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1 Introduction and Preliminaries

Let C be a nonempty subset of a real Banach space X and T a selfmapping of C. Denote
by F(T'), the set of fixed points of T. Throughout this paper, we assume that F(T) # ¢.
The mapping T is said to be (i) nonexpansive if [|Tz — Ty|| < ||z — y||, for all z,y € C; (ii)
quasi-nonexpansive if ||Tx — p|| < |z — p||, for all z € C and p € F(T); (iii) asymptotically
nonexpansvie if there exists a sequence {u,,} in [0, +00) with nh~>nolo up, = 0and [|[T"z—T"y|| <
(1 4+ up)|lz —yl|, for all x,y € C and n = 1,2,...; (iv) asymptotically quasi-nonexpansive if
there exists a sequence {u, } in [0, +00) with nh_)ngo up = 0and ||[T"z—p|| < (14uy,)||lxz—p||, for
all x € C, pe F(T) and n=1,2,...; (v) uniformly L-Lipschitzian if there exists a constant
L > 0 such that [|T"2 — T"y|| < L|lz — y||, for all z,y € C and n = 1,2,3,...; (vi) (L — )
uniform Lipschitz if there are constants L > 0 and v > 0 such that ||T"z —T"y| < L||z —y||”
forall z,y € Candn =1,2,3,... (cf. Qihou [14], p.468); (vii) semi-compact if for a sequence
{zp} in C with nh_}ngo |z, — Tzy|| = 0, there exists a subsequence {z,,} of {z,} such that
Tn, —pe€C.

From the above definitions, it follows that: (i) a nonexpansive mapping must be quasi-
nonexpansive and asymptotically nonexpansive; (ii) an asymptotically nonexpansive mapping
is an asymptotically quasi-nonexpansive; (iii) a uniformly L-Lipschitzian mapping is (L — 1)
uniform Lipschitz. However, the converse of these statements is not true, in general.

The map T : C — X is said to be demiclosed at 0 if for each sequence {z,} in C
converging weakly to x and {Tx,} converging strongly to 0, we have T'z = 0.

A Banach space X is said to satisfy Opial’s property if for each x € X and each sequence

{z,} weakly convergent to z, the following condition holds for all = # y:
liminf ||z, — 2| < liminf ||z, — y]|.
n—oo n—oo

It is well known that all Hilbert spaces and ¢,(1 < p < 0o) spaces are Opial spaces while

L, spaces (p # 2) are not.



Schu [16], in 1991, considered the following modified Mann iteration process (cf. Mann

[11]):

Tp4+1 = (1 - an)xn + anTnxn7 n = 17 27 37 e (11)

where {a,} is a sequence in (0,1) which is bounded away from 0 and 1, ie., a < ay, < b
for all n and some 0 < a < b < 1. In 1994, Tan and Xu [20] studied the modified Ishikawa

iteration process (cf. Ishikawa [7]):
Tpnt1 = (1 —ap)xn + anT"((1 — Bn)an + 5o T"xy), n=1,2,3,... (1.2)

where {ay, } and {3, } are two sequences in (0, 1) such that {a,} is bounded away from 0 and
1 and {3,} is bounded away from 1.

Xu and Noor [21], in 2002, introduced a three-step iterative scheme as follows:

Zn = (1 - ’Yn)xn + ’YnTnxn
Yn = (1 - ﬂn)zcn + 6T 2y,

Tp+1 = (1 _an)xn+anTn Yn, n= 172737"'7

where {a, },{6n}, {7} are real numbers in [0, 1].

Finding common fixed points of a finite family {7} : i = 1,2,...,k} of mappings acting
on a Hilbert space is a problem that often arises in applied mathematics. In fact, many
algorithms have been introduced for different classes of mappings with a nonempty set of
common fixed points. Unfortunately, the existence results of common fixed points of a family
of mappings are not known in many situations. Therefore, it is natural to consider approxi-
mation results for these classes of mappings. Approximating common fixed points of a finite
family of nonexpansive mappings by iteration has been studied by many authors (see, for
example, Kuhfittig [10], Rhoades [15] and Takahashi and Shimoji [19]). Ghosh and Debnath
[4] proved some convergence results for common fixed points of families of quasi-nonexpansive

mappings.



Goebel and Kirk [6], in 1972, introduced the notion of an asymptotically nonexpansive
mapping and established that if C'is a nonempty closed convex bounded subset of a uniformly
convex Banach space X and T is an asymptotically nonexpansive selfmapping of C', then T'
has a fixed point. Bose [1] initiated in 1978, the study of iterative construction for fixed points
of asymptotically nonexpansive mappings. Xu and Ori [22], in 2001, introduced an implicit
iteration process for a finite family of nonexpansive mappings. Sun [18], in 2003, modi-
fied this implicit iteration process for a finite family of asymptotically quasi-nonexpansvie
mappings. Khan and Takahashi [8] have approximated common fixed points of two asymp-
totically nonexpansive mappings by the modified Ishikawa iteration. Recently, Shahzad and
Udomene [17] established convergence theorems for the modified Ishikawa iteration process of
two asymptotically quasi-nonexpansive mappings to a common fixed point of the mappings.

For a finite family of mappings, it is desirable to devise a general iteration scheme which
extends the modified Mann iteration (1.1), the modified Ishikawa iteration (1.2), Khan and
Takahashi scheme [8] and the three-step iteration by Xu and Noor [21], simultaneously.
Thereby, to achieve this goal, we introduce a new iteration process for a finite family {7; :
i=1,2,...,k} of asymptotically quasi-nonexpansive mappings as follows:

Let C be a convex subset of a Banach space X and z; € C. Suppose that a;,, € [0,1], n =
1,2,3,...and i =1,2,... k. Let {T;:1=1,2,...,k} be a family of selfmappings of C. The
iteration scheme is defined as follows:

Tn+1 = (1 = awn)Tn + arn T} Y—1yn,
Yr-1)n = (I = @—1)n)Tn + r-1)nTx-1 Yk—2)n»
Yk-2n = (1 = @e—2)0)Tn + @20 Ti"2 Y(k—3)n-

(1.3)

Yon = (1 - 04271)1'71 + CV2nT'2n Yin,

Yin = (1 - aln)xn + alnTln Yon,

where yo, = x,, for all n.



Clearly, the iteration process (1.3) generalizes the modified Mann iteration (1.1), the
modified Ishikawa iteration (1.2) and the three-step iteration scheme from one mapping to
the finite family of mappings {T; : i =1,2,... k}.

In the sequel, we assume that F' = ﬁ F(T3).

i=1
The main purpose of this paper is to:

(i) establish a necessary and sufficient condition for convergence of the iteration scheme
(1.3) to a common fixed point of a finite family of asymptotically quasi-nonexpansive

mappings in a Banach space;

(ii) prove weak and strong convergence results of the iteration scheme (1.3) to a common
fixed point of a finite family of (L — «) uniform Lipschitz and asymptotically quasi-

nonexpansive mappings in a uniformly convex Banach space.

Our work is a significant generalization of the corresponding results of Khan and Taka-
hashi [8], Qihou [13], Schu [16], Shahzad and Udomene [17], Tan and Xu [20] and Xu and
Noor [21]. Moreover, these results provide analogue of the results of Sun [18], for the iteration
scheme (1.3) instead of the implicit iteration.

We need the following useful known lemmas for the development of our convergence

results.
Lemma 1.1 [cf. 18, Lemma 2.2]. Let the sequences {a,} and {u,} of real numbers satisfy:
ap+1 < (14 up)ay, where ap, > 0,u, >0, for alln=1,2,3,...

o0
and Zun < 400. Then

n=1

(i) lim a, ezists;
n—oo

(i) if liminf a, =0, then lim a, = 0.
n—oo n—oo



Lemma 1.2 [16, Lemma 1.3]. Let X be a uniformly conver Banach space. Assume that

0<b<t,<c<l1l n=1,23,... Let the sequences {x,,} and {y,} in X be such that

limsup ||z,| < a, limsup ||y,|| < a and lim ||t 2z, + (1 — t)yn|| = a, where a > 0. Then
n— 00 n—oo n—o00

lim ||z, —y,| = 0.

n—oo

2 Convergence Theorems in Banach Spaces

The aim of this section is to prove some results for the iterative process (1.3) to converge to
a common fixed point of a finite family of asymptotically quasi-nonexpansive mappings in a

Banach space. We begin with the following:

Lemma 2.1 Let C be a nonempty closed convexr subset of a Banach space, and {T; : i =
1,2,...,k} a family of asymptotically quasi-nonexpansive selfmappings of C, i.e., | T —
pill < (1 + win)llx — pil| for all x € C and p; € F(T;), @ = 1,2,...,k where {u;,} are
sequences in [0, +00) with nh_)n;o win, = 0 for each i. Assume that F # ¢ and ium < 40

n=1

for each i. Define the sequence {x,} as in (1.3). Then

o0
(a) there exists a sequence {vyn} in [0,4+00) such that Zl/n < 400 and ||zp+1 — pl] <
n=1

(1 + vp)¥||zn — pl|, for all p € F and all n;

(b) there exists a constant M > 0 such that ||zptm — p|| < M|z, — p||, for allp € F and

n,m=123,....

o
Proof. (a) Let p € F and v, = max u,, for all n. Since E u;y, < +oo for each 1,
1<i<k

n=1

o0
therefore Z vy < +00. Now we have

n=1

[yin —pll < (1 —oan)llzn — pll + c1nl|T7'zn — pl|
< (1= am)llzn — pll + a1n(l 4+ win)||zn — p|
= (1 + CVlnuln)Hxn - p”

< (Lt wn)llzn = pl|
6



Assume that |ly;n

IN

Hy(j-‘rl)n - p”

IN

IN

<

(1= agy)lan - p”+au+n(1+ﬂﬁy+wxn—PH

— |l < (1 +vp) ||z, — p|| holds for some 1 < j < k — 2. Then
(1 = ag+nn)llzn =l + oGl i yin — pll
(1= aginn)llzn = pll + ag1n (@ + ugrnn)llyin — pll
(1= agiim)llen = pll + gL+ ugrnn) (L + vn) |z, — p

]+1
(J+1)j j +2—
[1 ~ Q(+1)n T A+ (1 + Z )V:z>] [ — pll

J+1 . . .
j+1j---(G+2-1) ,
L agen, 3 U+ %%|un—pu

r!
r=1
(L + v} lan — pll.

Thus, by induction, we have

lyin — || < (1 + Z/n)ZHCCn —p|, foralli=1,2,...,k—1.

Now, by (2.1), we obtain

[Zn1 = pll

<

(1 = o) |z — Pl + arnll TE Yr—1)n — Pl
(1 — an)l|lzn — pll + kn(1 + wkn) Yk —1)n — Pl
(1 = arn) |7 — pll + agn (1 + ugn) (1 + Vn)kiluxn

(1 = agn)len = pll + a1+ vi)*[lan — p|

k
1) (k — 1
ll—akn+akn<1+zk(k ) T'(k rh)

r=1

k
k(k—1)---(k—r+1
1—|—06an ( Jolhory )VVTL

7!
r=1

(1 + vn)*llan = pll.

[z — pll

This completes the proof of (a).

-l

)] [z =

(2.1)



(b) If t > 0, then 1+t < e* and so, (1+t)* < e, k=1,2,.... Thus, from part (a), we

get

|Znsm = ol < L+ vorm-1)*@nsm-1 —p|

n+m—1
< eXp{kVn—i—m—l}Hxn-‘rm—l _pH <. <exp {k Z Vi} Hxn _pH
i=1
)
< exp {kzvz} [zn — |-
=1

Setting M = exp {k: i 1/@}, completes the proof. m
The above lemm;:;,eneralizes Theorem 3.1 for two asymptotically quasi-nonexpansive

mappings by Shahzad and Udomene [17] to the case of any finite family of such mappings.
The next result is the main result of this section. It deals with a necessary and sufficient

condition for the convergence of {x,} generated by the iteration process (1.3) to a point of

F; for this we follow the arguments of Qihou ([13, Theorem 1).

Theorem 2.2 Let C be a nonempty closed convex subset of a Banach space X, and {T; : i =

1,2,....k} a family of asymptotically quasi-nonexpansive selfmappings of C, i.e., ||IT/'x —

pill < (1 4 u)|lx — pil|, for all x € C and p; € F(T;), i = 1,2,...,k. Suppose that

F # ¢, 21 € C and ium < 400 for all i. Then the iterative sequence {xy}, defined by
n=1

(1.3), converges strongly to a common fized point of the family of mappings if and only if

liminf d(z,, F') = 0, where d(x, F) = inf ||z —p|.
peEF

n—oo
Proof. We will only prove the sufficiency; the necessity is obvious. From Lemma 2.1(a), we

have
zns1 = pll < (1 + vn)¥]lzn — pll,

for all p € F' and all n. Therefore,

d(xpy1, F) < (1+1/n)kd(xn,F)
k
_ <1+Zk(k:—1)..7.ﬂ'(k;—r+1)y£> iz, F),
r=1 :

8




(3] oo k
k(k—1)---(k—r+1) o
As Z:lun < +00, 50 Z;Z; - v, < +00. By Lemma 1.1 and llnrrigf d(zp, F) =
n—= n=1r=

0, we get that lim d(z,,F) = 0. Next, we prove that {z,} is a Cauchy sequence. From
n—oo

Lemma 2.1(b), we have
|Zn+m —pl| < M|z, —pl|, for all p e F and all n,m =,1,2,3,... (2.2)

Since lim d(z,, F') = 0, therefore for each € > 0, there exists a natural number n; such that
n—oo

€
d(zp, F) < EYR for all n > nj.

Hence, there exists z; € F such that
€
|2n, — 21| < M (2.3)

From (2.2) and (2.3), for all n > n;, we have

|Zntm = Tall < [Tnem — 21l + |20 — 21|

IN

M||xn, — 21| + M||z5, — 21|
€ €

M (537) + M (557) =
o) T \3ar) =€

Thus, {z,} is a Cauchy sequence and so converges to ¢ € X. Finally, we show that g € F.

IN

For any € > 0, there exists a natural number ny such that

—q|| < =———, for all n > ny. 24
s~ all < g+ Forallm = mo (24)

Again, lim d(z,, F) = 0 implies that there exists a natural number ng > ny such that
n—oo

n» S

——  for all n > ng.
@+30) or all n > nj

Thus, there exists z9 € F' such that

€
[2ng — 22|l < 2 (2.5)

443v1)



From (2.4) and (2.5), for any T;, i=1,2,...,k, we get

HTzq - qH = Hqu — 29+ 29 — Tixng + Tixng — 22+ 22 — Tng + Tng — qH
< |Tig — 22| + 2| Tizn, — 22|l + |20y — 22l + |20y — 4|
< (T +wm)llg — 22l + 21 +v1) |0y — 22l + |2ns — 22l + [|20s — ¢l
< T+ wv)zng —all + X+ v)|lzng — 21/l + 2(0 + v1)l[wn, — 22| + |20y — 22l + |05 — 4|
= 2+ vi)||lzng —qll + (4 + 3v1)[|zng — 22|
< 2+wn) c + (4 + 311) ¢ €
") ———— Vl)—————— — €.
= Y202+ 10) Y204+ 301)

Since € is arbitrary, therefore | T;q — ¢|| = 0, for all 4, i.e., T;q = q,i = 1,2,... k.

Thusge F. m

Remark 2.3 Theorem 2.2 contains as special cases, Theorem 3.2 of Shahzad and Udomene
[17] and Theorem 1 by Qihou [13] together with its Corollaries 1 and 2, which are themselves

extensions of the results of Ghosh and Debnath [5] and Petryshyn and Williamson [12].

An asymptotically nonexpansvie mapping is asymptotically quasi-nonexpansive, so we

have:

Corollary 2.4 Let C be a nonempty closed convex subset of a Banach space X, and {T; : i =
1,2,...,k} a family of asymsptotically nonexpansive selfmappings of C, i.e., | T/ x —T]'y|| <
(1 + uin)||lz = yll, for all xz,y € C and i = 1,2,...,k. Suppose that F # ¢, ©1 € C and
ium < 400, for all i. Then the iterative sequence {x,}, defined by (1.3), converges
Zt:rlongly to a point p € F if and only if linni)i£f d(xn, F) = 0.

Corollary 2.5 Let C, {T; : i = 1,2,...,k}, F and uy, be as in Theorem 2.2. Then the

iterative sequence {x,}, defined by (1.3), converges strongly to a point p € F if and only if

there exists a subsequence {xy,} of {xn} which converges to p.

10



Theorem 2.6 Let C be a nonempty closed convex subset of a Banach space X, and {T; :

i =1,2,...,k} a family of asymptotically nonexpansive selfmappings of C. Suppose that
o0

F # ¢, x1 € C and Zum < o0 for all i. Let {x,} be the sequence defined by (1.3). If
n=1

lim ||z, — Tiz,|| =0, ¢ = 1,2,...,k and one of the mappings is semi-compact, then {z,}
n—oo

converges strongly to p € F.

Proof. Let T; be semi-compact for some 1 < ¢ < k. Then there exists a subsequence {zy, }

of {x,} such that z,,, — p € C. Hence

lp—Tipll = lim |z, — Tizy,|| =0, foralli =1,2,... k.
Thus, p € F and by Corollary 2.5, {z,,} converges strongly to a common fixed point of the
family of mappings. m

Theorem 2.7 Let C, {T; :i=1,2,...,k}, F and uy, be as in Theorem 2.2. Suppose that

there exists a map T; which satisfies the following conditions:
(i) lim |2, — Tjz,| = 0;
n—oo
(i) there exists a constant M such that ||z, — Tjxy,| > Md(xy, F), for all n.
Then the sequence {x,}, defined by (1.3), converges strongly to a point p € F.

Proof. From (i) and (ii), it follows that lim d(z,,F) = 0. By Theorem 2.2, {z,} converges

n—oo

strongly to a common fixed point of the family of mappings. m

3 Results in Uniformly Convex Banach Spaces

In this section, we establish some weak and strong convergence results for the iterative scheme

(1.3) by removing the condition lim inf d(xy, F) = 0 from the results obtained in Section 2;
n—-+0oo

for this we have to consider the class of (L — =) uniform Lipschitz and asymptotically quasi-

nonexpansive mappings on a uniformly convex Banach space.

11



Lemma 3.1 Let C' be a nonempty closed convex subset of a uniformly convex Banach space
X, and {T; : i = 1,2,3,...,k} a family of (L — 7) uniform Lipschitz and asymptotically
quasi-nonexpansive selfmappings of C, i.e., | T/'x — pi|| < (1 +wipn)||x — pil| for all x € C' and

o
pi € F(T;), where {u;} are sequences in [0, 00) with Zum < o0, for eachi € {1,2,3,...,k}.
n=1

Assume that F' # ¢ and the sequence {x,} is as in (1.3) with o, € [0,1 — 8] for some

0 € (0,%). Then
(i) lim ||z, — pl|| exists for all p € F;
n=00
(1) nh_)n;o |Zn = Tj'Y(j—1)nll = 0, for each j =1,2,,... k;
(i1i) nh_)n;o |zn — Tjxy| =0, for each j =1,2,... k.

Proof. Let p € I’ and v, = max uy,, for all n.
1<i<k

(i) By Lemma 1.1(i) and Lemma 2.1(a), it follows that lim ||z, — p|| exists for all p € F.
n—oo
Assume that

lim ||z, —p|| =c (3.1)
n—oo
(ii) The inequality (2.1) and (3.1) give that
limsup ||yjn —p|| < ¢, for 1 <j <k -1 (3.2)
n—oo
We also note that:

||xn+1 - p” = ||(1 - O‘kn)(xn _p) + akn(TkT;Ly(kfl)n - p)H
< (1= agn)llzn = pll 4 ckn (L + o) [y k—1)n — Pl
< (1= arnage—yn ) (L4 wn)  flzn = p]

g (e—1yn O 1yn (L 00) " yim — .

12



Therefore,

[zn —pll  llzn+1 —pll
=7 SFI(1 + op)k

Hxn _pH < —j + Hyjn _pH

and hence

¢ < liminf ||y, —p||, for1<j<k-—1
n—oo
From (3.2) and (3.3), we have
lim |lyjn —p|| =¢, foreach j =1,2,3,... k- 1.
n—oo
That is,

lim [|(1 = ajn)(zn = p) + (T Y- — D)l = ¢

n—oo

foreach j =1,2,3,...,k— 1.

Also, from (3.2), we obtain
limsup || T7'y(j—1)n — pll <¢, for each j =1,2,3,... k- 1.
n—00
By Lemma 1.2, we get
Tl,llrnéo 1T7"Y(j—1)n — Znll = 0, for each j =1,2,3,... k- 1.

For the case j = k, by (2.1), we have

T2 yk—1yn — Pl < (14 wen) [Ye—1yn — Pl < (14 wen) (14 v0)* |z — pll-

But lim ||z, — p|| = ¢, by part (i). So,
n—oo

limsup |T¢yg—1yn — pll < e

n—oo

Moreover,

lim [[(1 = agn)(2n = p) + Qo (T Yp—1)n = P)| = I [lzn0 —pl = ¢

n—oo

Again by Lemma 1.2, we get

i {|zn, = T yk—1)ll = 0.
n—00

13



Thus, (3.4) and (3.5) imply that

lim ||T7"y(j—1yn — Znll = 0, for each j =1,2,3,... k. (3.6)
n—oo

(iii) For j =1, from part (ii), we have
lim |11z, — z,| = 0.
n—oo
If j=2,3,4,...,k, then we have

1T zn — 2ol = (T2 — Tj'yj—1)n) + (T} YG—1)n — Tn) |l
= Lllzn —yG-vmull” + 1T7Y-1)n — 2all
Lag_inllzn — T 1y —2pnl)” + 177 Y(j—1)n — Zall — 0.

Hence,

T} — ] = 0 s m— o0, for 1< j <k (3.7

Let us observe that:

IN

|zn — Tjay|| zn — Zpga || + |Tnt1 — T]?H_lxn—i—lH
TP sy — TP | 4 [T — Ty

Wenllzn = TEY@E-1)nll + Zn1 — TjnHﬂJnHH

IN

+L(aknlln = Tiyg—1)nll)” + LIT 20 — 20|

Using (3.6) and (3.7), we get

lim ||z, —Tjz,|| =0, for 1 <j <k.
n—oo

Theorem 3.2 Let C be a nonempty closed convex subset of a uniformly convexr Banach space
X satisfying the Opial property and let {T; : i =1,2,3,...,k} be a family of (L —~) uniform

14



Lipschitz and asymsptoticaly quasi-nonezpansive selfmappings of C, i.e., ||T)'z — p;|| < (1 +

win)||z — pil| for all x € C and p; € F(T;), i=1,2,3,...,k where {u;,} are sequences in
[0.9]

[0, 00) with Zum < 0o for each i =1,2,3... k. Let the sequence {x,} be as in (1.3) with
n=1

Qin € [0,1=46] for some § € (O, %) If F# ¢ and each I -T;,i =1,2,3,...,k, is demiclosed at

0, then {x,} converges weakly to a common fized point of the family {T; : i =1,2,3,... k}.

Proof. Let p € F. Then nh_}rgo ||zn, — p|| exists as proved in Lemma 3.1(i) and hence {z,}
is bounded. Since a uniformly convex Banach space is reflexive, there exists a subsequence
{wn,} of {x,} converging weakly to some 2; € C. By Lemma 3.1, nlggo |zn, — Tizyn|| = 0 and
I — T; is demiclosed at 0 for i = 1,2,3,...,k, so we obtain T;2; = z;. That is, 21 € F. In
order to show that {z,} converges weakly to z;, take another subsequence {z,, } of {z,}
converging weakly to some zy € C. Again, as above, we can prove that zo € F. Next, we

show that z; = zo. Assume 27 # 2z5. Then by the Opial property

lim ||z, — z1]| = lim Hxn] — 21|
n—oo nj—00

< lim |jan; — 2|
j—o0

= lim ||z, — 22]|

n—~oo

= lim ||z, — 22
T — 00

< lim ||zn, — 21
T — 00

= lim |z, — 21].
n—oo

This contradiction proves that {x,} converges weakly to a common fixed point of the

family {7;:1=1,2,3,...,k}. m

Theorem 3.3 Under the hypotheses of Lemma 3.1, assume that, for some 1 < i < k, T[™

is semi-compact for some positive integer m. Then {x,} converges strongly to some common

fized point of the family {T; : j =1,2,3,... k}.
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Proof. By Lemma 3.1(iii), we have

lim ||z, — Tjz,| =0, for 1 <j <k. (3.8)
n—oo
Fix i € {1,2,3,...,k} and suppose 1" to be semi-compact for some m > 1. From (3.8), we

obtain

1T 20 = 2ll < T = T Yl + 1T Y = T2

+ ||T12xn — Tixp|| + | Tizn — 20|

< |Tixn — xp|| + (m — 1) L|| T2, — x4,]]” — 0.

Since {w,} is bounded and T;" is semi-compact, {7} has a convergent subsequence {z,,}

such that x,,, — ¢ € C. Hence, from (3.8), we have

llg — Tiql| = nlLrglo |zn;, — Tizn,|| =0, foralli =1,2,3,... k.

Thus ¢ € F' and by Corollary 2.5, {z,} converges strongly to a common fixed point g of the

family {7; :¢=1,2,3,...,k}. =

4

Concluding Remarks

. The family of (L — ~) uniform Lipschitz and asymptotically quasi-nonexpansive map-

pings in Lemma 3.1 can be replaced by a family of asymptotically nonexpansive map-

pings. We state this result as follows; the proof is similar to that of Lemma 3.1.

Lemma 4.1 Let C be a nonempty closed convex subset of a uniformly convexr Banach

space X, and {T; : i =1,2,...,k} a family of asymptotically nonexpansive selfmappings
o0

of C. Assume that F' # ¢ and Zum < oo for each i =1,2,..., k. Let {x,} be as in

=1

(1.8) with o, € [6,1 — 6] for some § € (0,3). Then (i), (i) and (iii) of Lemma 3.1

hold.
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2. Lemma 3.1(i) extends Lemma 2.1 of Tan and Xu [20]. Lemma 3.1(ii) extends The-
orem 3.3 of Shahzad and Udomene [17] for two uniformly continuous asymptotically
quasi-nonexpansive mappings to any finite family of (L — 7) uniform Lipschitz and

asymptotically quasi-nonexpansive mappings.

3. Lemma 4.1(ii) and Lemma 4.1(iii) contain as special cases, Lemma 2.2 of Xu and Noor

[21] and Lemma 1.5 of Schu [16], respectively.

4. On the lines of the proof of Theorem 3.2 and using Lemma 1.6 of Schu [16] and Lemma

4.1, the following result can be easily proved.

Theorem 4.2 Under the hypotheses of Lemma 4.1, assume that the space X satisfies
the Opial property. Then the sequence {x,} converges weakly to a common fized point

of the family of mappings.

5. The special cases of Theorem 4.2 are Theorems 3.1-3.2 of Tan and Xu [20] and Theorem

2.1 due to Schu [16].

6. Following the arguments of the proof of Theorem 3.3, it is now easy to prove:

Theorem 4.3 Under the assumptions of Lemma 4.1, suppose that, for some 1 <1 < k,
and a positive integer m, T;" is semi-compact. Then {x,} converges strongly to some

common fixed point of the family of mappings.

The above theorem contains as a special case, Theorem 2.2 of Schu [16].

7. Theorem 2.2, Corollary 2.5, Theorem 3.3 and Theorem 4.3 about the iteration scheme
(1.3) are analogues of Theorem 3.1, Corollary 3.2, Theorem 3.3 and Theorem 3.4 in

the context of implcit iteration process by Sun [18], respectively.
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