf i b—aq-2=2 bta+2=—4
p(@) = (1-2)* (1+2)
aG(:z): (1—$2>3,
as(z) = -3 (1+9x) (—1—|—m2)2,
—((-142?%) (C (-14+2Y) + D (-1+2?) + 144 (-1 42z + 92?%)))
6 )
as(z) = —(C(-1=7z+2®+72%) = D (-1 —To+ 2>+ 723) — 72 (=1 — 7o + T2? + 21a3)
3 )
az(z) = —-2Dz (1+32)+C (1 -2z —72%),
a1(z) = D+ 5Dx

with eigenvalues

ag(z) =

1
An = —gn(n+d) (6n* + 48n® + Cn® + Dn® — 6n* + 4Cn + 4Dn — 408n — 5C — 11D + 360) .

o JOI9: h—q—2=4 b+a+2=0
p(x) = (1+x)*
ag(z) = (1—z2)3,
as(x) = —6 (=1 +4z) (=1 422)%,
(—1+2?) (48 (14 7z —142?) —2C (-1+2%) + D (-1 + %))

ag(z) = 1 ,

ag(z) =12 (=3 + 6z +212° —282%) + C (2462 +22° —62%) + D (1 -3z —2° +32%),
ag(z) =C + (10C —=5D) z+ (=15C + 7 D) 22,

a(z)=D—-2Dz
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with eigenvalues

1
A = = n(n+3) (4n* + 24n® 4+ 2Cn® — Dn® — 20n* + 6Cn — 3Dn — 168n — 8C + 6D + 160) .

o JOLh . h_q_2=4 bta+2=-2

pl@) =1 -z) (1+ z)’
aﬁ(x): (1—ZE2>3,
as(z) = -3 (-1+9x) (71+m2)27
() (-1+2?) (C—-Ca?+ D (-1+2%) — 144 (-1 -2z + 92?))
asg(xr) = 6 )
(@) C(-1+7z+2?-72%)+D (1-Ta—a?+72%) -72 (1 -Tx— T2+ 212%)
asz(r) = 3 s
ag(x) =C+(2C =2D) z + (-7C +6 D) 22,
a(x)=D—-5Dx

with eigenvalues

1
A = —gn(n+d) (6n* + 48n® + Cn® — Dn® — 6n* + 4Cn — 4Dn — 408n — 5C + 11D + 360) .

o JOLi b —q—-2=4 bta+2=—4
pla) = (1= 2" (1 + 2"
ag(z) = (1 - 952)37
as(x) = —30x(—1+$2)2»
( —((=1+2%) (6C (=14 2% + D (=1 +2%) + 1440 (=1 + 92?)))

ay(z) = 18 ;
(720 +6C + D — (2160 + 6 C + D) 2?)

as(z) = 3 )

as(z) = C — (7C + D) ?,

a;(r) =Dx

with eigenvalues

1 f
Ay = 7@n(n+5) (48n* + 480n* + 6Cn* + Dn® + 240n> + 30Cn + 5Dn — 4800n — 36C — 14D + 4032) .

4.3.3.2 The case J*: (b—a—2)€{0,2,4}, (b+a+2) < —4
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o JOIla. p_q 2=, b+a+2)<—4

ple) = (1— )"

agle) = (1-?)",

a5(r) =3 2+ a—4dz+ax) (—1+22)°
= (-1+2? .

ag(x) = mX4 with

X, =6a*(1+2)°—(-1+42) (C+144z + Cz) — 36a° (—1+2%)
+18a* (1 -6z +2”) +12a (-5 — 42+ 1327),

as(x) Xs

= rerae

Xs=d"(1+2)°-2a*1+2)? (=54+42)+2(-14+2)° (124 C+ 242+ Cx)
+3a® (5—-92— 92 +52%) +a® (—22 — 48z + 422”4+ 202°)
+a (284602 +602% —762° —C (—1+2) (1+2)°),

() = g

T e (2t a+a)
Xo=a"C(1+2)*+4D (~1+2%) +2a (D+C(~1+2)° - Da?)
—a*(1+2) (2D (-1+2)+C (-5+31)),

D(24+a+ax
) = 2CFexa2)

with

with eigenvalues

N = n(—a+n —1)
" 2a—-Da(a+2)" "
where
A, = 2n2%a° — 6na® + 4a® — 4nda* + 12n%a* — 8na® + 2n*a® — 8nda® + 4n2a®
+14na® — 12a® + 2n*a® + 4na® — 22n%a® — Ca® + 2Da® + Cna® + 8na®
+8a? — 4nta + 8na — Cn2a + 4n’a + 2Da + Cna — 8na — 4D
The zeros of denominator terms in above expressions consist of a = —2,a = 0 and

a=1. Since (b—a—2) =0and (b+ a+2) < —4 imply a < —4, the denominator
terms in above expressions never vanish.
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o JOIIb . h_q_92=2 (b+a+2)<—4

plr)=(1—2)7"" (1+2)
ag(x) = (1 - xZ)g,
as(x) =3 (44+a—4x+ax) (—1+x2)2,
-1 2

(@) =" ) X, with

a(2—3a+a?)
Xy=D—-Da?+3d°(1+2)°—a(=1+2z) (12+C—122+Cx)
—6a* (-3+22+52%) —6a® (9382 +2527) +3a® (—13 - 262+ 3527),
a(2-3a+a?)
X3=—-12a" (-1+2) 14+2)°+ad*1+2)*+4D (2—z—-22"+4%)
—24a® (4—2—82"+52°) +a* (T—T52 — 272> +552%)
+2a(-1+2) (-24(-1+2)°-=D(1+2)"+2C (-2 -2 +2?))
—2a’> (C (-142) (1+2)° -2 (T+452 — 7527 + 312%))
a(2-3a+a?)
Xy=—-8D (—2+2)+d®> (2D -3C (=3+41x)) (1+2)+a*C(1+z)
+2a (3D (14z)+C (T—4z+2%)),

al(x)zD (4+;+ax)

aq(x)

az(x) with

as(x) with

with eigenvalues

n(—a+n-—1)
Ap=——7———""A,
(a—2)(a—1a
where
A, = n%a® — 3na® + 2a°® — 2n3a* + 2n2%a* + 8na* — 8a* + n*a® + 4n’a® — 14n2%a® — nadd

+10a® — 3nta® + 2n%a® + 13n2%a® — Ca® + Da® + Cna® — 8na® — 4d® + 2n*a
—4n3a — Cn’a — 2n%a — 4Da + Cna + Dna + 4na — Dn? + 2D + Dn

The zeros of denominator terms in above expressions consist of @ = 0,a = 1 and
a=2. Since (b—a—2) =2 and (b+a+2) < —4 imply a < —5, the denominator

terms in above expressions never vanish.
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o JOIle, h_q_92=4 b+a+2)<—4

pla)=(1-2)"""(1+a)

x):(l—x2)3,

x)=3(6+a—4x+ax) (—1+m2)2,

ag(x) = — (M) X4 with
Xy=D—-Da*+3a°(1+12)* - 30a" (—1+2?) —30a® (7 — 122 + 52?)
+15a® (-1 =102 +72*) +a (C—Ca®+24 (8 — 9z +327)),

— X3
a(2—3a+a?)

Xs=a*(1+2)°—6d"(1+2)* (=3+22)+4D (3—2—32%+2°)

—30a® (5+62— 112> +42%) +a* (55— 752 — 7T52% + 5527)

—2a? (118 = 306z + 23422 — 622° + C (=1 +2) (1 +2)°)

+2a (= (D(-142)(1+2)°)+2C (3—2—32>+27) —12(-13+ 162 — 92* + 227)),

— X2
a(2—3a+a?)
X,=-12D (-3+2)+a*C(1+2)"—a® (14x) (-2D+C (=13 +3z))
+2a (5D (1+z)+C (17— 6z +2?%)),

al(x):D(6+;1+ax)

405

as

az(x) with

as(x) with

with eigenvalues

n(—a+n-—1)
Ap=——7———""A,
(a—2)(a—1a
where
A, = n%a® — 3na® + 2a°® — 2n3a* + 2n2%a* + 8na* — 8a* + n*a® + 4n’a® — 14n2%a® — nadd

+10a® — 3nta® + 2n%a® + 13n2%a® — Ca® + Da? + Cna® — 8na® — 4a® + 2n*a — 4n’a
—Cn?a — 2n%a — 4Da + Cna + Dna + 4na — Dn? + 2D + Dn

The zeros of denominator terms in above expressions consist of @ = 0,a = 1 and
a=2. Since (b—a—2) =4 and (b+a+2) < —4 imply a < —6, the denominator

terms in above expressions never vanish.
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4.3.3.3 The case J!1: (b—a—2)>4, (b+a+2)€{-4,-2,0}
o JOILa: (h—q—-2)>4 b+a+2=0

ple)=(1+az) "

ag(z) = (1—= ) ,

as(x) =3 (—2+a (-14+2z)—4x) (—1+x2)2,
= (—142?) .

a4($) = mX4 with

Xy=6a"(=1+2)*+(C (-1+2) — 1442) (1 + ) — 364 (—1 + 2?)
+18a* (14 6z +2”) +12a (-5 + 42+ 1327),

as(z) = — (X32> with

24+a+
ngf( ( 1+2%) (a (-1+2) 72(1+r)))
+(-2-a)(1—-a) (- ( 2)’) +9a® (-1 +2)* (1+2))
+(—2-a) (1-a)(12(1+ 1+2x)+a(8+3Ox—12m2—26x3)),
X .
a(z) = with

2a (—2+a+a?)
ng—(a3C(—1+x)2)+4D (—1+x2)—2a(1+1’) D(-14+2)+C (1+x))
+a? (=1+4+2) (=2D (1+2)+C (5+31)),
an(z) = D (—2+a(-1+2))

a
with eigenvalues
n(—a+n —1)
Ap=————— A,
2(a —1)a(a+2)
where
A, = 2n2%a°® — 6na® + 4a® — 4nda* + 12n%a* — 8na® + 2n*a® — 8nda® + 4n2ad®
+14na® — 12a% + 2n*a® 4+ 4na® — 22n%a® + Ca® + 2Da® — Cna® + 8na®
+8a? — 4nta + 8na 4+ Cnla + 4n’a + 2Da — Cna — 8na — 4D
The zeros of denominator terms in above expressions consist of a = —2,a = 0 and

a=1. Since (b—a —2) >4 and (b+a+2) =0 imply a < —4, the denominator

terms in above expressions never vanish.
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o JOIIb . (h—q—-2)>4 bta+2=-2

pla) = (1—x) (1+a)"
x) = (1—x2)3,
2)=3(=14+2%% (a (-1+2) —4 (1+1)),
2
ag(x) = — (m> X4 with
Xi=D+3d"(~1+2)* - Da*—6a" (-3-22+52%) —6a* (9+ 382 +2527)
+3a® (134262 +352%) —a (1+2) (C (-14+z)—72 (1+2)),
. X3
a(2—3a+a?)
Xs=da(—1+2)°-12d°(-1+2)* (1 +2)+4D (-2 —z+22% + 2
—24a® (—4—x+82>+52%) +a' (—7— 752+ 272>+ 552%)
—2a (1+2) (D(-1+2)°+24(1+2)* —2C (-2 + 2 +2?))
—2a* (C(-1+2)* (1+2)—2 (-7T+452 + T5a® + 312%)),
— X2
a(2—3a+a?)
Xo=a*C(~142)>+8D (2+2)—d? (-14+2) (2D +3C (3+ 1))
+2a (-3D (-1+2)+C (T+4x +2%)),
D (—4+a(=1+x))

405

as

az(x) with

as(x) with

ar(x) =

a
with eigenvalues
N = n(—a+n-—1)
" (a—2)(a—1a "
where
A, = n%a® — 3na® + 2a°® — 2n3a* + 2n2%a* + 8na* — 8a* + n*a® + 4n’a® — 14n2%a® — nadd

+10a® — 3nta® + 2n%a® + 13n2%a® — Ca® + Da® + Cna® — 8na® — 4d® + 2n*a
—4n3a — Cn’a — 2n%a — 4Da + Cna + Dna + 4na — Dn? + 2D + Dn

The zeros of denominator terms in above expressions consist of @ = 0,a = 1 and
a=2. Since (b—a—2) >4 and (b+ a+2) = —2 imply a < —5, the denominator

terms in above expressions never vanish.
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JoHLe . (h—q—2)>4, b+a+2=—4

pr) =1 -2 (1+2)""

ag(x) = (1—x2)3,

)=3(-6+a(-14+2z)—4x) (—1+x2)2,

2

ag(x) = — (m> X4 with
Xi=D+3d"(~1+2)* - Da*—30a" (=1 +2%) —30a® (7+ 122 + 527)
+15a® (14102 +72%) +a (C—Ca®+24 (84 9z +327)),

— X3
a(2—3a+a?)

Xg=a%(=142)" —6a°(-1+2)° (3+22)+4D (=3 — 2 +32%+ 2%

—30a® (-5+6x+ 112" +42°) + a* (=55 — 752 + 752> + 5527)

+2a? (118 + 306 + 23422 + 622° — C (=1 + 2)° (1 + )

—2a (D(-1+42)* (1+2)—2C (-3 —2+32" +2%) +12 (13 + 162 + 927 +227)),

— X2
a(2—3a+a?)

Xo=a*C (=142 +12D 3+2)—a® (~1+x) 2D +C (13+3x))

+2a (=5D (-1+z)+C (174 6z +27)),

D (—6+a(—1+z))

(
(

as

az(x) with

as(x) with

ar(x) =

a
with eigenvalues
N = n(—a+n-—1)
" (a—2)(a—1a "
where
A, = n%a® — 3na® + 2a°® — 2n3a* + 2n2%a* + 8na* — 8a* + n*a® + 4n’a® — 14n2%a® — nadd

+10a® — 3nta® + 2n%a® + 13n2%a® — Ca® + Da® + Cna® — 8na® — 4d® + 2n*a
—4n3a — Cn’a — 2n%a — 4Da + Cna + Dna + 4na — Dn? + 2D + Dn

The zeros of denominator terms in above expressions consist of @ = 0,a = 1 and
a=2. Since (b—a—2) >4 and (b+ a +2) = —4 imply a < —6, the denominator

terms in above expressions never vanish.
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4.3.3.4 The case J*V': (b—a—2)>4, (b+a+2)<—4

ag(x) = ( )37
as(z) =3 (b+ (—4+a) z) (71+x2)2,
2
ag(z) = — (61(2_13%) X, with
Xy=D+3a’2* —Da*+a* (42— 90" +66bx — 1502%) + a* (3+6bx — 302?)
+3a® (=7+0* = 12bx +352%) +a (—24+ 66"+ C —36bx + 722° — C'2°)
X
a(2—3a+a?)
Xs=a"2*—-2D (b—22) (-1+2%) +3a® (z+ba” — 42%)
a* (3b— 27z + 3b%x — 24bz” + 552°) + a® (b* + 84z — 15b°x — 1202” + b (—19 + 6927))
+2a (b* = 6b%x + (=24 +2C — D)x (—1+2%) + b (—10 + C + 182% — C'z?))
(=30 + 2402+ b (36 — 8427) + 22 (=54 + C + 622> — Ca?)),
ag(x)zmwith
Xo=bD (b—22)+a’Ca’a® (C+D+2bCx—3Ca%) +
a (2D (-14bz)+C (=2+b" —2bz +22%))
D (b+ax)
a

as(z) = with

ai(x) =

with eigenvalues

n(—a+n-—1)
Ap=—————""A\,
(a—2)(a—1a
where
A, = n2a® — 3na® + 2a° — 2n3a* + 2n2a* + 8na* — 8a* + na® + 4n3a® — 140263 — nd®

+10a% — 3n%a® 4 2n%a? + 13n%a® — Ca® + Da? + Cna® — 8na® — 4a® + 2n’a
—4n?a — Cn?a — 2n%a — 4Da + Cna + Dna + 4na — Dn® + 2D + Dn

The zeros of denominator terms in above expressions consist of ¢ = 0,a = 1 and a = 2.
Since (b—a—2) >4 and (b+a+2) < —4 imply a < —6, the denominator terms in above

expressions never vanish.
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4.4 Self-adjoint operators of order 8

This section provides examples of the self-adjoint operators

L = ag(z)y® + a7(2)y"” 4 as(2)y® + a5(2)y® + as(x)y@® + as(x)y” + as(x)y” + a1 (z)y’

(4.17)
1 I a7(x) 4o
et aglx)
with an admissible weight p(z) = (@) satisfying the differential equation
ag(T
L(y) = \y. (4.18)

By Proposition 2.1, the determining equations in this case are

4(asp) = (arp) (

7(azp)” — 6(agp)’ + 2(asp) = 0 (4.20
(agp)"” — 2(asp)” + 2(asp)’ — (asp) =0 (
(asp)®) — 4(asp)” + 9(asp)” — 14(azp)’ + 14(a1p) = 0 (

on I, subject to the vanishing of

(asp), (azp), (azp)’, (asp), (acp)’; (asp), 5(aep)” — 11(asp)’ + 14(asp),
9(aep)” — 17(asp)’ + 14(asp), (asp)” — 4(asp)’ + 9(azp),
(asp)” — 4(asp)” + 9(azp)’ — 14(azp) (4.23)

on the boundary 0I.

In the following sections, we give examples of eighth order self-adjoint operators with
the weights of the form p(z) = e, p(z) = |z|"e™ and p(z) = ((t”;)):

determining equations and boundary conditions using Mathematica.

by solving the

4.4.1 Eighth order operators (4.17) with as = 1 and weight of the form ¢

plx) =e™”

ag(z) =1,  a7(z) =8z,  ag(r)= _144+D—21Z—G+288x2’
a5($):I(96—D+22F+G—64m2)’
a4($):48+G_192I2_4G$2+64x1+}7(2—8$2)+D (—2—1-4:52)7
ag(:E):Dx_Q(D—QF—G)x3 as(z) = F — (2F + Q) 2, a(z) = Ga

3 )
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with eigenvalues
1
Ay = gn(48n3—2Dn2+4Fn2+2Gn2—288n2+6Dn—18Fn—9Gn+528n—4D+14F+10G—288).

The specific case D = —256, F' = —64, G = 16 gives the standard eighth order Hermite

operator

1, az(v) = -8z, ag(z) = 242 — 24, as(x) = 1200 — 322°
=112 — 1922” + 162*, az(x) = —2562 + 962°, ay(r) = —64 + 11227, a1(x) = 162
with the eigenvalues )\, = 16n*, and coincides with fourth iteration of the classical second

order Hermite operator.

4.4.2 Eighth order operators (4.17) with a3 = 2* and weight of the form
|Z|nem$

p(z) = |x|%*4e%w with @ > 12,b < 0

(
az(x) = (a +bz),

—12a+3a*+z (8A+3Vx
aofa) = bl )
(2) z(a®—6a®> (2+bx)+2a (16+6Ax+12bx — 30?22+ (D322 +12A (-4 +bx)))
as(T) = )
16

X,
ag(x) = 2—56w1th
Xy=a"-8ad (3+4bx)+16a” (11+3Ax+24bx) —32a (12+ 18 Az + 32bx + b°2%)

+a (256 Ca+b'a® +48 A (324 b°27%)),

az(x) = 2£56 with
X;=-3a"b+128Cx (—8+bx)+24a’b (3+bx) +24a’b (—22 — 12bx + b 2?)
+a (1152b+ 7686° z + 128 C'x — 96 b 2° — 3b" 2°)

+4A (—384+a3 —288bx +36b°2° +b°2° —3a® (84 3bx) +a (176 + 108bx — 9b%2?))

(") = 3553
Xp=—48 (—384+176a — 24a” + a*) Ab+33a (—384+176a — 24a” + a®) V?

+128 (96 —20a +a*) C + 2048 Fa +b* (=48 (=4 +a) Ab—132ab® 4+ 33a*b* + 128C) 2°
—124+a+bx .
CLl(I) = (4096) Xl with

X; =48 (32— 12a+a”) Ab* +396a°b° —33a°b® — 32a (33b° +4b6C) +1024 (bC + F)
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with eigenvalues

bn
Ay, = ——A,
4096
where
A, = —33a30% + 16030 + 330026 — 48an?b> — 96n2b% — 888ab® + 66a>nb> — 120anb®

+1761b% — 96b% + 64An%b% + 4842 Ab> — 480a.Ab® + 1280Ab% — 96aAnb® + 192 Anb>
—128aCb + 768Ch + 256Cnb + 1024 F

The special case a = 16,0 = —4, A = —54,C = 187, ' = —29 is the standard eighth

x

order Laguerre operator with the weight p(x) = e~ as
ag(zr) = 2*,
ar(r) = —4 (=4 + ) 2°,
ag(z) = 627 (2° — 9z + 12)
as(z) = —2x (22° — 332% + 99z — 48),
as(z) = 2* — 342° + 1872% — 204z + 24,
az(z) = 62° — 682% + 1362 — 36,
as(z) = 7o — 29z + 14,
a(x)=x—1

with eigenvalues \,, = n*, which coincides with the fourth iteration of the classical second

order Laguerre operator.
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4.4.3 Eighth order operators (4.17) with ag = (1 —2?)* and weight of the form
b*ft*Q
% with (b—a—2)>6o0r (b—a—2) € {0,2,4,6}, and (b+a+2) <
—x P
—6or (b+a+2)e{-6,-4,-2,0}
4.4.3.1 The case J*: (b—a—2)€{0,2,4,6}, (b+a+2) € {-6,—4,-2,0}
o JHa b—a—2=0 bta+2=0
plr) =1
)=(1- :c2)4,
ar(z) = =32z (1 - x2)

8

3

)

@) (—1422)% (~3456 + D — G + 2419222 — Da? + Ga® + 2 F (—1+22))

aglTr) = s
72

z (—1+2?) (-2304+ D — G +537622 — Da? + Ga? + 2 F (-1 +2?%))

4 )

as(z) =

X
ay(z) = ?4 with

Xy = 1152+ G — 115202% — 10G 2* + 134402* + 9Gz* — 2D (1 — 62% + 52%)
+2F (1-102°+92%),
2(2F+G)z*+D (3z—5a?)

az(r) = 3 )
as(z) = F — (3F + Q) a2,

a1(z) =Ga

with eigenvalues
1
An = ﬁn(n + 1A,
where
A, = 72n% +216n° — Dn* + 2Fn* + Gn* — 1224n* — 2Dn® + 4Fn? + 2Gn®

—2808n3 4+ 7Dn? — 32Fn? — 16Gn> + 6336n> + 8Dn — 34Fn — 17Gn
+7776n — 12D + 60F + 66G — 10368

The special case D = —1856, F' = —216, G = 16 gives the standard eighth order
Legendre operator with the weight p(x) =1 as
ag(z) = (1 - :v2)4, ar(z) = =32z (1 - x2)3, ag(z) =4 (2% — 1)2 (892° — 17),
as(z) = 24z (2* — 1) (712° — 39) , ay(z) = 4 (832" — 9262> + 139) ,
ag(z) = 64z (442® —29) , ag(x) =8 (792% — 27) , ai(z) = 16z
with eigenvalues \, = n*(n + 1)*, which coincides with the fourth iteration of the

classical second order Legendre operator.
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36
(1—a?) .
TX5 with
X5 =11524+ G + 8064z + 7Gx — 8064 2% — G 2% — 24192 2% — 7G 2°

+2D (-1-Ta+2*+72%) = F (-1 - Tz +2> +72%),

as(z) =

X
as(z) = f with

Xy =576 +G — 2304z — 4Gz — 8064 2% — 14G 2? + 5376 2 + 4 G 2> + 12096 z*

+13Ga' 4D (1-22-82"+22° + 72" )+ F (1 — 42— 142% + 42° + 132")
_2(F+G) ?3:2 (3+5xz) D <1+5x75x27 353303>7

as(z) = -2Gz (14+2z)+ F (1—225—51’2),

ai(z) =G+3Gx

as(x)

with eigenvalues

An = %n(n +2)A,

where

A, = 36n° +216n° — 2Dn* + Fn* + Gn* — 504n* — 8Dn® + 4Fn3 + 4Gn® — 3456n°
+14Dn? — 16 F'n® — 16Gn? + 3060n2 + 44Dn — 40Fn — 40Gn + 13608n
—48D + 51F + 87G — 12960
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« M h—a—2=0, bta+2=—

p(z) = (-1 +2)*

ag(z) = (1 — x2)4,

ar(z) =8 (1+5z) (-1+ x2)3,
_

(@) 1+ 22)° (~1296 + D — G+ 7776 + 1944022 — D2® + Ga? + 2 F (—1+a?))
ae(T ’
36

(1—a?
6

as(z) = X5 with
X5 =11524 G + 3456 2 + 4Gz — 10368 22 — G 2® — 172802 — 4 G 23
+D (-1-4z+2*+42°) —2F (-1 —4da +2* +42%),

X4
12
X, =576+ G — 161282 — 28 G — 2419222 — 54 G 2 4 48384 2% + 28 G 23

+60480 2% +53G 2 —4D (1 —7x —152% + 72 + 142*)

+2F (1-282—542° +282° + 5327),

2F+G)x (33+189c+199:2) D (1+2x_7x2_%¢3)’
az(z) = —(Gz 5+ 7z))+ F (1-10z — 152%),

ai(z) =G+2Gx

as(x) with

az(z) =

with eigenvalues

1
An = %n(n +3)A,

where

A, = 36n° +324n° — Dn* + 2Fn* + Gn* — 180n* — 6Dn® + 12Fn® + 6Gn> — 5940n°
+5Dn2 — 28Fn? — 14Gn? + 144n® + 42Dn — 138Fn — 69Gn + 31536n — 40D
+152F + 94G — 25920
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o Jd: h_q—-2=0 b+a+2=—6

plz) = (1 - =)’

ag(z) = (1 — x2)4,

ar(z) =4 3+11z) (-1 + x2)3,

~ ((-1+2%)% (576 - G ~ 172802 — 316800% + Ga? + D (=1 +2%) +3F (-1 + %))
13 7

ag\T) =

3 (—1 4 22
) - 212

X5 =1408 — G+ 11522 — 3Gz — 17280 2% + G 2% — 211202% + 3G 23
+D (-1-3z+a°+32°) +3F (-1 -32+2>+32%),

X5 with

X
a4(x):?4with
Xy=F (3+54z+752° —542° — 782%) + G (1 + 18z + 252 — 182® — 262*)
—~9 (96 —2 (=704 + D) x — 3 (—192 + D) 2* + 2 (=2880 + D) 2® + 3 (1760 + D) z*),

(-3F —G) z (14+57x+492%) + D (6 — 6322 — 632°)

az(z) = 5 ,
as(z) = w +F (14182 +214%),
a(z) =G+ 5§:r

with eigenvalues

1
An = 4—8n(n +4)A,

where

A, = 48n% +576n° — Dn* — 3Fn* — Gn* + 480n* — 8Dn® — 24Fn3 — 8Gn® — 1152013
+Dn? + 27Fn? + 9Gn? — 9168n2 4+ 68Dn + 300Fn + 100Gn + 80064n — 60D
—300F — 84G — 60480
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« B boq-2-2 bta+2=0

pl)=1+=z
as(z) = (1-2%)",
ar(z) =4 (-1+92) (-1+ x2)3,

(—1 4 22)% (~1728 + G — 3456z + 15552202 — Ga® + 2D (~1 +a2) + F (~1 + 22))
a6(v) = 36 ’
as(z) = %—;IQX% with

X5 =1152— G — 8064z + 7Gx — 8064 2> + Gz? +241922° — 7G 2*
+2D (1-Ta—a2?+72%) +F (1- Tz —2* +72%),

X
as(z) = f with

X4 =576 -G +23042 — 4G x — 8064 2° + 14 G 2 — 5376 2° + 4 G 2> + 12096 =*

—13G2"+4D (1+22—82> —22° +72") + F (1 +4z — 142° — 42° + 132"),
_2(F-G) x; (—3+5z) +D <175x75x2+ 353;53)’

as(z) =2Gz (-1+2z)+ F (1422 —527),

a1 (z)=G—-3Gzx

as(x)

with eigenvalues

An = %n(n +2)A,

where

A, = 36n° +216n° +2Dn* + Fn* — Gn* — 504n* + 8Dn® + 4Fn3 — 4Gn® — 3456n°
—14Dn? — 16Fn® + 16Gn® + 3060n? — 44Dn — 40Fn + 40Gn + 13608n + 48D
+51F — 87G — 12960
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o J8S: p—q—2=2 b+a+2=-2

ple) =1-a°
(18(13) = (1 —ZZL'2)4,
ar(z) =40z ( 1+$2)37
(@) (—1+422)% (~17280 — G + 1555202 + G2 — 2D (~1+2%) +4F (~1+a?))
ag(Tr) = )
288
()= " (=14 2?) (—11520 — G + 345602 + Ga? — 2D (—1+2?) +4F (-1 +2?))
as\r) = ’
12

X
as(z) = 2—: with
Xy = 5760 + G — 80640 2% — 14 G 2? + 120960 2* + 13G 2* — 4D (1 — 827 + 7a*)
+F (4—562% 4+ 522,

2(4F+G)2*+D (3z—T74a%)

asz(r) =

3 )
as(z) =F - (5F + Q) 2°,
a1(x) =Gu
with eigenvalues
1
Ap = — A,
288n(n +3)

where

A, = 288n°% +2592n° — 2Dn* + 4Fnt + Gn* — 1440n* — 12Dn> + 24Fn® + 6Gn®
—47520n3 + 10Dn? — 68Fn? — 17Gn? + 1152n% + 84Dn — 312Fn — 78Gn
+252288n — 80D + 352F + 160G — 207360
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o JB9: h—q—-2=2 b+a+2=—4

pla) = (1—2)* (1+2)

ag(z) = (1 — x2)4,

ar(z) =4 (1+11x) (71 + x2)3,
_

(@) —1+22)” (~4320 — G + 8640z + 4752022 + Gz? — 3D (~1 4 22) + F (~1 4 22))
ag\T )
72

g2
as(v) = . 24 :

X5 = 28804+ G+ 25920z + 9 Gz — 25920 22 — G 22 — 95040 2> — 9 G 2°
+3D (-1-9z+22+92%) = F (-1 -9z + 2% +92%),

X5 with

X
ag(z) = ?4 with
Xy = 1440+ G — 57602 — 4G w — 25920 2° — 18 Ga* + 17280 2° + 4 G ® + 47520 2*
+17Ga* 6D (1-22—102° +22° + 92*) + F (1 — 4z — 182 + 42 +172"),

2(F+G)z? (3+7x)
ag(z) = 3

az(z) =2Gz (1+32)+F (1-22—72%),
a1(x) =G+5Gx

+D (1+7z—72—212%,

with eigenvalues

1
An = ﬁn(n +4A,

where

A, = 72n% +864n° — 3Dn* + Fn* + Gn* + 720n* — 24Dn® + 8Fn3 + 8Gn® — 17280n°
+3Dn? — 13Fn? — 13Gn? — 13752n2 + 204Dn — 116 Fn — 116Gn + 120096n
—180D + 120F + 192G — 90720
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o J8Ih . h—q—-2=2 b+a+2=-6

plz) = (1-2)° (1 +2)
ag(z) = (1 - 952)47
(2) =8 (1+62) (-1 +2?)°,

=8
(=14 22)? (—4608 — G + 25344z + 7603222 + Ga2 — 2D (—1 + 22) + 2F (1 + 22))
as(z) = 96 :
(1—a?)
16
X5 = 38404+ G+ 15360z + 5 Gz — 42240 22 — G 2? — 84480 2> — 5 G 2°

+2D (-1-5z+2*+52%) —2F (-1 -52+ 2% +52%),

ar

as(z) = X5 with

— X4
16

Xy =1920 + G — 345602 — 18 G — 69120 2% — 44 G 2% + 126720 2° + 18 G 2>

+190080z* +43G2* —6D (1 — 62 — 162% + 62° + 152)

+F (2362 —882° +362° + 862"),

(2F+G)z (1+8x+112?)

(Gz (T4 13237))

2
ai(z) =G+3Gzx

as(x) with

+D (1432 —92%—152%),

az(z) =

as(z) = — +F(177x714x2),

with eigenvalues

An n+5)A,

= 5
where

A, = 96n° + 1440n° — 2Dn* + 2Fn* + Gn* + 2976n* — 20Dn® + 20Fn® + 10Gn®
—30240n3 — 10Dn? — 14Fn? — 7Gn® — 51456n° + 200Dn — 320Fn — 160Gn
+270720n — 168D + 312F + 204G — 193536
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o J8li h—q—2=4 b+a+2=0

p(z) = (1 +2)°
ag(z) = (1 - 952)47
7(x) =8 (-1+5z) (-1+ x2)3,
(=14 2%) (~1296 + G — 7776z + 194402% — Ga® + D (—1 + 2?) + 2F (—1 +2?))
36 ’

]

ag(z)
(=1+2?)

as(z) = TX5 with

X5 =1152— G — 3456 2 + 4 Gz — 10368 22 + G 2% + 17280 2> — 4 G 23
+D (1-4z—2*+42°)+ F (2—-8z—22" +82?),

Xy
12
X, =576 — G+ 16128z — 28 Gz — 24192 2% + 54 G 2% — 48384 2% + 28 G 23

+60480 2" —53G 2 +4D (1+ 72 — 152 — 72 + 142*)

+2F (14282 —542° —282° + 5327),

2F-G)x (33— 18z +1922) D (1_2:6_””%@3)’
ay(z) =Gax (=5 +T7z)+ F (1+10x—15x2),

a(x) =G—-2Gx

as(x) with

az(z) =

with eigenvalues

1
An = %n(n +3)A,

where

A, = 3618 +324n° + Dn* + 2Fn* — Gn* — 180n* + 6Dn® + 12Fn® — 6Gn3 — 594013
—5Dn? — 28Fn? + 14Gn® + 144n® — 42Dn — 138Fn + 69Gn + 31536n + 40D
+152F — 94G — 25920
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« ML b—a—2=4, bta+2=—2

pla) = (1—2) (1+2)°

ag(z) = (1 - 952)47

ar(z) =4 (-1+11z) (-1+ :c2)3,
(

—1+22)% (—4320 + G — 8640z + 4752022 — Ga2 + 3D (=1 + 22) + F (=1 4 22))
a6(@) = 7 ’
(=1+2%

as(x) = o X5 with

X5 = 2880 — G — 25920 + 9 Gz — 25920 22 + G 2 4+ 95040 2> — 9 G 2°
+3D (1-9z—2+92%) + F (1 -9z —2* +92?),

X
ag(z) = ?4 with

X, =1440 — G+ 5760z — 4Gz — 25920 22 + 18 G z? — 17280 2> + 4G =°
+475202" —17G2* + 6D (1+ 22 —102% — 22° + 92*)
+F (1+42—182> —42° +172")

2(F—-G) 2% (-3+72)
az(z) = 3

az(z) =2Gz (-1+3z)+ F (1422 —T72%),
a(z)=G-5Gx

+D (1-7x—7a2%+212%),

with eigenvalues

1
Ay = ﬁn(n +4)A,

where
A, = 72n5 4+ 864n° + 3Dn* + Fn* — Gn* + 720n* + 24Dn?® + 8Fn® — 8Gn3
—17280n3 — 3Dn? — 13Fn? + 13Gn? — 13752n% — 204Dn — 116Fn
+116Gn + 120096n + 180D + 120F — 192G — 90720
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o J8Ik . h_q—2=4 bta+2=—4

plx) =(1-2)*(1+a)?
a8(x) = (1 - 132)47
a7(x) =48« (71 + x2)3,

_ (~1+22) (~51840 — G + 5702402 + G2 — 3D (~1 +2%) + 6 F (1 +2?))

a6(@) = 720 ’

()= ° (—1+2?) (—34560 — G +1267202° + Ga® — 3D (—1+2?) + 6 F (—1+2?))

as5(r) = )
24

X
ay(z) = 4—; with

X, = 17280 + G — 311040 22 — 18 G 22 + 570240 z* + 17 G 2*
—6D (1—-102* +92%) + 6 F (1 — 182> +172%),

as(z) = Da + (—3D+4F+ %) 3,

ag(x) = F — (TF + G) 2?,

a(z) =Gz
with eigenvalues
Ao = %On(n +5)A,
where
A, = 720n° +10800n° — 3Dn* + 6Fn* + Gn* + 22320n* — 30Dn® + 60Fn® + 10Gn®

—226800n% — 15Dn?% — 60Fn? — 10Gn? — 38592012 4+ 300Dn — 1050Fn — 175Gn
+2030400n — 252D + 1044F + 294G — 1451520
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o S8l b—q—2=4 b+a+2=—6

p(z) = (1—2)*(1+2)*
ag(z) = (1 - 952)47
(@) =4 (1+132) (-1 +22)°,

=4
(—1+22)® (~8640 — G + 17280z + 11232022 + Ga? — 4D (1 + a2) + F (=1 + 22))
as(z) = 120 :
(1—a?)
40
X5 = 57604+ G+ 63360z + 11 Gz — 6336022 — G 22 — 274560 2> — 11 G 2°

+4D (-1-1lz+2° +112°) - F (-1 — 11z +2° + 112°),

ar

as(z) = X5 with

M(:c)z%with
X4 =2880+ G — 115202 — 4Gz — 63360 2% — 22 G 2? + 42240 2% + 4G 2®
+1372802" +21G 2" —8D (1 — 22 — 122 + 22° + 112%)
+F (1—42—222° +42° 4+ 212%),

az(z) =2 (F+G)2® (1+3z)+D (1+9z— 927 — 332°),

az(z) = —2Gx (1+4z)+ F (1 -2z —92?),

a(z) =G+ 7Gx

with eigenvalues

1
An = mn(n + 6)An

where

A, = 120n° 4 2160n° — 4Dn* + Fn' + Gn* 4+ 6960n* — 48Dn> + 12Fn® + 12Gn®
—46080n3 — 52Dn% — 2Fn? — 2Gn? — 128040n% + 552Dn — 228 Fn — 228Gn
+527760n — 448D + 217F + 337G — 362880
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° JS.I.m: b_a_2:67 b+a+2=0

p(z) = (L +a)°
ag(z) = (1 - 952)47
az(x) (=3+112) (71+:c2)3,

4

(@) (=1 +a2)® (=576 — G — 17280z + 3168022 + Ga® + D (—1+a2) — 3F (—1 + 22))

aeg(T) = )
48

_ 2
as(z) = sEit ) ( 1; )

X5 =1408 4+ G — 11522 — 3Gz — 17280 2% — G 2% + 211202% + 3G 23
+F (-3+92+32°-92%)+ D (1-3z—2%+32%),

X5 with

X
a4($):?4with
Xy=F (3—-54z+752% +542° —782") + G (—1+ 182 — 252 — 182® + 26 2*)
+9 (-96+2 (704 + D) x — 3 (192 + D) 2° — 2 (2880 + D) z° + 3 (1760 + D) z*),

(83F+G)x (14-572+492°) + D (6 — 63 2% + 632°)

ag(z) = 5 ,
as(x) = wﬂv (1182 +21a?),
a(z) =G — 5§x

with eigenvalues

1
An = @n(n +4)A,

where

A, = 48n% +576n° + Dn* — 3Fn* + Gn* + 480n* + 8Dn? — 24Fn?® + 8Gn® — 1152013
—Dn? + 27Fn? — 9Gn? — 9168n> — 68Dn + 300Fn — 100Gn + 80064n + 60D
—300F + 84G — 60430
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¢ JHN h—a—2=6 bta+2=—2

plx)=(1-=) (1+a)°
a8(x) = (1 - 132)47
7(x) =8 (-1+6z) (-1+ x2)3,
(2) = (=14 22)? (—4608 + G — 25344z + 7603222 — Ga2 + 2D (—1 + 22) + 2F (1 + 22))
ae\T) = 96 ’
—1+ 22 .
as(z) = %)@ with
X5 =3840 — G — 15360z + 5 G — 42240 2% + G 2> + 84480 2 — 5 G 2°

+2D (1-5z—2”+52%) +2F (1-5z—2®+52%),

]

_ X4
16
X, =1920 — G+ 34560 — 18 Gz — 69120 2> + 44 G 2> — 126720 2> + 18 G 2°

+190080z* —43G2* +6D (1 + 62 — 162% — 62° + 152)
+F (24362 —882° — 362° + 862?),
(2F-G)z (1-8z+11a?)

as(x) with

az(z) = 5 +D(1—3z—9:1:2+15z3),
— 1
az(z) = w +F (1472—1427),
ai(z) =G —-3Gx
with eigenvalues
An = %n(n +5)A,
where
A, = 96n° +1440n° + 2Dn* + 2Fn* — Gn* 4 2976n* + 20Dn> + 20Fn® — 10Gn®

—30240n3 + 10Dn? — 14Fn? + 7Gn® — 51456n° — 200Dn — 320Fn + 160Gn
+270720n + 168D + 312F — 204G — 193536
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« MO boa—2=6 bta+2=—4

p(z)=(1—2)*(1+2)°
a8(x) = (1 - 132)47
ar(z) =4 (-1+13z) (-1+ :c2)3,
(14 2?)% (8640 + G — 17280z + 11232022 — Ga® + 4D (—1 +2?) + F (~1 +2?))
as(z) = 120 :
—1+ 22 .
as(z) = %)@ with
X5 = 5760 — G — 63360z + 11 Gz — 6336022 + G 22 + 274560 2> — 11 G 2°

+F (1-11z—2*+112%) + D (4 — 44z — 427 + 4427),

ag(z) = % with
X4 =2880 — G+ 115202 — 4Gz — 63360 22 + 22 G 2® — 4224023 + 4G 23
+1372802" —21G 2" +8D (1 + 22 — 122 — 22° + 112%)
+F (1+42—222° —42° 4+ 212%),

az(z) =2 (F—G) 2® (-1+32)+ D (1 -9z — 92 + 332%),

az(z) =2Gx (-1 +4z)+ F (1422 —92?),

a(z)=G-TGzx

with eigenvalues

1
An = mn(n + 6)An
where
A, = 120n° 4 2160n° + 4Dn* + Fn* — Gn* + 6960n* + 48Dn® + 12Fn® — 12Gn3

—46080n3 + 52Dn% — 2Fn? + 2Gn? — 128040n% — 552Dn — 228 Fn + 228Gn
+527760n + 448D + 217F — 337G — 362880

50



o J3Ip. b_a_2:6’ b+a+2=-6

plx)=(1-2)°(1+a)°
a8(x) = (1 - 132)47
az(x) =562 (71 + x2)3,

_(~1+22) (~120960 — G + 15724802 + G2® — 4D (~1+22) + 8F (~1+a?))

a(;(fl') - 1440 )
()= ° (—1+2?) (—80640 — G + 3494402 + Ga? —4 D (—1+2?) +8F (—1+2?))
as5(r) = )
40

X
ay(z) = 87(4)1 with

X, = 40320 + G — 887040 22 — 22 G 2 + 1921920 z* + 21 G z*
+D (—8+962> —882") +8F (1—222° +21a%),
(11D—-2 8F +@G)) z*

(13(13) =Dz — 3 )
ag(z) =F - (9F + G) 2°,
a(z) =Gz
with eigenvalues
1
Ap = —— A,
T2z )
where
A, = 144015 + 30240n° — 4Dn* + 8Fn* + Gn* + 131040n* — 56Dn3 + 112Fn3 + 14Gn3

—635040n% — 92Dn? + 40Fn? + 5Gn? — 2620800n2 4+ 728 Dn — 2464Fn — 308Gn
+9313920n — 576D + 2304F + 468G — 6220800
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4.4.3.2 The case J*1: (b—a—2)€{0,2,4,6}, (b+a+2)<—6
o J8Ia h_—q-2=0, (b+a+2)<—6

plz)=(1-2)"*°
as(z) = (1 —x2)4, ar(z)=—-4(24+a-6z+az) (-1 +12)3,
(71+x2)2
2+a) (24—-50a+35a% —10a® + a?)
Xg = —576 + 2352a — 223242 — 36 a® + 666 a* — 162a® — 18a% +6a” —2D +a D
+a?D—2F +aF — 5760z + 7392ax + 912a% z — 3432a® z + 660 a* x 4 348a° z
—132a% 2+ 124" z + 8640 2% — 16848 a 22 + 8904 a? 2% + 924 a3 22 — 2310 a* 22
+798a® 22 —114a% 22 +6a" 2> +2D2?> —aDa? —a®?Da® + 2F 2® — a F 22,
—1 + 22

(2+a) (24 —50a + 35a% — 1043 + a*)
X5 = 4608 — 7680 @ + 800 a® + 3824 a® — 1304 a* — 460 a® + 22008 — 447 — 448
+12D-9a2D —3a®> D+ 12F —3a® F — 4608 z + 19968 a = — 22560 a? 2
+4176 a® 2 + 5400 a* © — 2628 a® z +180a% z + 840" —12a® 2 — 24D +18a Dz
+9a’Dzr—-3a®Da—24Fz+18aFx — 3a®> Fx — 23040 2% + 35328 a 22
— 3744 a2 2% — 14640 a® 2% + 6072 a* 2% + 732a° 2? — 876 a 22 + 18047 2% — 12a® 22
—12D2? +9a®>Da® +3a® Da? — 12 F 2% + 3a® F 2® + 23040 2° — 50688 a 2
+ 34976 a® 23 — 34720 22 — 6776 a* 2> + 3668 a® 2> — 836 a® 2% + 924" 2 — 4% 23
+24D2® —18aDa® —9a®>Da® +3a® D’ + 24 Fa® —18a F 2 4+ 34 F 2®,
_ X4

2(24a) (24—50a+35a% — 10a3 + a?)
X, = —2304 — 4608 a 4 14320 a? — 6312a® — 3308 a* + 2426 a® — 80a® — 1484
+12a® +2a° —60aD +18a®>D +36a>D+6a*D —24F —34aF +9a®>F +7a* F
+ 27648 2 — 55296 a = + 20160 a2 x + 21344 a® & — 15472a & — 152a° = + 2240 4%
—464a"z—16a®x+8a’x + 144Dz —48aDx —108a’ Dz +12a* Dz + 144 F &
—48aFx —36a> Fax+12a® Fx — 1382422 + 64512 a 2% — 87648 a2 22 + 35088 a® 22
+12024 a* 2 — 13284 a° 2% + 3168 a® 2% + 724 2 — 120a® 2% + 12a° 2 — 144 D 2
+216aDx? —72a®Dx? — 96 F2® + 164a F 2? — 54a% F 2® — 2a® F 2 — 46080 23
+ 86016 @ 2> — 31040 a? 2® — 26784 a® 2% + 21904 a* 2 — 2584 a° 23 — 2240 a8 23
+944a" 23 — 144 23 +8a’ 2® — 144D a® + 48a D x® + 108a2 D 2> — 12a* D 23
— 144 F 2 +48a F 23 + 36> F2® — 124® F 2 + 34560 2 — 87552 a 2 + 77808 o z*
— 22696 a3 2* — 8428 a* 2t 4 8890 a° 2* — 3088 a® ! + 556 a” 2t — 524% 2t + 24° 2*
+144Dz* —156aDa* —18a> D2 +36a®* Da? —6a* D +120 F2* — 1300 F 2*
+45a> Fat — 54 Fa?,

ag(zr) = ( X with

as (l’) = X5 with

ay(z) with

52



X3 .

() = a0t B —sa T h
X3=24D—-28aD—22a>D+15a>D +10a*D+a°D —24F —2a*F +2a* F
+60aDx—48a?Dax—27a®*Dx+12a* Dz +3a° Da+48Fx —16aFx
—4d’Fr—8a®Fe+4a*Fa—72D2? +60aDa? +42a> Da?® — 27a® D 2
—6a*Da?+3a°Da® —24F2?+32aF2*> —2a*Fa? —8a® Fa? +2a* Fa?
+48D 23 —76aDa® +20a? D +15a° Da® —8a* Da® + a® D 23,

as(z) = m with
Xo=2aF+5a’F+a*F—-4G+2aG+2a*’G-4aFz+2d*Fz+2d°Fz
+2aF2?—3a*Fa?+a®Faz?+4G2? —2aGa? — 24> G 22,

o1(z) = G(24+a+ax)
a
with eigenvalues
= n(—a+n-—1) A
" 2(a—4)(a—3)(a—2)(a—1)ala+2)"
where
A, = —2n%° +12n%a° — 22na® 4 124° + 6n*a® — 14na® — 66n%a® + 206na® — 1324®

—6n°a” — 24n*a” + 212n3a” — 132n%a” — 542na” + 49247 + 2n%a8 + 42n°a°
—112n%a® — 476n%a% + 1274n%a5 — 238na% — 4924° — 16n%a° — 42n°a® + 560n%a®
—658n3a® — 2Dn2a® — 1456n%a® — 4Da® + Fa® — 2Ga® + 6Dna® — Fna® + 2884na®
—1272a° + 30n%a* — 210n°a* — 126n*a* + 4Dn’a* + 2674n%a* — 12Dn%a* — Fn?a*
—3024n°a* — 13Fa* + 16Ga* 4+ 8Dna* + 14Fna®* — 3136na* + 3792a* + 40n%¢*
+336n°a® — 2Dn*a® — 1736n%a® + 8Dn%a® + 4Fn3a® — 992n3a® — 4Dn2d®
—15Fn2a® + 7072n2%a® + 12Da® + 38Fa® — 30Ga® — 14Dna® — 27Fna® — 1168na’
—3552a> — 152n8a? + 168n°a? — 2Dn*a® — 2Fna® + 1912n*a® — 4Dn%a® — 4Fn’a®
—2184n3a® + 22Dn%a® + 48 Fn?a® — 4064n2a® — 8Da? — 32Fa® — 40Ga? — 8 Dna?
—10Fna® + 3168na® + 1152a% + 96n%a — 288n°a + 4Dn*a + 4Fn*a — 480n*a

—8Dn3a — 8Fn®a + 1440n%a — 4Dn%a — 28 Fn%a + 384n°a + 152Ga + 8Dna
+32Fna — 1152na — 96G
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o JBIb: h—q-2=2 (b+a+2)<—6

pla)=(1—-2) " (1+2)
ag(z) = (1 - ;U2)4, ar(z)=—-4 (4+a—6x+ax) (71 + :52)3.,
(12

- X with
(%) = e 1760 —90a? 1 53 1 6al st ™

Xg = —5760 + 5376 a + 3528 a® — 3504 a® + 90 a* + 294a® — 18a® —6a” +4 D
—3aD—a?D+2F —aF 4230402 — 41088 a = + 18336 a® z + 1992 4% x
— 25800 2 + 228 a® x + 84 a8z — 1247 x — 17280 22 + 38016 a 2% — 28392 a? 22
+ 7896 a3 22 + 210 a* 22 — 546 a® x® +102a% 2% — 60" 22 — 4D 2? + 3a D 2?
+a’Dax® —2Fa® +aFa?,
_ —1 4 22

—96 +176a — 90a2 +5a + 6a* —
X5 = 16896 @ — 25216 a2 + 5664 a® + 3816 a* — 996 a® — 204 a® + 36 a” + 4a® — 48 D

+24aD+21a*>D+3a®D —24F +6aF +3a>F — 46080 x + 54528 ax + 17472 a* x
—35088a% x4+ 7728 a" 2 4+ 2172a° = — 73242 — 124" 2 +12a® 2z + 48Dz — 48a Dz
—3a’Dax+3a®Dz+24F 2 —18aFz+ 3a® Fa 492160 2% — 187392 a 2

+ 114432 a® 2% — 10368 a® 2% — 12312 2% + 3492 a° 2* 4 108 a8 22 — 13247 22
+12a%2%4+48D2? —24aDx? —21a®>Da? —3a® Da? + 24 Fa® —6aF2® —3a® F 2
— 46080 23 + 112896 a 3 — 101056 a2 2> + 39984 a® 3 — 4704 a* 2 — 1596 @ 2*
+636a%2% —84a" 2 +4a¥ 23 — 48D +48a D2 +3d®> D —3a® Da® — 24 F 2P
+18a Fa® —3a® Fa?,

as(z) pe X5 with

X, .

94(®) = 3 06 ¥ 1760 — 002 150 T e —a) "0
X, = 23040 — 61056 a + 33248 a® + 18824 ¢® — 14328 a* — 1002 a® + 12724’ + 36 a7
—32a® —2a°4+288D —210a2D —72a°D —6a* D + 168 F + 10a F — 33a% F
—7a®F +101376 ax — 185088 a% z + 84416 a® = + 11568 a* & — 13608 a® = + 768 a® z
+624a"z— 4808z —8a°x —576 Dz +480aDx +156a* Dz —48a* Dz — 12a* Dz
—288Fx +168aFx+12a® Fa —12a® F x — 138240 2% + 209664 a 2% — 2112 a? 22
— 122736 a® 22 + 58272 a* 2% — 12124° 2? — 4368 a° 2 + 696 a” 22 + 48 a® 2? — 12a° 22
—384aDx?+288a?>Da?+96a® Da? — 48 F 2% — 1400 F 2° + 78 a® F 2% + 243 F 22
+ 184320 2% — 436224 a 2 + 353792 a? 2° — 97024 a® 2® — 17712a* 2% 4 15192 a® 23
—2112a8 2% — 33647 2% + 112a% 2% — 84 2% + 576 D 2% — 4804 D 2® — 156 a® D 2®
+48a® D +12a* Da® + 288 F2® — 168a F 2® — 124 F 2® 4+ 1263 F 2® — 69120 2*
+ 192384 a z* — 208032 a2 z* + 110504 a® 2* — 27048 a* z* — 42a® z* + 1752 a5 2*
—444a" x* + 48082t —2a°2* — 288 Dt + 384a D2t — 78a? D2t — 244° D 2t
+6a*Da* —120F 2* +130a F 2* — 45a® Fa* + 54® F 2?,

o4



96 — 176a +90a?2 —5a3 —6a* + ab
Xg=-96D—128aD +114a> D +91a®D +18a* D+ a° D — 144 F + 4a F
+10a?F+8a®F+2a*F+288Dx —144aDax —210a*> Dz +33a® Dz +30a* Dz
+3a° Dz +192Fx—112aFx — 164’ Fa+4a® Fx +4a* Fao — 288 D 22
+384aDx?—42a*’Da? —63a® D2’ +6a*Da? +3a° Da? — 48 F 2 + 764 F 2
—26a2F 2% —4a®Fa® +2a* F2? 4+ 96 Da® —176a D 2> +90a®> Da® — 5a® D 2
—6a*Da® +ad®Dad,

— X2

2a (—4+3a+a?)

Xo=14aF +9a®>F+a®>F -8G+6aG+2a*G—8aFz+6a’Fz+2a°Fx

+2aF2®>-3a*Fa?+a®Fa? +8G2?> —6aGa? —2a®G a2,
o1(z) = G (4+5+am)

with

as(z)

as(x) with

with eigenvalues

= n(—a+n-—1) A
" 2(a—4)(a—3)(a—2)(a—1)ala+4) "
where
A, = —202a° + 12n2%6° — 22na® + 124 + 6n'a® — 18n%a® — 42n2a® + 162na® — 10842

—6n°a” — 12n*a” + 192n3a” — 312n%a” — 42na” + 180a” + 2n8a% + 30n°a8
—184n*a8 — 12n3a® + 1370n2a® — 2322na® + 1116a°® — 12n5¢° + 66n°a® + 480n%a®
—2538n3a°® — 2Dn2a® + 900n2a® — 4Da® + Fa® — 2Ga® + 6Dna® — Fna® + 6576na’
—5472a° — 10n%a* — 510n°a* + 1154n*a* + 4Dn3a* + 5118n%a* — 16Dna* — Fn2a*
—10648n2a* — 8Da* — 13Fa* + 12Ga® + 20Dna* + 14Fna* — 4752na* + 9648a*
+180n°%a® + 516n°a® — 2Dn%a® — 4548n%a® + 16 Dna® + 4Fn3a® — 532n3a°
—20Dn%a® — 15Fn%a® + 16272n%a® + 28Da® + 38Fa® + 10Ga® — 22Dna® — 27Fna®
—4208na® — 7680a® — 352n%a? + 480n°a® — 6Dnta® — 2Fn*a® + 4064n*a® — 4Dn3a?
—4Fn®a® — 5088n3a? 4+ 46 Dn%a® 4+ 48 Fn2a? — 8320n2a® — 16 Da® — 32Fa? — 180Ga>
—20Dna? — 10Fna® + 6912na? + 2304a® + 192n8a — 576n°a + 8 Dn*a + 4Fn*a
—960n*a — 16Dn’a — 8Fn3a + 2880n%a — 8 Dn’a — 28 Fn2a + 768n’a + 352Ga
+16Dna + 32Fna — 2304na — 192G

%)



o JBIe h—q—2=4 (b+a+2)<—6

pla)=(1-2)"" "1+

ag(z) = (171'2)47

ar(z)=—4(6+a—6z+ax) (71+$2)3,

-1 :c22

%(2) = 3755 45 60 :— 2)5 7 1 qh) e With
Xg = —19440 + 23976 @ — 108 a* — 47704 + 90a* +234a° + 18¢°* —~ D +aD + F
+ 38880« — 66096 a = + 27864 a® z 4 1260 a® x — 1980 a* 2 + 36 a® z + 36 a® =
— 1944022 + 39528 a 2 — 26028 a” 2 + 6030 a® 22 + 90 a* 2% — 198 a° 22 + 18 a° 2®
+Dx? —aDax?— Fa?,

—1+ 22

—36+60a — 25a2 + a*
X5 = 17280 — 12960 @ — 11376 a% + 6104 a® + 1380 a* — 340a°® — 844 — 44" + 6D
—5aD—a?’D—6F—aF —51840x + 76896 a = — 16272 a x — 12648 a® x 4+ 3420 a* =
+564a°x —108a®x —12a" 2 —4Dzx+5aDx—a?Dx+4Fx —aFx+ 5184022
— 101088 a z% 4 59184 a® 22 — 7608 a® 22 — 3060 a* 2% + 708 a® 22 + 36 a® 2% — 1247 22
—6D2*+5aDa?+a?Dx?>+6F 2% +aF x? — 1728023 + 39456 a 2® — 31920 a? 3
+ 111446 23 — 1260 a* 23 — 196 a® 2® + 60a 23 — 46" 23 + 4D —5a D2 4+ a®> D 2®
—4F 2>+ aFa?,

X

aa(r) = 3 (736+60a4725a2 oty Vit
X, = —25920 — 8208 a + 48744 a® — 6300 a® — 8902 a* + 48 a® + 476 a® + 60a” + 2a®
—64D+38aD+24a>D+2a*D+70F +21aF +3a®F + 103680z — 112320 a
— 42336z + 59376 a® x — 3928 a*  — 4800 a° x + 176 a® x + 144 a” x + 8aS x
+72Dx—84aDzx+8a’Dx+4a*Dax—T72F2x+12a Fa +4a® F o — 155520 22
+ 282528 a2? — 12571242 22 — 21672 a® 2 + 22908 a* 22 — 1728 4 22 — 888 af 22
+72a" 22+ 126222 +40D2? —40a®> Da® — 52 F 2?2 —30a F2? — 2a° F 22
+ 103680 2> — 236736 a > + 185760 a2 2> — 54672 a® ° — 1048 a* 2 + 3456 a° 2°
—400a% 2% —48a" 2® +8a® 2 — 72D a® +84aDa® —8a’ Da® —4a® Da?
+72F a2 —12a F 2 —4a® F 2% — 25920 2* + 67824 a 2* — 67608 a® 2* 4 32676 > z*
— 7462 a* z* + 336 a® 2* + 188a° z* — 36 a” z* + 2a® 2 + 24 D 1* — 38a D o*
+16a’Dz* —2d°Da* — 18 F 2 + 9a Fz* — a® F 2*,

X

as(¥) = 336+ 0 T ary b
X3=—-156D+40aD+95a*>D+20a®> D +a* D+ 264 F + 440 F +24a* F + 44> F
+192Dx —210aDz—15a?Da+30a* D2 +3a* Da — 228 Fx + 66a Fx
+12a’Fa+6a®>Fxz—108D 2% +180aDa® —75a’ D2 +3a* Da® +24 D 2
—50aD2®*+35a2D2® —10a*Da* 4+ a* Dad +12F 23 — 22a F 2® + 124? F 2®

—2a® Fa?®,

as(z) = X5 with
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Xo
= 2 ith
ax(7) 2a (—6+5a+a?) W

Xo=34aF 413> F+a®*F —12G +10aG+2d’G —12aFz + 10a®> F x
+2a°Fa4+2aFa? -3 Fa?+a®F2> +12G2®> —10aG 2% — 24> G 22,
Gb6+at+azx
a1($) — (7)

a
with eigenvalues

n(—a+n-—1)
)\n - An
6(a —3)(a —2)(a —1)a(a + 6)
where
A, = —6n2a® + 36n2a® — 66na® + 36a® + 18n*a” — 90n3a” + 90n2a” + 90na’ — 1084”

—18n%a® 4 72n%a® + 156n3a8 — 1116124’ + 1734na° — 82845 + 6n5a° — 18n°a°
—480n*a® + 1980n%a® — 66n2a° — 6282na’ + 4860a° + 450n°a* — 720n*a*
—5334n3a* — 2Dn2a* + 9504n2a* — 4Da* + 3Fa* — 6Ga* + 6Dna* — 3Fna*
+5676na* — 9576a* — 150n%a® — 630n°a® + 4422n*a® + 4Dn3a® + 13500343
—8Dn%a® + Fn2a® — 16800n2a® + 8Da® — 19Fa® — 4Dna® + 18Fna® + 3600na’
+8208a% + 360n5a% — 432n°a% — 2Dn*a® — 4392na® + 4Fn3a® + 5184n3a>
+12Dn%a? — 25Fn2a® + 9216n%a® — 4Da? + 22Fa? + 150Ga® — 6Dna® — Fna?
—7344na® — 25924% — 216n°a + 648n°a + 2Dn*a — 2Fn*a + 1080n*a — 4Dn’a
+4Fn3a — 3240n3a — 2Dn’a + 20Fn%a — 864n%a — 360Ga + 4Dna — 22Fna
+2592na + 216G
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o JBIId. h_q 94, (b+a+2)<—6

pla)=(1-2)""""1+a)
ag(z) = (171'2)47
ar(z) =—4 (8+a—6zx+ax) (71+$2)3,
“1+a2)°
as(@) = 3 (—48+ 82((L ——g7a2 +2a3 +a4)X6 with
X = —50112 4 70920 @ — 14400 a® — 7758 a® 4+ 990 a* + 342a° +18a® — D +a D
+ F 469120z — 123264 a = 4+ 60408 a® = — 3924 a® 2 — 2556 a* = + 180 a® x 4 36 a®
— 2592022 4 53784 a 22 — 37080 a2 x? + 9882 a3 22 — 5224 22 — 162a° 2 + 18 a® 22
+Da2?—aDa?— Fa?,
—14 22
—48 +82a —37a% +2a3 + a*
X5 = 73728 — 87552 a — 3584 a® + 17864 a® + 532 a* — 868 a® — 1164 — 44" + 8D
—7aD—a?>D—8F —aF — 133632z + 222528 ax — 85680 a z — 11088 a® =
+7812a* x4+ 252a° 2 —180a°x — 120" x —4Dx +5aDx—a*Drx+4Fz —aFx
+92160 22 — 187392 a 2® 4 121632 a® 2 — 25368 a® 2% — 2100 a* 22 + 1092 a® 2.2
—12a%2% —12a" 2?2 - 8D 2>+ 7TaDa?* + a>* D2® + 8 F 2? + a F 2 — 23040 23
+ 53568 ax3 — 44912 4% 3 4 17024 a3 2® — 2660 a” 2° — 28 a® 23 + 524 23 — 44" 23
+4Dax® —5aDa*4+a?Da® —4Fa®+aF a3,
X
aa(r) = 3 (748+82a7347a2 sy
X, = —228096 + 202080 ¢ + 100952 a? — 64120 a® — 14966 a* + 3080 a® + 988 a® + 80 a”
+2a®—120D +86aD+32a2D+2a®> D+ 126 F +29a F + 3a% I + 442368 =
— 672768 a x + 153600 a2 = + 114352 a® & — 32536 a* 2 — 6272 a° © + 1040 a° »
+208a"x+8a%2+96Dx —116aDx+16a2Dax+4a®>Dx —96Fx +20a Fx
+4a% Fa — 400896 22 + 801216 a 22 — 479568 a? 2% + 52416 > 22 + 34524 o™ 22
—7056a° 22 — 79208 2% + 1440”22 + 126 22 + 96 D 2? — 48a D 2® — 4842 D 2
— 108 F 22 —38a Fx? — 2a® F 2?2 + 184320 2% — 436224 a z° + 368192 o 2°
— 131824 a® 2 +12712a* 2® 4 3584 a° 2> — 752a% 2® — 16a” 2> + 848 2® — 96 D 2®
+116aDx® —16a®>Da® —4a®* Da® + 96 F2® — 20a F 2 — 462 F 2% — 34560 2*
+91872a z* — 94152 a® z* + 47992 a® z* — 12502 a* z* + 1288 a® z* + 92 a® 2*
—32a"2*+2a2* +24Da* —38aDa* + 1642 Da* —2d® Da* — 18 F o
JrQan‘lfaQFq,A7
X
as(@) = 3 (—48—%—82(1—337(12 +2a3 + a?) with
X3=—-432D+226aD +179a>D +26a®> D +a* D+ 576 F +104a F + 36a* F
+4a®*F+360Dz—438aDx+33a’Da+42a°Da+3a*Dx—396Fax+ 1260 F
+24a’Fr+6a®Fo—144Da? +246aD2? —111a®>Da?® +6a® D2? 4+ 3a* D a2
+24Dz® —50aDx®+35a*°Dx® —10a® Da® + a* Da® +12F 2® — 22a F 2?
+12a? Fa® —2a® F 2®,

as(z) = X5 with
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a(z) = 2a (

ai(z) =

X
—8+Ta+a?)

Xo=62aF+17a’F+a®*F —16G+14aG +2a*>G —16aFx + 14a* Fx

+2a°Fa4+2aFa? -3 Fa?+a®F2> +16Ga® —14aGz? — 24> G 22,

GB8+a+ax)

a

with

with eigenvalues

where

A, =

n(—a+n-—1)

An = 6(a —3)(a—2)(a— Da(a+ S)A"

—6n2a® + 36n2a® — 66na® + 36a® + 18n*a” — 102n%a” + 162n%a” — 42na” — 364"
—18n°a8 + 108n%a® + 48n3a® — 1368n2a® + 2706na8 — 147645 + 6n°a® — 54n°a®
—552n%a® + 2940n3a® — 786n%a® — 8646na® + 70924’ + 12n%a* + 630n°a*
—1248n*a* — 7134n%a* — 2Dn2a* + 13692n%a* — 4Da* + 3Fa* — 6Ga® + 6Dna’
—3Fna* 4+ 7296na* — 13248a* — 222n54¢% — 810n°a® + 6150n*a® + 4Dn3a®
+1482n3a® — 8Dn%a® + Fn?a® — 22920n%a® + 8Da® — 19Fa® — 12Ga® — 4Dna®
+18Fna® + 5232na® + 11088a® + 492n%a? — 612n°a® — 2Dn*a® — 5916n*a®
+4Fn3a? + 7092n%a? 4+ 12Dn2a® — 25Fn?a® 4+ 12336n%a® — 4Da? + 22Fd?
+222Ga? — 6Dna® — Fna® — 9936na? — 34564 — 288n°a + 864n°a + 2Dn’a
—2Fn*a + 1440n*a — 4Dn’a + 4Fn3a — 4320n3a — 2Dn%a + 20Fn’a — 1152n%a
—492Ga + 4Dna — 22Fna + 3456na + 288G
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4.4.3.3 The case J*1: (b—a—2)>6, (b+a+2) € {-6,—4,-2,0}
o J8IHLa: (h—q—-2)>6, b+a+2=0

pla) = (1+2) 2
as(z) = (1 — x2)4, ar(z)=—-4(-2+a(-14+z)—6z) (-1 +x2)3,

ag(z) = — < (-1+2%) ) Xg with

(24+a) (24 —50a + 35a% — 10a® + a?)
X =576 — 2352a + 223242 4+ 36 a® — 666 a* + 162a° +18a° — 64" +2D —a D
—a’?D—-2F 4+ aF —5760x 4+ 7392ax + 912a® x — 34324 z + 660 a* = + 348 a’ =
—132a% 2+ 124" x — 8640 2% + 16848 a 22 — 8904 a? 2% — 924 6> 2 + 2310 a* 22
—798a° 22 + 1146822 —6a" 22 —2Da? +aDa’ +a* Da? + 2F 2? — a F 22,

a;,(m)z—( —1+2a?

(2+a) (24 —50a + 35a% — 1043 + a*)
X5 = 4608 — 7680 a + 800 a® + 3824 a® — 1304 a* — 460a® + 2200 — 44" —4a® + 12D
—9a2D—3a®>D —12F +3a® F + 4608z — 19968 a = + 22560 a> = — 4176 o> x
—5400a* 2 + 2628’ x — 180a° 2 — 844" x +12a% 2 +24 D2 —18aDax — 9’ Dx
+3a®Dxr—24Fz+18aFx—3a® Fx — 23040 2% + 35328 a 22 — 3744 a? 22
— 14640 6> 22 + 6072 a* 2% + 732a° 22 — 876 a® 2? + 180 4" 2% — 12a% 2% — 12D 22
+9a2Da?+3a®Da? +12F 2% — 3a% F 2% — 23040 2° + 50688 a 2> — 34976 o2 2°
+3472a% 2° 4 6776 a* 2® — 3668 a° 2 + 836 a5 2® — 924" 2° + 4a® 2% — 24 D 23
+18aDz®+9a’Da® —3a®>Da® +24Fa® —18a Fa® + 3a® F 2®,

Xy
2(2+a)(24-50a+35a%—10a3+ a?)
X, = —2304 — 4608 a + 14320 a® — 6312a® — 3308 a* + 2426 a® — 80 a® — 148 a”
+12a® +2a° —60aD +18a?D +36a>D+6a*D+24F +34aF —9a®>F —Ta* F
— 27648 z 4 55296 a z — 20160 a® z — 21344 a® z + 15472a* © + 152a° z — 2240a°
+464a"x +16a¥ 2 —8a°x —144Da+48aDa+108a’ Dz —12a* Do+ 144 F
—48aFz—36a® Fx+12a® F o — 1382422 4 64512 a 2% — 87648 a® 22 + 35088 a® 22
+12024 a* 22 — 13284 a° 2% + 3168 a® 2% + 724" z? — 120a® 2% + 12a° 2 — 144 D 2?
+216aD2? —72a>Da® + 96 Fa? —164a F 22 + 544 F 2® + 24® F 2? + 46080 z°
— 86016 a 2> + 31040 a® > + 26784 a® 2° — 21904 a* #° + 2584 a® 2 + 2240 a° 2°
—944a" 2% +1440% 2> —8a°2® + 144D a® —48a D a® —108a?> D2 +12a* D 23
—144F 2% +48a F 2 + 36 a® F 2® — 12a® F 2% + 34560 2* — 87552 a z* + 77808 a? 2*
— 22696 a® 2* — 8428 a 2* + 8890 a® z* — 30884’ * + 556 a” 2t — 52a° z* + 24° &
+144Da* —156aDa* —18a2 Da* +36a® Da* —6a* Da* — 120 F 2* + 1300 F 2*

— 450’ Fat +5a® Fa?,

with

as(z) =

60



X3

T 48— T76a+20a%+ 1543 — 8at +a®
Xg=-24D+28aD+22a>D —15a*D —10a*D —a®D —24F —2a® F +2a*F
+60aDx—48a?Dax—27a®Da+12a* Dz +3a° Da —48Fx + 16a Fx
+4a’Fae+8a®Fr—4a*Fa+72Da® —60aDa?® —42a® D 2?4+ 276> D 2
+6a*Dx?—3a°Da?—24Fa®>+32aF 2% —2a*Fa®> —8a® Fa? +2a* Fa?
+48Dx® —76aDa®+20a® D +15a° Da® — 8a* D a® + a® D 2°,
— X2

2a (—2+a+a?)
Xo=—-2aF -5a*’F —a®*F —4G+2aG+2d*’G —4aFz+2d*Fz+2a®Fz
—2aF2?2+3a?Fa?—a®Fa2?+4Ga2? —2aGz? —2a* G 22,
G (2+a(~-1+x)

a

az(z)

with

as(x) with

a1 (z)

with eigenvalues

= n(—a+n-—1) A
" 2(a—4)(a—3)(a—2)(a—1)ala+2)"
where
A, = —202a° + 12n26° — 22na® + 124 + 6n'a® — 14na® — 66n2a® + 206na® — 13242

—6n°a” — 24n*a” + 212n3a” — 132n%a” — 542na” + 49247 + 2n%a8 + 42n°a°
—112n%a® — 476n%a% + 1274n%a5 — 238na% — 4924° — 16n%a° — 42n°a® + 560n%a®
—658n3a® — 2Dn2a® — 1456n%a® — 4Da® — Fa® — 2Ga® + 6Dna® + Fna®
+2884na® — 1272a° + 30nSa* — 210n°a* — 126n*a* + 4Dn3a* + 2674n3a*
—12Dn2%a* + Fn2a* — 3024n2%a* 4+ 13Fa* + 16Ga* + 8Dna* — 14Fna* — 3136na*
+3792a* + 40n5a3 + 336n°a® — 2Dna® — 1736n%a® + 8Dn3a® — 4Fna?
—992n%a3® — 4Dn%a® + 15Fn2a® + 7072n2%a® + 12Da® — 38Fa® — 30Ga® — 14Dna®
+27Fna® — 1168na® — 35524 — 152n5a® + 168n°a? — 2Dna® + 2Fn’a?
+1912n%*a? — 4Dna? + 4Fn®a® — 2184n3a® + 22Dn%a® — 48Fn?a® — 4064n2a>
—8Da? 4 32Fa® — 40Ga® — 8Dna® + 10Fna® + 3168na® + 115242 + 96n°a
—288n°a + 4Dn'a — 4Fn*a — 480n*a — 8Dnla + 8Fnla + 1440n3a — 4Dn’a
+28Fn%a + 384n%a + 152Ga + 8Dna — 32Fna — 1152na — 96G
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o JSIIIb . (b—a—2)>6,b+a+2=-2

pla)=(1-2) (1+a2)°"

(Lg(l) = (1 7'7;2) )
ar(z) =—4 (-4+a (-14+z)—62) (-1 +x2)3,
2
(-1+2?)
_ f X with
%(*) = o 1760 —90aZ 1 5ad 1 6ai —as* ™

Xg = —5760 + 5376 a + 3528 a® — 3504 a® + 90a* + 294a® —18a° —6a”" +4D —3aD —a?>D —2F
+aF —23040 x + 41088 ax — 18336 a2 — 19924 x + 2580 a* z — 228’ x — 84’z + 124" &
— 17280 2% 4 38016 @ 22 — 28392 a? x2 + 7896 > 22 + 210 a* z? — 546 a® 2% 4+ 102 % 22 — 6 a7 22
—4Daz?+3aDa’+a?Da? +2F 2% —aFa?,
_ —1+22

—96 +176a — 90a? +5a3 + 6a* —
X5 = —16896 a + 25216 a2 — 5664 a® — 3816 a* + 996 a® + 204a® — 36" —4a® + 48D —24a D

—21a’D -3a*D —24F +6aF +3a®F — 46080z + 54528 a = + 17472 a® = — 35088 a®
+7728a" 4+ 2172a° x — 73242 — 120" 2 +120® 2 + 48Dz —48a Dz —3d>Dx +3a* Dx
—24Fz+18aFx —3a®> Fo —921602% + 187392 a 2> — 114432 a® 22 + 10368 ¢ 22 + 12312 a* 22
—34920a° 22 — 108a% 2% + 13207 2% — 1248 2% — 48 D2® + 24a D 2? + 21a®> D 2 4+ 343 D 2*
+24F 2% —6aF2® —3a®F2? — 46080 23 + 112896 a > — 101056 a® 2® + 39984 a3 2 — 4704 a* 2®
—1596a° 23 + 636 a5 2® —84a"2® + 402 — 48 D2® + 48aD2* +3a® D — 34 D 2® + 24 F 2®
—18aFa® +3a® Fa?,

as(z) pe X5 with

Xy )
04(®) = 306 ¥ 1760 —0a2 + 5 T 6ai —a) "0
X, = 23040 — 61056 @ + 33248 a? + 18824 a® — 14328 a* — 1002 a® + 12724’ + 3647 — 324® — 24°
+288D —210a>D —72a*D —6a*D — 168 F —10a F + 33a®> F + 7a®> F — 101376 a = + 185088 a®
— 84416z — 11568 a* & + 13608 a° x — 768 a’ z — 6240 x + 48 a2 + 84’ £ + 576 D& — 480a D
—156a? Dz +48a®Dx +12a* Dx — 288 Fo 4+ 168a F x +12a®> Fa — 12a® F o — 138240 22
+ 209664 a 2% — 2112a% 2 — 122736 o> 22 + 582724 2? — 1212a° 22 — 4368 a® 2% + 696 a7 x>
+48a8 2% —12a°2® — 384a D x? +288a®> Da® + 96a® Da® + 48 F2® 4+ 1400 F 2 — 78 a® F 2>
— 243 Fa? — 184320 2% + 436224 a 2® — 353792 a? 2 4+ 97024 3 2% + 17712a* 2% — 15192 4° 2°
+2112a% 2% + 3364 2% — 112a% 2 + 80 2® — 576 D 2® + 480 a D 2® + 156 a® D ® — 48 a® D 2®
—12a*Da® 4+ 288 Fa® —168a F 2% — 12a® F 2® +124° F 2® — 69120 2* 4 192384 a z* — 208032 a2 2
+110504 a3 z* — 27048 a* x* — 42a% 2t + 175248 2 — 444" 2t + 4848 2 — 24° 2t — 288 D 2t
+384aDx*—78a’ Dt —24a®Da* +6a* Dat + 120 Faz* — 130a F ot + 454> F 2* — 5a® F 2*,
— X3
96 — 176a +90a? — 5a3 — 6a* + ab
X3=96D+128aD —114a>D —91a®D —18a* D —a®D — 144 F + 4aF + 104> F + 8a* F
+2a*F+288Dx—144aDx—210a> Dz +33a®>Dx +30a* Dx+3a° Do —192Fz + 112a F &
+16a?Fz—4a’ Fe—4a* Fo+288D x> —384aDa®+42a2Da? 4+ 63a® Da? — 6a* D 2
—3a°Da? —48F 2® +76aFa® —26a> Fa? —4a®> F2?> +2a* F2®> + 96 D2 — 176 a D 2°
+90a? D2 —5a®Da® —6a*Da® +a® DB,

az(x) with
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X
as(z) = 50 2 with

—4+3a+a?)
Xo=—-14aF -9a*F —a®>F —8G+6aG+2a’G—8aFz+6ad’Fr+2a®Fx—2aFa?
+3a?Fa2? —a®Fa2?+8G2? —6aGa? —2ad2G2?,

G(—4+a(-1+=x
a1(z) = ( ( )

a
with eigenvalues

N\ = n(—a+n-—1) A
" 2(a—4)(a—3)(a—2)(a—1)ala+4)"
where
A, = —2n2a° + 12n26° — 22na® + 124° + 6nta® — 18n%a® — 42n2a® + 162na® — 10842

—6n°a” — 12n%a” + 192n%a” — 312n%a” — 42na” + 180a” + 2n8a% + 30n°a8
—184n*ab — 12n%a8 + 1370n%a’ — 2322na° + 1116a°® — 12n5a° + 66n54a°
+480nta® — 2538n3a® — 2Dn2%a® + 900n2a® — 4Da® — Fa® — 2Ga® + 6Dna®
+Fna® + 6576na® — 5472a° — 10n%¢* — 510n°a* + 1154n*a* + 4Dn3a*
+5118n%a* — 16 Dn%a* + Fn2a* — 10648n%a* — 8Da* + 13Fa* + 12Ga*
+20Dna* — 14Fna* — 4752na* + 9648a* + 180n5a® + 516n°a® — 2Dn*a?
—4548n*a® + 16 Dnda® — 4Fn?a® — 532n3a® — 20Dn2a® + 15Fn2a® + 162720203
+28Da® — 38Fa® + 10Ga® — 22Dna® + 27Fna® — 4208na® — 7680a® — 352n°%a?
+480n°a® — 6Dn*a® + 2Fn*a® + 4064na® — 4Dn3a® + 4Fn3a? — 5088n3a?
+46Dn%a? — 48Fn2a® — 8320n%a® — 16 Da® 4 32Fa® — 180Ga® — 20Dna?
+10Fna® + 6912na® + 2304a® + 192n8a — 576n°a + 8Dn*a — 4Fn*a — 960n'a
—16Dn3a + 8Fn3a + 2880n3a — 8Dn’a + 28Fn’a + 768n%a + 352Ga + 16 Dna
—32Fna — 2304na — 192G
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o JSIIlc. (b—a—2)>6,b+a+2=—4

pl@)=(1-2)"(L+z)"""

ag(z) = (1 fxz) ,

ar(x) = —4(=1+22)° (a (-1+2) =6 (1)),
(-1+22)° :

ag(z) = X with

3 (=36+60a—25a%+ a*)
X¢ = —19440 + 23976 a — 108 a? — 4770 a>® + 90 a* + 2340 +18a®* + D —aD - F
— 38880z 4 66096 ¢ 2 — 27864 a% x — 1260 > z + 1980 a* = — 36 a® 2 — 36 a®
— 19440 2% 4 39528 a 22 — 26028 a2 2 + 6030 a® 22 + 90 a* 2% — 198 a® 22 + 18 a8 22
—Daz®+aDa?+ Fa?,
2

a5($):7<736+60(11J:§5a2+a4)x5 with
X5 = 17280 — 12960 a — 11376 a® + 6104 a® + 1380a* — 340a® — 84a% — 44" — 6D
+5aD+a>D+6F+aF +51840x — 76896 a x + 162724  + 12648 a® &
—3420a*x —564a°x +108aSx +12a"2 —4Dx+5aDx—a’Dex+4Fz—aFx
+ 51840 2% — 101088 a 2% + 59184 a2 22 — 7608 a® 2> — 3060 a* 2% + 708 a® x2 + 36 a 2
—12a" 224+ 6Dx®> —5aDa* —a?Da? — 6 Fa® —aFa? +17280 2% — 39456 a 23
+31920a2 2 — 11144 a® 2% + 1260 a* 2® + 196 a° 2 — 60a® 2® + 447 2® + 4 D 2®
—5aDa®+a*Da® —4F a2 +aFa®,

) = 3 36+ 602(4— B2 4 ah) VD
X, = —25920 — 8208 a + 48744 ¢ — 6300 a® — 8902 a* + 48 a® + 476 a® + 604" + 2a®
+64D—38aD —24a>D —2a*D —T70F —21aF —3a® F — 103680 + 112320 a =
+ 42336 a® © — 59376 a®  + 3928 a’ = + 4800 a° & — 176 a® x — 144a” z — 8aB
+72Dz—84aDzx+8a?’Da+4a®Dax—T2Fz+12aFx +4a® Fx — 155520 22
+ 282528 a 2% — 125712a% 2% — 21672 6> 22 + 22908 a* 2% — 1728 a® 2% — 888 aF 22
+72a" 22 +12a% 2% — 40D 2® +40a®> Da® + 52 F 2® + 30a F 2% + 2% F 2
— 103680 23 + 236736 @ 2> — 185760 a® 2 4 54672 > 2° + 1048 a* 2® — 3456 a® 23
+400a8 2% +48a72® —8aPa® — 72D 2% +84aDad —8a?Da® —4a® Dad + 72 F 2B
—12aF 2% —4a® Fa® — 25920 2" + 67824 a z* — 67608 o z* + 32676 a® 2 — 7462 a* z*
+336a° 2 +188a8 2* — 364" 2* + 2482t — 24D a* +38a Da* — 164 D 2*
+2a®Da* +18F st —9aFa* + o> F zt,

as(T) = 3551 60§i B 4 ah) Vb
X3=—-156D+40aD +95a>D +20a®* D+ a* D+ 264 F + 44a F + 24a*> F + 4a® F
—192Dz+210aDx+15a>Dx —30a® Dz —3a*Dax+228Fz —66a Fz
—12a’Fz—6a*Fa—108D x> +180aDa?> —75a2Da® +3a* Da? — 24 D 2®
+50aDa®—35a>Da® +10a®*Da® —a* D —12F 23 +22a F2® — 124 F 2°
+2a3 Fa?,
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Xo
= 2 ith
a2(x) 2a (—6+5a+a?) A

Xo=-34aF —13a’F —a®*F - 12G+10aG +2a*G —12a Fz +10a* F x
+2a®Fe—2aF2?+3a>F2? —a®F2?+12G2?> —10aG2? — 24> G 22,
G(-6+a(-1+x
a1(z) = ( ( )

a
with eigenvalues

n(—a+n-—1)
)\n - An
6(a —3)(a —2)(a —1)a(a + 6)
where
A, = —6n2a® + 36n2a® — 66na® + 36a® + 18n*a” — 90n3a” + 90n2a” + 90na’ — 1084”

—18n%a® 4 72n%a® + 156n3a8 — 1116124’ + 1734na° — 82845 + 6n5a° — 18n°a°
—480n*a® + 1980n%a® — 66n2a° — 6282na’ + 4860a° + 450n°a* — 720n*a*
—5334n3a* + 2Dn2a* + 9504n2a* + 4Da* — 3Fa* — 6Ga* — 6Dna* + 3Fna*
+5676na* — 9576a* — 150n%a® — 630n°a® + 4422n*a® — 4Dn3a® + 13500343
+8Dn2a® — Fn?a® — 16800n2a® — 8Da® + 19Fa® + 4Dna® — 18 Fna® + 3600na’
+8208a% + 360n5a% — 432n°a% 4+ 2Dn*a® — 4392na? — 4Fn3a® + 5184n3a>
—12Dn%a? 4 25Fn%a? 4+ 9216n2a% + 4Da® — 22Fa? 4+ 150Ga® + 6Dna’ + Fna®
—7344na® — 25924% — 216n°a + 648n°a — 2Dn*a 4+ 2Fn*a + 1080n*a + 4Dn’a
—4Fn’a — 3240n%a 4+ 2Dn’a — 20Fn?a — 864na — 360Ga — 4Dna + 22Fna
+2592na + 216G
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o JHId: (h—q—2)>6, b+a+2=—6

pla)=1-2)*(1+2)°""

aS('/L‘) = (1 - '12) 5

ar(z) = -4 (-8+a(-1+2z)—62) (-1 +;t2)3,
22

ag(z) = (1) X with

3 (—48+82a —37a% +2a%+ a*)
X = 50112 — 70920 a + 14400 a® + 7758 a® — 990 a* — 342a® —18a°* — D+ aD + F
+69120 2 — 123264 a x + 60408 a® = — 3924 a® x — 2556 a* x + 1804’ = + 364’ =
+ 25920 22 — 53784 a 22 + 37080 a2 2 — 9882 a® 22 + 522 a* 2 + 162 a° 22
—18a%2? + Da? —aDa? — Fa?,
2

as() = = (748+82a713;;2 124 +a4) Xs with
X5 = 73728 — 87552a — 3584 a® 4+ 17864 > + 532a* — 868a® — 116 a5 —4a” — 8D
+7aD+a®>D+8F 4 aF + 133632z — 222528 a. = + 85680 a” x + 11088 a®
— 78124z —252a° 2 +180a% 2 + 124" 2 — 4Dz +5aDzx—a*Da+4Fx—aFx
+ 92160 2% — 187392 a 2 + 121632 a? 2% — 25368 a® 22 — 2100 a* 2% + 1092 a® 22
—12a%2% - 124" 22 +8D2* —7aDa®> —a®>Da® — 8 Fx? — a F 2% + 23040 2°
— 53568 a x> + 44912 a2 23 — 17024 a® 23 + 2660 a* 2> + 28 a® 2% — 5248 2% + 447 23
+4Da® —5aD2*+a?Dad —4Fa® +aFa®,

“u(®) = 5 TR 824 —)§47a2 T2a 4 ah) Vi
X, = —228096 + 202080 a + 100952 a? — 64120 a® — 14966 a* + 3080 a® + 988 a®
+80a"+2a®+120D —86a D —32a* D —20° D — 126 F —29a F — 3a° F
— 442368 z + 672768 a = — 153600 a® = — 114352 0> = + 32536 a* x + 627205
—1040a° 2 — 208"z —8a®x + 96 Dz — 116a Da + 160> Dr +4a’* Dz — 96 F
+20aF x+4ad> Fx — 400896 22 4 801216 a 2 — 479568 a® 2% + 52416 o> 22
+ 34524 a* 2 — 7056 a° 22 — 7920 ® + 144 a” 2% + 12a® 2® — 96 D 2 + 48 a D 2
+48a’Da® + 108 F 2? + 38a F 2> 4+ 2a® F 2® — 184320 2° + 436224 a 2°
—368192a% 2” + 131824 0% 2 — 127120 2® — 3584 0° 2° + 752a°2® + 164" 2°
—8a%2° —96 Da® + 116a Da® —160° D2’ —4a® Da® + 96 F 2 — 20a F 2°
—4a® Fa® — 34560 21 + 91872 a 2t — 94152 a® 2 + 47992 a® * — 12502 ¢ 2*
+1288a° 2% +92a%2? — 320472 + 2482 —24D2* +38a D2 —16a® D 2!
+2a*Dat +18F 2z —9a F ' + > Fa?,

as(x) = 3 (—48+82a ,)?7@2 +2a3 4 at) with
X3 =—-432D +226aD +179a?> D 4+ 26a®> D + a* D + 576 F + 104a F + 36 a> F/
+40>F —360Dx +438a Dz —33a2Dax—42a* D2 —3a* Dz +396 F z
—126aFx—240> Fo —6a®Fx—144 D2 4+ 246a D 2% — 111a® D 2 + 6 a® D 2
+3a*D2?>-24Da® +50aDa® —35a?Da® +10a® Da® —a* Da® — 12 F 28
+22aF 2% —12a> F2® 4+ 24 F 25,
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ax(z) = 2a (

a1(z) =

X
—8+T7a+ a?)

Xo=—620F —17a®>F —a®F —16G +14aG +2a>G —16aFz + 14a*> Fx

+2a®Fe—2aF2?+3a>F2? —a®F2?>+16G2? —14aG2? — 24> G 22,

G (-8+a (—1+ux))

a

with

with eigenvalues

where

A, =

n(—a+n-—1)

An = 6(a —3)(a—2)(a— Da(a+ S)A"

—6n2a® + 36n2a® — 66na® + 36a® + 18n*a” — 102n%a” + 162n%a” — 42na” — 364"
—18n°a8 + 108n%a® + 48n3a® — 1368n2a® + 2706na8 — 147645 + 6n°a® — 54n°a®
—552n%a® + 2940n3a® — 786n%a® — 8646na® + 70924’ + 12n%a* + 630n°a*
—1248n*a* — 7134na* + 2Dn2%a* + 13692n2a* + 4Da* — 3Fa* — 6Ga* — 6Dna’
+3Fna* + 7296na* — 13248a* — 222n5a3 — 810n°a® + 6150n*a® — 4Dna®
+1482n3a® + 8Dn%a® — Fn?a® — 22920n%a® — 8Da® + 19Fa® — 12Ga® + 4Dna®
—18Fna® + 5232na® + 11088a® + 492n%a® — 612n°a® + 2Dn'a® — 5916na>
—4Fn3a® +7092n3a® — 12Dn2a® + 25Fn?a® + 12336n2a% + 4Da® — 22Fa®
+222Ga? + 6Dna’® + Fna®? — 9936na? — 345642 — 288n5a + 864n°a — 2Dna
+2Fnta + 1440na + 4Dna — 4Fna — 4320n%a + 2Dn’a — 20Fn?a — 1152n%a
—492Ga — 4Dna + 22Fna + 3456na + 288G
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4.4.3.4 The case J*V': (b—a—2)>6, (b+a+2)<—6

C(l4a)E

p(I)—m

as(z) = (1 - 1’2)4-,

ar(z) =—4 (b+ (—6+a) 2) (-1 +:c2)3,

(-1+2%)°

24 —50a+35a% — 10a? + a?)
Xg = —864a+ 19440 — 1560 > + 570 a* — 96 a® + 6.a® + 144 a b — 300 a2 b2 + 210 a> b2
—60a*B? +6a°V? —aD+a®>D+2aF +2G —1440abx + 3288a’ bz — 2700 a’ b
+1020a* bz — 180a’ ba + 12a° ba + 4320 a 22 — 10584 a? 2 + 9744 a® 22 — 4410 a* 22
+1050a® 2% —126a° 2% + 60" 22 +aDx? —a®>Da® —2a Fx? — 2G 22,

2

as(@) = = <a (24— 50a+§’>;_ag2:f 1043 +a4)) X5 with
X5 =—1536ab+3488a%b—2840a> b+ 1060 a* b — 184a° b+ 12a® b+ 96 a b® — 200 a® b*
+140a®b® — 400 0> +4a°b* —3abD +3a*bD+6abF +6bG +6912ax — 17280 a% z
+16368 a® z — 7680 a* & + 1908 a° 2 — 240 a8 x + 124" 2 — 1152 a b? = 4 2688 a2 b2 &
—2280a% 0%z +900a* b2 2 — 168a° b2 x +12a8 bz +12aDx —15a> D +3a° Da
—2aFzr+6a’Fz—24Gz+6aGa+5760abx? — 14592 a2 ba? + 14088 a® b 2
—6780a" ba? +1740a° ba? —228a°ba? + 124" ba? +3abD2a? —3a?bDa’® — 6ab F 2?
—6bGa? —11520a 2% + 31104 a2 23 — 33040 a® 2> + 18256 a* 2® — 5740 a® 2> + 1036 a® 23
—100a7 2% +4a® 2% —12a D2 + 156> D2 —3a* Da® + 24a F 2® — 6 4% F 2°
+24Ga® —6aGa®,

ag(z) = o Xg with

— X4

a (24 —-50a+35a% —10a® + a)
X, =1728a — 4320 a® + 4092 a® — 1920 a* + 477a® — 60a® + 347 — 6720 b® + 1544 o> b2
—1280a® b + 490 a? b? — 88a® b? + 6 a8 b? + 24 ab* — 5042 b* 4+ 35a® b* — 100 b* 4 a5 b?
+12aD -15a>D +3a*D —3ab®>D +3a’V>’D —12aF —a’*F+a®*F +6ab*F —12G
—aG+a>G+6b>G+4608abz —12000a’ bz + 12008 a® bx — 6020 a* b + 1612a° b
—220a8bx +12a" bz —288a bz + 696 a® b 2 — 62063 b® = + 2604 b3z — 524° VP
+4a%bPx+18abDx —24a*bDx+6a*bDx —36abFz+12d>bFz — 360Gz
+12abGz — 10368 a 2 + 29376 a2 2% — 33192a® 22 + 19704 a* 22 — 6702 a® 2 + 1314 a5 22
—138a" 22 + 6a® 22 + 1728 a b? 22 — 4608 a2 b? 22 + 4764 o> b% 2 — 2490 a? b% 2% + 702 a° b? 22
—102a%0? 22+ 6a"b* 2?2 —48aDa? +72a> D2? —27a* Da® +3a* D2? + 3ab®> D 2
—3a’V?Da?+72aF2? —34a®>Fa®> +4a® F2?> —6ab? F2? + 712G 2% — 34a G 2?
+4a2G2® -6 Ga® —5760aba® 4+ 1651262 ba® — 189524 ba® + 11476 a* ba®
—4000a®bz® +808aba® —88a"ba® +4aPba® —18abD 2 +24a®>bD2® —6a® b D 2?
+36abFa®—12a2bF 23 + 360G 2> —12abG 23 + 8640 a z* — 26208 a2 2 + 32556 a® z*
—21952a* 2* + 8869 a® 2t — 22124 2* + 334407 2 — 28a® 2t + 0 2 + 360 D 2* — 57a? D 2*
+24a®Da* —3a* Da* —60aFa* +35a®> Fa* —5a° Fa* —60Ga* +35aG a2 — 54 G 2?,

ays(x) with
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X3 )
(@) = I R0a T 35a 0@ £ an) " h
X3=10abD —13a®bD +3a>bD —ab®D +a?’b* D +4abF —8a’*bF +2a°bF
+2ab>F+4bG—8abG+2ad*bG+203G —24aDax+42a*Dx —21a®* Dz +3a* Dz
+6ab®Dz—9a’0’ Dz +3a®*®’Da+16a*>Fz—12a* Fz +2a* Fz —12ab?* Fx
+6a’V¥Fr+16aGz—12a>Gz+2d°Gax — 120Gz +6ab* Gz —18abD2?
+33a2bDx? —18a®b Dz +3a* b D2 +12abFa? —16a?bFa? +4a®>bF 2® + 120G 22

—16abGx?+4a*>bG2*+24aD2® —50a>Da® +35a®> Da® —10a* D a® + a® D 23,

(1) = 5t
T) =
= a(2-3a+a?

Xo=-2aF+ad*F+ab®F—-2aG+ad’G+bG—-2abFz+2d’bFu
—20G2x+2abGr+2aFa®>—3a®Fa? +a® Fa?,

or(z) = G (b;am)

with

with eigenvalues

A\ — n(—a+n—1) A
(a—4)(a—3)(a—2)(a—1)a
where
A, = —nla®+6n%a® — 11na® + 6a® + 3nta” — 5na” — 45n%a” + 125na” — 784" — 3n’a®

—18n%a% + 116n3a® + 24n2a% — 521na® + 40248 + nba® + 27n%a® — 20nta® — 470n34°
+589n2a® 4 923na’® — 1050a° — 10n°a? — 75n5a* + 320n%a* + 611n3a* — Dn2a?
—1906n%a* — 2Da* + Fa* — Ga* + 3Dna* — Fna* — 404na* + 1464a* + 35n54°
+45n%a® — 703n%a® + 2Dn3a® + 115n3a® — 4Dn2a® — Fn?a® + 2300n%a® + 4Da?
—11Fa® + 11Ga® — 2Dna® + 12Fna® — Gna® — 760na® — 1032a® — 50n%a® + 78n°a?
—Dn*a® + 538n*a® + 4Fn3a® — 72613 + 6 Dn2a? — 17Fna® — Gn%a® — 1064n%d>
—2Da? + 16Fa® — 46Ga® — 3Dna® — 3Fna® + 12Gna® + 936na” + 28842 + 24nSa
—72n%a + Dn*a — 2Fn*a — 120n*a — 2Dn’a + 4Fn’a + 4Gna + 360n%a — Dn’a
+14Fn2a — 17Gn2a + 96n2a + 66Ga + 2Dna — 16 Fna — 3Gna — 288na — 2Gn?
+4Gn3 + 14Gn? — 24G — 16Gn

The zeros of denominator terms in above expressions consist of a = 0,a =1, a=2,a=3

and a = 4. Since (b—a—2) > 6 and (b+ a+ 2) < —6 imply a < —8, the denominator
terms in above expressions never vanish.
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