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Abstract A discrete distribution involving product of two gamma functions has been
proposed. It arises naturally in connection with the distribution of sample variances and
correlation coefficient based on a bivariate normal population. The first four raw moments of
the distribution, corrected moments, coefficient of skewness and kurtosis have been derived.
Some illustrations have been provided to show how the product moments of sample variances
and correlation can be derived by exploiting the new distribution. These moments are
important for correlation analysis, covariance analysis, intra-sire regression and inference in
bivariate normal population.
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1. Introduction

Fisher (1915) derived the distribution of sum of squares and mean-centered sum of products
to study the distribution of correlation coefficient from a normal sample. Let
X, X, Xy (N >2) be atwo-dimensional independent random vectors where

X=Xy, X)) 1 =42,---,N lisdistributed as bivariate normal distribution denoted by
N,(0,Z) with 6=(6,0,) anda 2x2 covariance matrix X = (o, ), i =1,2; kK =1,2. The
true correlation coefficient (p) between X ,and X, is given by o,, = po,o, where

0,, = 0.,0, = ;. The sample mean-centered sums of squares and sums of products are
givenby a, =mS?, m =N -1(i =1,2) and a, = mRS,S, respectively.

The quantity R is the sample product moment correlation coefficient. The distribution of
a,,a,, and a, was derived by Fisher (1915) and may be called the bivariate Wishart
distribution after Wishart (1928) who obtained the distribution of p-variate Wishart matrix
as the joint distribution of sample variances and covariances from multivariate normal
population. Obviously a,, / o;, has a chi-square distribution with m degrees of freedom.

It may be mentioned that the joint distribution of U =mS?/o} andV =mS?/ o7 is called
the bivariate chi-square distribution (Joarder, 2007).

In this paper we introduce a discrete distribution based on the density identity of the product
moment correlation coefficient. The distribution is then used to derive product moments of
sample variances and coefficient of correlation.
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In what follows, for any nonnegative integerk , we will use the notation

k@ =k((k =1)---(k —a+1).. (1.1)
The duplication formula for gamma function is given by

r(2z )Wz = 22T )F(z +%] (1.2)
Multiplying both sides by 2z we have

(22)Wr =2"2T(z +1) (1.3)
The hypergeometric function is defined by

qu (al’a27“'1ap;bllbz,"‘,bq;Z)

& +k) T, +k) T, +K) (Tl +k) b, +k) Tl +K)) 2% (1.4)
3 Te) T@E) I'd,) | T'b) T, r(,) K1

In particular,

F@z)=01-2)", (1.5)

Note that ,F (a,b;c;z) can be transformed as
Fi(abic;z)=(1-2)"" ,F(c-ac-b;c;z) (1.6)

(Gradshtyen and Ryzhik, 1992, 1069).

In Section 2, we derive a mass function from the density function of the product moment
correlation coefficient. In Section 3, we study some properties of the distribution. In section
4, we demonstrate how some of the product moments of the bivariate Wishart distribution,
the bivariate chi-square distribution and the product moment correlation coefficient
distribution can be derived through the new mass function. These product moments have
found applications in statistical inference for parameters of bivariate normal distribution
(Sunthornworasiri, Tienswan and Sinha, 2006), intra-sire regression (Prabhakaran, Mahajan
and Uma, 1991) and radar systems (Lawson and Uhlenbeck, 1950).

2. The Probability Mass Function

The density function of the bivariate Wishart distribution was originally derived by Fisher
(1915). The density function h(r) of R can be obtained from the Wishart distribution (see

e.g. Anderson 2203, 123). The density identity is based on the following equation:
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jh(r)dr =1

k
Theorem 2.1 Let y, . _% i 'F(k ;m

on the distribution of product is given by

jl‘( K ;1j . Then the density identity based

ipk Nz T(m/2)

VIS a2 —1<p<l.
&P Ten =0z p (2.2)

Proof. The distribution of the product moment correlation is given by

m-2em 2 m/2

h(l’)=2 (1 1% ) -r )(m 3)/22(2,0r) (m-’_kj
7z T'(m-1) 2

(Anderson, 1984, 113). Then the denSIty identity is given by

h 2m72(1—/02)m/2 (m-3)/2 (2,0r) m +k _
_jl armoy &) Z ( 2 jdr_l'

By integrating the density function with the substitution r* =y we have

2m-2(1—p2)m’2r(m—1] iu(—l)k (2p)" r(m +kjr(k +1]_1
7z T(m-1) 2 )& 2 k! 2 2 )

which can be rewritten as

il+( ¥ (2p) F(erkjF(k +1 7 T(m-1)

2 2jzmz m/2m1
T )

By the use of duplication formula of gamma function (1.2), we have

iu( D¢ (2pr) (m+kjr(k +1j:\/;r(m/2)

~ k | 2 2 (1_p2)m/2

Note that there is a misprint in the definition of », in Joarder (2006). We define the mass
function of the distribution as

_ (1-pA)""? k12 (k+m) (k+1 B
f(k,m,p)——Z\/;F(m/Z)[l+( 1)¢] O r( > jr( ; j k=012,

(2.3)

m >2, —1< p <1, which can be simply written as
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_ m/2
f (k;m,p)zupknm k=012,

Jzr T(m/2)

m>2, -1<p<1,where y, . isdefined in Theorem 2.1.

A graph of the probability mass function of k is provided in Figure 1 below for various values
of pand whenm =4,

Yo
+ +
.1 ®*®
.4**4,‘
‘e
-0 I. LT T
10 20 a0 40 50

£=0.90 (*), p=0.80 (®), and p=0.50 (m)
Figure 1. Probability mass function of k when m =4 at different values of p.

3. Moments of the K-Distribution

Theorem 3.1 The first four factorial moments are given by

(i) E(K)=mp*(l-p*)7,

(i) E (K@) =[m(m +Dp* +mp*]A-p*)*

(iii) E (K®)=[m(m +1)(m +2)p° +3m(m +2)p*1(1- p°)*,

(iv) E (K@) =] m(m +1)(m +2)(m +3)p° +6m(m +2)(m +3)p° +3m(m +2) p* |(L- p*)*.

Proof. The a-th factorial moment of K is given by

{a} :ﬂm {a} VK zkpk (k+mj (k+1j
E(K®™) 2\/;F(m/2)§k R e A ]

which can be written as

{a} (1 p)m/2 < {a} 22k,0 2k +m 2k +1
== Zfr(m/z)z( ©) (2k)! F( 2 jF( 2 j
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Hence by (1.3), we have

K (@} (1-p )mlz N {a}p_2k m
B =" m2) 2, (%K) k!F(k+2j- (3.1)

From (3.1), the first factorial moment of K -distribution is given by
E( {l})_ 2(1 ,0 )m/2

2 m
rmi2) 2Kk (knu@+3j
2(1 p)m/2 o i m
r(m/2) { Zo . +1+2ﬂ
_2-p )mlz{ [1+%;pzﬂ

r'(m/2)
where we have used the generalized hypergeometric function defined by (1.4). Hence by
(1.5), we have E (K®)=m p?(1- p?)™".

Since (2k )** =4k ¥ + 2k, the second factorial moment is given by

E(K™)= —(lr(pzl);)/z i[4k{2}+2k]p r(k - 2]

which, by virtue of (1.4), can be simplified as

m/2

E(K®)= %{ pz”!r@m?ﬂ
et L)
2%{4/)41F0[2+%;p2jr(2+2ﬂ
+%[2pzlﬁ,(1+%;p2Jr(1+%ﬂ.
Hence by virtue of (L.5), we have

K 2 (1-pH)"" 4 mim . 5 oy |, p°)"'? 2M 0 2y-1(mi2)
e =T (10 )0 e ey [ G2V oy g ey |

which simplifies to what we have in (ii) of the theorem.
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Since (2k)™ =8k ™ +12k ¥, from (3.1), the third factorial moment of K -distribution is
given by

K @ (1-p )mlz x {3 {2} ﬁ m
EK®= —Z[Sk +12k ]k!r k +

rm/2) & 2
_ mi2 « 2(j+3)

_(1-p% L F(j+ Jﬂj
rm/2) = ! 2

_32\m/2 o 2(j+2)
Ld=p) 212’0_ F(j+2+mj
rmi2) & ! 2

(1_,02)m/2 2 m., m
_MEp) Tg e p gy M 2 pfa
rmi2) £ oot TS

2\m/2
L) fo( +m;pzjr( +mj,
r'(m/2) 2 2

where we have used the generalized hypergeometric function defined by (1.4). Hence, by
(1.5), we have

E(K{3})— m(m +2)(m +4)(1L— p*)"? p*° (11— p?) > 2
12 2\m/2 _2x2 2\-2-(m/2)
+2—m(m +2)1-p)" p™ (A= p%)
8 2x 2\-3 12 2x2 2\-2
=2—m(m +2)(m +4)p™ (1-p%) +2—m(m +2)p™(1-p°)",

which simplifies to (iii) of the theorem.

Since (2k )™ =16k * —48k ® + 44k * ~12k =16k ™ + 48k ™ +12k ¥, from (3.1), we have the
fourth factorial moment of the K -distribution

mi2 o 2k
E( {4}) —(1 ’0) Z[le{4}+48k{3}+12k{2}]p F(k +mj
r(m/2) = k! 2

(1 P 21607 : m
rmi2) © Z ! (++2j

i=

m/2 £ 2(j)
(1 p°) p2(3248pl ( N +%j
J:

rm/2) © “

@-p)""? e 12p*V ( m)
O = Trlj+2+—]|,

rmi2) * ,ZO TG

Then by virtue of (1.4), we have
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1_ 2)IT1/2 m m
E@ =168 0 a4+ 2
( ) r(m/2) L B 5 P + 5

_~2ym/2
+48Mp2(31F0( + ;pZJF( +%)

r'(m/2)
2\m/2
1 A=P )7 e 1F0( + ;szr( +%}

r(m/2)

N3 N3

Hence by virtue of (1.5), we have

m

— m A
E K{4} _|6— ’]_ 2 12 J2( ] 2 (m/2)

( 2 j
+48ﬁ(] P22 p2 (1= p?) i)
[ 2 ] m m
]Zﬁ(] P2 20 (1 ) PmID),

which simplifies to what we have in (iv) of the theorem.

Theorem 3.2 The first four moments of the distribution are given by

(i) E(K)=mp*(1-p*)7,

(i) E(K?)=(m?p" +2m p*)(1- p*) 7,

(iii) E(K®) =[(4m p* +(6m* +4m)p* + m*p°1(1- p*) =,

(iv) E(K*)=[m*p® +(12m° +16m? +8m)p° + (28m* +32m) p* +8m p* | (1- p*) *.

Proof. Since

K?=K®¥+K,
K3=K®4+3K¥# 1K,
K*=K™¥4+6K®+7K & 1K

the moments follow from Theorem 3.1.

Theorem 3.3 The mean corrected moment of order 2, 3 and 4 of the K -Distribution are
respectively given by
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3 2m p?
VSR
2 2
My :Ml:—ap) and
1-p%)
_AmP*[2+(3Bm +8)p® +2p"]
‘ 1-p*)*

Proof. The mean corrected moments are given by
H=E(K-u?, a=12-,

That is, the second, the third and the fourth order mean corrected moments are
1, =E(K ) -,

s = E (K®)=3E (K*)p+247,

py =E (K*)—4E (K*)u+6E (K *)u” =3u.

Routine algebraic simplifications lead to the theorem.

The coefficient of skewness and kurtosis of the K -Distribution are given by the following
moment ratios:

o (K)="+ i =34
Hy
The coefficient of skewness and kurtosis of the distribution simplify to
V2(1+ p?)
Jmp
2+(3m +8)p* +2p*
m p? '

o, (K)= and

a,(K)=

Note thatas m — o, a,(K)—0and m — o, «,(K) — 3coinciding with that of the
univariate normal distribution.

4. Some Applications of the Distribution

The mass function is used to derive the product moments of the bivariate Wishart
distribution, the bivariate chi-square distribution and the product moment correlation
distribution. Product moments of bivariate Wishart distribution were derived by Joarder
(2006). It has been noticed that there are some mistakes in the paper which can be corrected
as follows:
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There should be a term [1+(-1)**'] inserted at the beginning of the summand in Theorem 2.1

( Joarder, 2006), in the line 3 from the bottom of page 236 and in the line 2 of page 237. The
heading of Section 3 should end with '(1,,1,,1; p) . Moreover, the quantity b, , in Theorem

k,m

k
3.1 (Joarder, 2006) should be defined as b, ,, =[1+(~1)*" ]%r(k glJr(k +2m j for any

integer | . The rest of the Theorem 3.1 remains intact. For clarity, we correct the Thorem 2.1
(Joarder, 2006) and label it below as Theorem 4.1:

Theorem 4.1 For finite a,b,and c, the product moments E (SS2°R°) denoted by
1'(a,b,c; p) are given by

2a+b—1(1_p2)a+b+(m/2) GZaO_Zb
m*rm/2Jz

“'@b,c;p)=

© 2p)¢ (k+m K +m F(“zl%j “
x§[1+(—1) ] y F( > +ajF( 5 +b]r(k+m+cj,
2

Now we demonstrate how the moments of the K -Distribution can be exploited to derive
closed form expressions of the above product moment.

where m >2, 0, >0, 0,>0, and -1< p<1.

(i) To derive E (S) = '(1,0,0;p), put a=1, b =0 and ¢ =0. It can be checked from (4.1)
that

, 1
#'(1,0,0; p) =H(1—p2)fff [E(K)+m]

where K has the mass function given by (2.4). By the use of Theorem 3.1(i), we have
1'(1,0,0; p) = 012 )

(ii) To calculate E (S7S7) = 1'(1,1,0;0) , put a=1, b =1 and ¢ =0. The resulting expression
can further be simplified to

' 1- p*) 25262 (1— p?)™'?
,u(l,l,O,p)z( p )2 1~2 ( ,0 )
m 2Jx0(m 12)

.S kg (20) »(k+m k +1
kZ:()[1+( 1) ]—k! (k +m) F( > jl“( 5 J

Since K has the mass function by (2.4), we have

22 2 2
”KLLO;/O)sz(K +m)?.
m
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By the use of Theorem 3.1(i) and (i) in E (K +m)?* =E (K ?)+2mE (K )+ m?, we have
, 1
#'(1,1,0;p) =H(0102)2(m +2p°%).

The product moment E (UV ) of the bivariate chi-square distribution can be derived from the
above since U =mS/ /o7 andV =mS} /o).

(iii) To calculate E (S,'S,) = #/(2,2,0;0) ,puta=2, b =2 and ¢ =0. The resulting
expression can further be simplified to

)(m+4)/2

ﬂ(220p)—

- ool Y e m 2k +m)(ﬁTn

That is
1#(2,2,0;p) =" 3 21— p) oo tE LK +m +2)(K +m)]

where K has the mass function given by (2.4). By the use of Theorem 3.1(i) and (ii) in
E[(K +m +2)(K +m)], we have

1(2.2,0,0) =" 2 1 p Y ololE (K )+ (2m +2)E (K) +m”]

m+2

)",

The product moment E (U &/ ?) of bivariate chi-square distribution can be derived from the
above since U =mS/ /o andV =mS’/o?.

(iv) Tocalculate 1/'(2,2,2;p) ,puta=2, b =2 and c =2. The resulting expression can
further be simplified to

, m +2 (1_p2)(m+4)/2
H(2.2.2p) ="~ (W= p* ool 3 (k +m +2)(k +1) Vemea
22 JaT((m +4)/2)) "
Since K has the mass function given by (2.4), we have
1(2.2,20) =" 2 (10 p2Y2otot E[K +m +2)(K +1)].

Then by the use of Theorem 3.1, we have

E[(K+m+2)(K +1)]
= +(M+3)E(K)+(m+2)
- +(m +3)(m +4)p°(L- p*) " +(m +2),

so that

1£(2,2,2;p) = m+2010'2[(2m +6)p* + (M2 +7m +16) p* + (m +2)]
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(cf. Joarder , 2006).

(v) To derive E (R), we proceed as follows:

{2
Ve

m/2 0
/J’(0,0,l,p) (1 /0) k+l (Zp) rZ(k +Mm

1
21 (m /2)J_Z[ =D k!
2
By the use of (1.3), it can be checked that

o 2\mi2 w2k
ILl’(O,O,l;p): (1 1% ) pzp Fz(k + m +1j 1 )
rm/2) & 2 F(k +m;2j

2 m+1
2
+

Then by using (1.4) and (1.6), we have

, 1-p?)"? p m+1 m+1 m+2
40,01 p) = ( ,0) 2F1( ; ;Zj

r'(m/2) 2 2 2

( j

201 -m 2 11 m+2

( 2) 12 gFl( . ’ 2)1
Z(ZJ

which is the same as obtained by Ghosh (1966).
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