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1. Introduction

The product moment of order aand 4 for two random variables X3 and X; are defined by
Ko = E(XEXE) while the centered product moments (sometimes called central product moments
or central mixed moments) are defined by

pap = B (Xi - E(X0)) (X - BX))" ],

The former moment is often called product moments of order zero or raw product moments.
Evidently uj,, = £(X%) is the &#th moment of X1, and pg, = £(X%) is the b-th moment of X>. In
case X1 and X; are independent u),, = E(X)E(X3) = photo s Interested readers may go
through Johnson, Kotz and Kemp (1993, 46) or Johnson, Kotz, and Balakrishnan (1997, 3).

The correlation coefficient p (-1 < p < 1) between X; and X is denoted by

,ul,l
= —t== 1.1
P X1 Iy (1.1)

Note that p20 = £(X1 — E(X1))* = 020 Which is popularly denoted by o while the central
product moment u11 = E[(X1 — E(X1))(X2 — E(X2))], denoted popularly by o 12, is in fact the
covariance between X; and X;.

In a series of papers, Mardia (1970, 1974, 1975) defined and discussed the properties of
measures for kurtosis and skewness based on Mahalanobis distance. As it is difficult to derive
distribution of Mahalanobis distance for many distributions and calculate moments thereof,
Joarder (2006) derived Mahalanobis moments in terms of central product moments. Central
product moments that are deemed essential are derived with the help of product moments around



zero. Mahalanobis moments, or standardized moments, for a bivariate Dirichlet distribution are
calculated. It is worth mentioning that the second Mahalanobis moment accounts for kurtosis
while the third for skewness. In addition, Shannon entropy and local dependence functions for
the bivariate Dirichlet distribution are also discussed. It is worth reporting that the calculations
for the central moments and the standardized moments are formidable.

2. The Bivariate Dirichlet Distribution

Kotz, Balakrishnan, and Johnson (2000, 487) discussed the multivariate Dirichlet
distribution. The probability density function of the multivariate Dirichlet distribution is given by

rs, 0 ko
H&ia?) ()t et i 4, (21)

X, X2,...,Xp) =
! 14,10, - i1

where o > 0, ;> 0, x; > 0,7=1,2,...,kand 3% x; < L.
So, the probability density function of the bivariate Dirichlet distribution is given by

'(m+n+p)
r(mI(nI(p)

where m,np> 0, x;>0,/=1,2and x1 + x» < 1.

fx1, x2) = X (1 - x — xe)P (2.2)

In what follows we will rather use X1 = Xand X, = Y'to avoid all confusion of a trivial
nature.

For the above bivariate Dirichlet distribution, the marginal probability density functions are
as follows:

(1) X~ Beta(m,n+ p),

(i) Y ~ Beta(n,m+ p).
Note that if /77 = 7, then we have a special case where the marginal probability density functions
are identical. Further, if m = n = p, then we have a more specialized version of the marginal
density functions with each random variable is identically distributed as Beta(/m,2m).

In what follows we will define

fap = E[(X=&)(Y-0)"] (2.3)
where & = E(X) and 0 = E(Y).

3. Product Moments of Bivariate Dirichlet Distribution

For any non-negative integer 4, we have Pochhammer factorials defined as
Ca = c(c+1)(c+2)---(c+a—1)and

¢ = c-1)(c-2)---(c-a+1).

Also, the (a, b)” raw product moment of X'and Y of the bivariate Dirichlet distribution is



given by o
EXY?) = [ [ Xy Rox, y)aixdly. (3.1)

Lemma 3.1 If X and Y has a joint probability density function defined by equation 2.2 then
(1)  the marginal density function of X ~ Beta(m, n+ p), has an expected value of

ay _ Mg
E(X?) fn
(i) the marginal den/;;ity function of Y ~ Beta(n, m+ p), has an expected value of
_
EY?) = f
(i) and the raw produc/tnmo/r7nent of order (a,b) is
E(X?Y?) = ;L{b}, where t= m+ n+ p.
{a+b)

Lemma 3.1 gives rise to some useful raw moments that will be used further in the calculation
of centered moments. In particular, some specific raw moments that are needed for calculation of
centered moments are given below.
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4. Centered Moments of Bivariate Dirichlet Distribution

Details of the formidably painstaking calculations for the central product moments of the
bivariate Dirichlet distribution can be found in Omar and Joarder (2006). Some product moments
of order a+ b = 2,3,4,5,6 that are needed for calculation of bivariate skewness and kurtosis
moments are reproduced below:
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Similar expressions for moments u(b,a) = (X - &)%( Y- 0)?] are provided below.
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5. Standardized Moments for any Bivariate Distribution

Nadarajah and Mitov (2003) presented an elegant technique for product moments of
multivariate random vectors in terms of cumulative distribution function or survival function. It
appears that if the cumulative distribution function or the survival function has a closed form,
their technique works well. For Marshall-Olkin bivariate exponential distribution with survival
function

e—x—(1+/1)y’ 0 < x< J%
e—y—(lM)x’ O S yS X ’
Kotz, Balakrishnan and Johnson (2000, 82) mentioned that the coefficient of kurtosis is given by

AX>xY>) ={ (5.1)

B2 =21+ p)3@Bp* +9p3 +15p? +12p + 4)

where the correlation coefficient p is given by (A + 2)p = A. They also mentioned that in case
p = 0, the components Xand Ybecome independent, in which case 8, = 8 (which is the same
as that of the bivariate normal distribution). Interested readers may also go through Nadarajah
and Mitov (2003) for a useful formula for product moments for univariate distributions. They
also calculated raw product moments of general order from which it is possible to calculate
skewness and kurtosis of the distribution in (5.1).



. X . & .
For a bivariate random vector W = vl with mean vector u = 0 and covariance

matrix X, the standardized distance is defined by

Q= (W- = (W-p)
" = (X=O)(Y-0))ZH(X=E)(Y-0)) (5.2)
wit

Y — H20 Hi11 .
Hi1 Ho2

The quantity Qis also known to be the generalized distance or Mahalanobis distance
(Rencher, 1998, 40). In a series of papers, Mardia (1970, 1974, 1975) defined and discussed the
properties of measures for kurtosis and skewness based on Mahalanobis distance.

The coefficient of kurtosis and skewness are 8, = £(Q?) and B3 = E(Q®) respectively (Kotz,
Balakrishnan, and Johnson, 2000, 77). For a bivariate random vector Wwith £(WW) = p and
Cou W) = E(W- n)(W- u)' = X, we define standardized moments by 8; = £(Q"), i=1,2,---
where Q@ = (W— )21 (W~ p) = [[Z72(W~- p)||>.

It is known that for a p-variate normal distribution, W ~ N,(u, ), the standardized distance
Q= (W- ) W-p) ~ yjsothat p1 = EQ) = p, 2 = E(Q") = p(p+2) and
B3 = E(C®) = p(p+2)(p+4). That is for a univariate normal distribution,

B1 =1,B2 = 3,B3 = 15 and for bivariate normal distribution,

B1=2,B2 =8,B3 =48 (5.3

As it is difficult to derive distribution of Mahalanobis distance for many bivariate
distributions and calculate moments thereof, Joarder (2006) derived standardized moments in
terms of central product moments just to demonstrate the potential of an alternative way. As
discussed in Joarder (2006), £(Q) = 2 for any bivariate distribution, including that for the
bivariate Dirichlet distribution represented in equation 2.2.

Theorem 5.1 Let p1,5 be the centered product moment and (p201102) 2111 = p be the
correlation coefficient between Xand Y. Then the second and third order Mahalanobis moments
are respectively given by

() ((2oko2) — u31) E(QP) = paokds + poapde +2(u22)(2pd 1 + Hozk20)
—4(u11)(H20013 — Ho2M31),

: 3
(i) ((uaopo2) — 151)  E(Q®) = ueopd s + Host3o —6p11 (b 2151 + tioH15)
+4p% 1 (3po2iaz + 3u20M24 — 2111 H33)
+ 3uz002(Mo2142 + H20M24 — 41113 3).

The proof for this theorem can be found in Joarder (2006).



6. Covariance Matrix and Product Moment Correlation
Coefficient of Bivariate Dirichlet Distribution

By applying the central moments of order 2, we have the following lemma.

Lemma 6.1 For a bivariate Dirichlet distribution defined in (2.2),
(i) the covariance matrix is given by

B 1 (t—mm  —-nm
(t+1)F —nm  (t—mn
(i1) and the product moment correlation coefficient is given by
_ mn _
P p)(m+p)

Note that Lemma 6.1 is a special case of results in Kotz, Balakrishnan & Johnson (2000, 488).

Proof (i) Substituting the variance of each random variable and its covariance, we have the
following variance covariance matrix

Y — H20 Hi11
Hi1 Ho2

(t—mm nm

(t+ 1P (t+ 1P

__nm (t=mn
(t+ 1P  (t+1D)P

which can further be simplified as Lemma 6.1(i).

(i) Substituting the variance of each random variable and their covariance into the product
moment correlation coefficient, we have the following result.

Hi1l
JH2,0H0,.2
=nm

(t+ 1P

‘/m(r— nn(t— mym
—=nm

2
‘/M([’_ /7)/7([_ m)m

p:

(t+1)%¢
_ mn
Jmn(t—m)(t-n)
_ mn
(t—m(t—n)
_ min
(m+n+p—m(m+n+p-—n)




which can be simplified to Lemma 6.1(ii).
Some special cases are discussed below.

a) For a special case of a bivariate Dirichlet distribution defined in (2.2) where m = n, that is
(t = 2m+ p) then the covariance matrix is

5 _ 1 (m+pym  —n?
(t+ 1P -m?  (m+p)m
m

and the product moment correlation coefficient is p = EYE

These results can be obtained simply by substituting m = nand = 2m+ pinto Lemma 6.1.
Note that when /m = 1, we have the case discussed in Section 2 where the two bivariate marginal
probability density functions are identical.

b) For a special case of a bivariate Dirichlet distribution defined in (2.2) where m = n = p, that is
t = 3mthen the covariance matrix is

s_ _m_ 2 -1
(t+1)F -1 2
and the product moment correlation coefficient p = —%.

These results can be obtained by simply substituting m = nand = 2m+ pinto Lemma 6.1.
Note that here we have a special case of Lemma 6.1 when the two bivariate marginal pdfs are
identical with m= n=p.

7. Skewness and Kurtosis of Bivariate Dirichlet Distribution

As mentioned in Section 1, a series of papers by Mardia (1970,1974,1975) considered the
properties of measures for kurtosis and skewness based on Mahalanobis distance. Specifically,
the coefficient of kurtosis and skewness are B, = E(Q?) and B3 = E(Q®) respectively (Kotz,
Balakrishnan, and Johnson, 2000, 77).

We derive standardized moments in terms of centered product moments along the lines of
Theorem 5.1 just to demonstrate the potential of an alternative way.

Also as pointed out in Section 5, the Mahalanobis moment £(Q) = 2 for any bivariate
distribution. In particular, this is true as well for the bivariate Dirichlet distribution and can be
easily checked. However, for the higher order Mahalanobis moments, formidable calculations are
done. The following theorem provides results for the second and third order Mahalanobis
moments.

Theorem 7.1 Let u4 be the centered product moment of the bivariate dirichlet distribution.
Then



(i) The second Mahalanobis moment which is the kurtosis of the distribution is

E(?) = 2475 t2 x ((3m+3n+4mn)f
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Ly 1P

(i) The third Mahalanobis moment which is the skewness of the distribution is
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Proof. In Theorem 5.1, the left handside of both the skewness and kurtosis equations involves
the expression, [(u20t02) — pf1]. Because we will be needing the value of this expression in the
following proof, we will start the proof by evaluating this expression.

B _ (= \(t=mm\ _(___pm \
[(p2,010,2) ﬂ%,l]_((t+l)t2)((t+l)l‘2) ( (z‘+”172)/t722)
1 pmm-pn—-p - -
BT G e oy
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B L+20+ 6
tmm(t— n—m)

2
_ —’174’%+ X (7.1)
B(t+1)? '

because p = t— m—n.

nmp >~ inour calculations of (i) and (ii) of Theorem 7.1.

We will use [(u20m02) — pi1] = B+ 1)?

From Theorem 5.1,

10



() [(w2ot02) — 1312 E(Q?) = paopbs + poatdo +2(122)(2u3 1 + po2p120)
—4(ua1) (20013 — Ho2M31)
That is, )
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(7.2)

We first focus on the right handside of the above equality. By substituting relevant central

moments from Section 4, the right handside of (7.2) simplifies to the following.
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Dividing both sides of (7.2) by ( ) ,we have the following kurtosis index
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Writing the above W|th Pochhammer factorials gives us the following

EQ?) =2 [(f;zl) (Bm+3n+4mn)f + 12 n?(6m+ 6n+ mn)t— 727 n®)
{4}
-4 t(tJlrozl) BB+ (P +3m+6n+12)nm+ (= =3 +2n+ 3)nP)
{4}
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Lo (1 1)
Ly o2 0m
x ((=21P — 6/ + 3)PB + 2(/F + 612 + 210+ 28) P — 2(31P + Tn— 24) R m+ 31P)
sl ;)2 (=272 — 10n—9) 1P + 2( + n— 15)nm— 1312).
Ly
(t+1)2
{4>,02
EQ?) =22 nm (Bm+3n+4mn)f + 122 mP(6m+ 6n+ mn)t—T72m° )
12 7 BR3P + (7 + 37 + 6n+12)nm+ (=P = 317 + 2n+ 3) 11P)
+ 25 k 7 P
x ((—2/73 —B/R +3)P + 2(7P + 61 + 210+ 24) P — 2(31P + Tn— 24) 2 m+ 317)
+ 6AH(=217 — 10n— 9)mP + 2(1% + n— 15)nm— 1372)
=2k

Letting & =

x ( /7/1771‘((3m+ 3n+4mn)f + 12 nP(6m+ 6n+ mn)t— 727 nd)

2%(3/72 + (P + 3 +6n+12)nm+ (- =3 + 2n+ 3)m?)

t m
x (=2 =6 +3)m® + 2(m° + 6P + 21n+ 24)nm? — 2(3r% + Tn—24)*m
+3°)
+3K(=2m* — 10n—9)n? + 2(m* + n— 15)nm— 13r7%))
which simplifies to part (i) of Theorem 7.1.

(i) [(uaopoz) — 13112 E(Q®) = usouds + postido
— 611 (ufops1 + uoH1s)
+4p2 (3poztaz + 3u20H24 — 2U11133)
+ 3u20p0,2(Ho21a2 + Hoop24 — A1 1133).
. nmp ’ 3 3
That is, [W :| 5(03) = HeoHp2 + HosHU 0

— 611 (UG ops1 + Ui oH15)

+4p% 1 (3poztaz + 3u20M24 — 2111 133)

+ 3uo0u02(Ho2ptar + toot24 —4H11133) (7.3)

We first focus on the right handside of the above equality. Substituting the relevant central
moments from Section 4, we have the following expression for the right handside of (7.3).

S(t—mm
« ( (26m+3n? + 24)t* + (-120m— 112m° — 6m°) £

(t+ D)(t+2)(t+3)(t+4)(t+5) O
, (24007 + 17207 + 3m*) £ + (24017 — 86/ t+ 12017 )( (t—mn )3

(t+ 1)(£+ 2)(¢+ 3)(£+ 8)(1+ 5)F (t+ 1)
F(260+ 312 + 24) + £(=1200— 112/7 — 6/°)

U= D = N 2 (11 3) (£ A) (11 5)F
. P40 + 17217 + 371 + 12077 + (2401 — 8617 )( (t- m)m)s
(t+1)(t+2)(t+3)(t+4)(t+5)F (t+ 1)

13



_6(_ nm >”g([n)n>2
(t+ 1) P (t+ 1P
‘(5 m(ntn— )P e m(15m*n—26mn— 15m° — 3m?n- 24n)t*

(t+1)(t+2)(t+3)(t+4)(t+5) 6 " (t+1)(t+2)(t+3)(t+4)(t+5) 6
m(120mn—85mP + 112m?n+ 6nmn+ 85nn)

(t+ 1) (t+2)(t+3)(t+4)(t+5) 6 )
A ot
(t+ D )\ (t+ DB
G m(222m n= 2402 n— T12mPn— 225mP) £

(t+ 1) (t+2)(t+3)(t+4)(t+5) 6
m(240mPn— 274nm° + 360n7* n)t— 120mP

(t+ 1) (t+2)(t+3)(t+4)(t+5) 6 )
_6(_ nm X(r— m)n;)z
(t+ 1D )\ 1+ 12
‘(5 (P —4nt-4H(n+1)m L5 QRt=n+ nym* 5 B1=3n+nt-3)(n+ 1)(n+ 2)mr?

(t+ D)(t+2)F (r+1)F (t+ 1)(1+ 2)(t+ 3)
F (1) (n+1)(n+2)(n+3)(n+4)mn

(z‘Jg D(t+2)(t+3)(t+4) P )
. nm (L—=mn
+4( (r+1)ﬂ> (3((r+1>ﬂ D
« (3m+6mn—18m? — 12n° + 6mm? + 6) £ N P(30mn—24m—72n7 — 38n° + 30mn?)

t+1)(t+2)(t+3)F t+1)(t+2)(t+3)F
l‘(36m/§——|_7/7)7§-1——|_Z’>(3)/§7/7—|2_)230/773 (D))

(14 D(t+2)(t+3)F )
__nm (L—mn
(e ) (e )
(Bm—6n-3mn+12m*n+6mn+6)
x mn(

(t+ 1)(f+ 2)(+ 3)(£+ 4)(1+5) P
(150n7%n—60n—6mn—6n? — 40m+ 62m*n)

(t+ 1)(t+ 2)(t+3)(t+ 4)(+5) P
(320mn+ 12017 + 3P + 60020+ 163mPn) £

t+1)(t+2)(t+3)(t+ 4)(£+5) P
(8617~ 88 s (1207 + 4207

(t+ 1)(t+ 2)(t+3)(f+ 4)(1+5)F

+ 4(_ nm ) ( (t- m)m) . o
(t+1)F (t+ 1P (t+ 1)(t+2)(¢+ 3)(t+4)(f+5)
X (=2m(n+3)(n+2)(n+1) + (3n—96m— 176 mn— 96mm? — 16mm® + 6)

t
N (-186m— 40n— 333mn— 61 — 180m? — 30mm®

N (120m+ 164 mn + 120/72F+ 3m + 18mn?) N (—480mn— 86/ — 516 mn? — 15mn)
I

7
(12077 + 720mr2 + 430mF) 5007
¥ £ e )

14



+ 4(_ nm )2( ) 1
(t+1)P (r+ 1)t2 (t+ 1)1+ 2)(1+ 3)(f+ 4)(1+ 5)
« ( amn . mn(-30m— 301 - 9m/7) mn(180mn + 26 + 26/72 +9mm® +9n?n)
t

P
N m/7(—120/772—120/72 258m/72 258 n— 15/772/72)

g
N m(360/mi? + 3607 n+430mP 7)) 600 1 )

£
+3((1‘—m)m>( (1‘—/7)/7)( (z‘—n)n)>< P
(t+ 1) P (t+ 1P (t+ 1P (t+1)(t+2)(t+3)F
x ((3m+6mn—18mP — 12 + 6mm? + 6) £ + £(30mn— 24m— 72n7 — 38nm° + 30mn?)
+ l(36m/7 7+ 36mr) ~ 307

(1‘+ 1)(t+ 2)(1‘+ 3)(1‘+ 4)(t+5)FP

x ((B3m—-6n-3mn+12m°n+6mn+6)t
+ (1507 n—60n—6mn— 6m? — 40m+ 62nmen) £
+ (320mn+ 1207 + 3 + 600m?n+ 163m° n) £ + (-86m° — 86m°n)t

+ (120/7R + 12072 1))
+3((z‘—m)m>((t—n)n)x(((z‘—m)m>x( mn
(t+ DB )\ (t+ D2 (t+ )P (t+ 1)(+ 2)(t+ 3)(¢+ 4)(1+ 5)
« (12m— 22mn—12miP — 2miF) + (3n—96m— 176 mn— 96mm? — 16 mmn® + 6)

N (-186/m— 40n— 333mn— 6n° — 180mm? — 30mre)

P
(120m+ 164mn+ 120 + 3 + 18mn?) N (~480/mn— 861 — 516mm? — 15mn®)
I

5
(120/73 + 720m/72 +430mm) . 600mP )

+3((z‘—m)m>( (£- /7)/7>X(_4(_ nm ) “ mn
t+DE )\ (t+ )P (t+ D)2 ) " We+ D)(t+2)(1+3)(1+ 4)(1+5)
4+ (=30m—30n—9mm) | (180mn+ 267 + 26 + 9mm? + 9P’ n)

3 £
(—120/772 — 12077 — 258 mm? — 258mPn— 15mP 1?)

£
, (36017 + 360m2n+ 430mP11) g
~600-72/))

(t— m)(t—n) m/73
(t+5)(t+4)(t+ 3)(t+2)(t+ 1)* A2
x ((26m+3mP +24) ¢ + (-120m— 1122 — 6m®) £ + (24017 + 172mB + 3m) P
+ (—240mB — 86/m*) t+ 1201m7)
(t— mym(t— m)3nP
(t+5)(t+ 41+ 3)(t+ 2)(1+1)* A2
x (£(26n+ 37 + 24) + B(=120n— 11212 — 6/) + £ (2407 + 172/R + 3r*) + 12017
+ (—240P - 86/7))
ludii
(r+ DA(t+2)(t+3)(t+ 4)(t+5) £2
x (B(24mP + 20mPn— 20mP r? — 20mP i — 4P 1)

15



+ F(961mP — 48m° — 40nmPn— 40nP n— 5mP n— 300m? i — 200mP 1 + 40P r? — 41nP i
+40mP P +5mt i + 8mP )

+ £24n"* —192m° — 12017 — 12017 — 130mm? — 5802 n+ 80mPn+ 20m*n—75m°n
— 855mP 1% — 450 1 + 600 P — 140mP i + 400mP 18 + 55n7* 1P + 5mP P
+82mP* - 30mt i + 10mP r? — 4nt* i*)

+ £(24017 + 961" + 24017 + 600/m? + 6002 n+ 260m® + 1160m° n— 40n n— 425mPn
+1120mP r? + 60mP P + 1710mP i — 295mP i* + 900/ i + 125m* i + 60mP P
+280mPm* — 350 1 + 150mP P — 10mPm® — 36m* m* — 5mP 1)

+ (270" 7 — 120" — 1200mir® — 1200/ n— 130mim* — 580 n— 1125m° n— 240017 17
— 19802 P — 1980 ? — 565m° i — 120m° i — 1202 i — 120n7* + 2357 P
+590m* i — 1300/ 18 + 850m° i — 120mP r° — 65m* it — 75mP 1 + 5m’ )

+ £(=219017* 1 + 2250mP P — 470mP P + 130m* i — 425m° r® + 607 i + 600mi*

+ 600777 n— 1370m° n+ 3600/ 1 + 36007 1 + 6907 1* + 3440 1 + 236017 1P
+ 3007 P + 1130m3 1)

+ £(2740m° > — 180012 * — 480012 1 — 120017 17 — 1120m° i — 44607 i — 600/m° n
—600mP° + 560" — 1125m° i + 235 1)

+ 24002 * + 12007 P + 1200mP° 12 + 1930 i — 1370m° 2 + 30017 1°)

- 600/774/73(/7+n;737/)7g

8

(t+5)(t+ 4)(1+3)(t+2)(t+1)* A2
x (F(18mP + 33mPn+ 18nmP 1 + 3P iP°)

+ 61447 - 9n—9mn—9m— 18n + 264mPn—9mm — 33mPn— 9mm* + 153 17
+24mP P - 9P — 3mP )

+ P(116mn+ 288mP — 1447 + 182 + 18mr? + 513mPn— 126 mm — 264men— 117 mm*
+9mm° + 396mP 1% + 36mP P — 18mPn? — 33mP )

+ £4(126mm° — 279 — 180 — 97 — 456 mr? — 456 m° n— 648 mi® — 504m° n— 513mn’
—180/mP + 576m° i — 126m? i + 369nmP 7 — 171 i)

+ £(180/m + 18078 + 720mnm? + 720m? n— 1037 mr + 349mP n— 747 mm* + 639 mm°
+3114mP P —594mP 1® + 1431mP r? — 639mP 1)

+ £(306mm* — 780 n— 1860mm® + 1386mm° — 1080m° > — 2676m° ° — 210 1
— 1416 )

+ £1080mi* + 1080/ + 720mP 1? + 180017 17 — 220 1)

— 1503 1) ,

—2mn

(t+5)(t+4)(t+ 3)(t+2)(1+ 1)* A2
x (P(18mPn+33mPr? + 18mPm° + 3mP )

+ B(T2mPn— 60 — T4mr? — 74n?n—60n? — 36m*n— 24mP ? + 186m° > — 9t
+ 1801 R — 6612 — 9P 1P + 66mP it — 27mP i + 9P P — 6nt i)

+ F(180/B + 18078 + 360/mr7 + 3602 n+ 222mm + 204mPn— 144 n+ 18mf n
+804mP1? + 72mP 12 + 543 7 — 1262 it + 10327 P — 3007 72
—108mPm° +492mPr* — 93n7* 1P + 33mP r? + 18P 1 + 1081 1P
—78mrt — 6P P + 15mP % — 6P 1 + 3mP 1)

+ B(72nP n— 18017 — 900 — 90073 n— 222 mn* — 1867 n— 180m* — 180077 1P
— 18202 P — 740mP 12 — 711mP i* + 2475mP i — 438n7* P — 387 mP ° + 954 m° i
—243m* P + 114mP % + 2432 1P + 456mP P — 624m° it — 312mP i + 225n 1P
— 9PN’ —69mP P — 93mP P + 18mP i — 30mP 1B — 3P 1)

+ B(mP(1275m% — 45078 + 15/7) + mP (561 — 8117 — 2064P + 1131r* — 57 + 60)
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+ mA (7201 + 444/72 — 1161° — 1602/ — 48978 + 307P)
+ mP(3000/2 + 4286/ — 5671 + 8941 — 891/F + 4517)
+ mP(3000/8 + 13877 — 84/5 + 115278 — 126/77)
+ m(72017 + T4rP) + 601F) + mm(1800/P * — 180075 1F))
+ (12582 F — 180mP n— 306072 11 — 2520/ i — 198077 2 — 180 mir° — 26881mP 1
— 16087 1R — 434F 1P + 2133mP-1 — 204 1P + 1062 1
— 4761mP 1P + 33750 12 — 639217 — 39097° 18 — 1761 1P + 6384mP 1
— 2550/ 1 + 6303 17 + 360/ 1 — 660mP 1P + 2251 11" — 15mP 1)
+ £(2640/mP 1P + 36078 11 + 360/ 1 + 480/7F 1R + TT4mP-n® — 495077 1 + 6156/ 1
— 5190/7F 1R + 411070 12 — 138627 — 6021m° 1 — 501977 1 + 150667 1
— 6750/ 1R + 319578 17 + 1410/ P — 358518 1 + 12751 i — 1807P 1)
+ 2(64801m i — 540017 115 — 108077 P — 1800/ 1 + 180077 172 — 10802 1"
+ 450/7° 118 — 765077 1 + 1470077F r — 8220/P 18 + 69307317 + 1800777 1
— 8700/7F 1P + 337518 11" — T05mF 1)
+ {5400/ 1 — 5400777 1P + 3600/ 1 — 3600/ 1P + 5400/ 177 — 8610mF 1P
+ 4110/ i — 90075 1F)
+ (1800/7F r® — 180077 11*)

3
Dividing both sides of (7.3) by [% J , or equivalently(mﬂﬁﬁ), we have the
+ +

following skewness index

o amn+1)(n+2)(n+3) (t+1)%F
HO) = -6 e (t+2)(t+3)(t+4)(t+5)
26(t+1)2

mP PR (t+ 2)(t+3)(t+ 4)(t+5)
x ((72mPn—60m% — T4mm? — TAnmPn—60m? — 36m*n—24m? ? + 186m* r? — 9mP
+180mP P — 66n 1> — 9P 1° + 66 P 1* — 2707 1P + 9P P — 6P 1tt))
64(t+1)?
m PP (t+2)(t+ 3)(t+4)(t+5)
x (607 + 6072 + 120mi? + 120nmP n+ T4mm + 68 n— 48n1* n+ 6P n+ 26817 1
+ 247 1P + 1811 n?))
61 (f+1)°
OP(t+2)(t+3)(t+4)(t+5)
x (344mn— 1002 + 11m° — 4217 + 5m* — 36/7° + 6% + 164mn? — 31n? n+ 36mm
—2mPn—26m2 P = 2nP e + nP n?)
. 26£(t+1)°
MR (t+ 2)(t+ 3)(£+ 4)(f+ 5)
x (1807 + 18077 + 900m® + 900 n+ 222mit* + 18617 n—72m° n+ 180017 17
+1820mP P + 740mP P + 7T11mP i* — 2475mP i + 438171 1?)
. 6£(t+1)?
PP(t+2)(t+3)(t+4)(t+5)
x (1292 —75n1* — 38m° — 817" + 3 — 318mr? + 81mPn— 152mm + 104men
+23mm* + 10m* n+ 208mP ? + 31 — 26 7 + nP )
s mPE(t+1)? y
moR(t+2)(t+3)(t+4)(t+5)
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x (60m+ 720n+ 56mn + 44477 — 11617 — 16021 — 489/ + 301° — 81mi?
—2064mm + 1131 mm* — 57mm° + 1275mP i — 450m° P + 15nm? *)
28(t+1)?
mPp3(t+2)(t+3)(t+4)(t+5)
x (1800m" i — 1800m° 1 + mP (42861 — 5671 + 894 — 8917 + 45/ + 3000)
+ m?(300077+ 138777 — 84/° + 115217 — 126/°) + m(720° + 7417) + 60/7°)
261+ 1)°
mnpR(t+2)(t+3)(t+4)(t+5)
x (1258 mm* — 1807 — 3060/m° — 19801 n— 180" — 434" n+ 2133 mr°
— 2520mP P — 2688mP P — 1608m° i — 204mP i)
64t+1)>
PP(t+2)(t+3)(t+4)(t+5)
x (1125 — 213° — 1587 m n— 1303 mm* — 8507 n
+210mP + 35472 P — 587 mP P + 212817
+120mP it — 220mP 18 + 757 2 — 5P )
. 12(f+ 1)?
OP(t+2)(t+3)(t+4)(t+5)
x (23117° — 685m* — 440 — 1297 — 80P — 60mm? — 6017 n+ 825mm®
+865m°n— 1026 n?)
6 m(t+1)?
P(t+2)(t+3)(t+4)(t+5)
x (10657 — 20077 — 2250 — 1673 mm? + 5022mP n+ 470mrm + 425mn
— 11951717 — 6012 17)
, 72002+ 1)’ (31 = 5t + 3P + 15miP + 50— 18P 17
P+ 2)(t+3)(t+4)(1+5)
_ 30 mn(t+1)2
PP+ 2)(t+3)(t+4)(t+5)
x (3077 — 548 + 462 — 510mm? + 9802 n+ 120mm + 225m° n— 58017 P
—47/772/73)
mn(t+1)°
00 Bt 2)(t+ 3) (17 8)(7+ 5)
x (18072 — 1201 + 180" — 180mr? + 120mP n+ 137mP n— 287 m? ? — 30mP i)
+ 3600 mPn(n— m) (t+1)2
( l‘;()l‘(+ 2)2(§‘(+ 3)%_1‘)+ H(t+5)
) n+3)(n+2)(n+
S+ 1) /7,03(t+ 5)(t+ 4)(1+ 3)(t+2)
(t+1)%F
/772/72,03([+ 5)(t+4)(t+3)(t+2)
x (=3m(22n+ 91 + 21 + 12) m* + 3m(62n+ 607 + 22 + 31 + 24) P
— (60 + 74n+ 24 + 9% + 9P > — T4mn? — 6017%)
6 m(t+1)*¢
Pr(t+5)(t+4)(t+3)(1+2)
x (5P + (L1n— 212 + m® + 6) P — (1007 + 3172 + 26/8 + 21 + 48) nm
+ (68n+ 18117 + 3448 + 164" + 36/° + 60))
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2 _ 3 _ 5 2 2
_12(t+ 1)%8 (134n+ 12 — 21 — 181 + 3m° + 60)m? + 307 + (37n+ 60) 1M

Mg (t+5)(t+ 4)(+3)(1+2)
6(37/7+ 150)m+ 180772 + (18201 + 71172 + 3871P — 2437 + 9/F + 1800) 17

m o3 (t+5)(t+4)(t+3)(t+ 2)

+2(t+1)%8

, (t+1)28
PR+ 5)(t+ 4)(t+3)(t+2)
x (=15(2n—15)m* — 3(104r7 — 38n— 261P + 1 — 24) nm?
—3(62n7+ 1462 + 81/ + 20817 + 31/F + 60)11P)
2+ 1P —(740n— 24757 — 95418 — 45617 + 69/F + 900)mn
PR3(t+5)(t+ 4)(t+3)(t+2)
5 (t+1)2F
mPr2 P (t+5)(t+4)(t+ 3)(t+2)
x (15(rP2 — 301+ 85) 2 mP + (5611 — 817 — 206472 + 11317 — 57/F + 60) P
+3(148n— 38717 — 534P — 1637 + 107P + 240) nnt*)
, (t+1)2F
mPRR(t+5)(t+4)(t+3)(t+2)
x ((4286/1— 5677 + 894/ — 89177 + 45/ + 3000) 2 1P

—6(14m% —23n-192/7 + 211 — 500) P n?? + 2(37n+ 360) mm* + 60P°)
—2mB(t+ 1)2[75(3/72 —34n+45)mn— (434n+ 47617 — 6384/F + 6607 + 15/ + 180)

ne3(t+5)(t+ 4)(t+3)(t+2)
—6m(t+1)°t

y (354n% — 536n— 5877 + 1201 — 660)m+ (21017 — 68177 — 130317 — 8961 — 840)n

L+ 5)(t+ 4)(t+ 3)(1+2)
, . (12587 + 213377 — 63977 — 3060) /M — 1807

- 2m (1 1) Mo (t+ 5)(1+ 4)(1+ 3)(1+2)
) (5(85/7 — 45071+ 274y m+ (502212 — 17300 — 119577 — 6077 + 160))

PP(t+5)(t+4)(t+3)(t+2)

—6mP(t+1)

6 (1+1)°
OP(t+5)(t+4)(t+3)(t+2)
x (1m(2052n— 1673 + 4707 + 120) P + 317 (355 — 669777 — 5501+ 40)m
— 212317 — 1291 - 440))

_30 (t+1)?

P(t+5)(t+4)(t+3)(t+2)t

x (m*(225r% — 548n+ 120) — n(58017° — 9801+ 4717 + 120) n?®

+ 6720177 — 85n+72)mP + 6P (5n+ 77 — 60)m— 72 (n+ 1))
—60mA(t+ 1)? mP(137n-120) + n(120 — 3077 — 287n)ym? — 180mn? + 1802 (n+ 1)
( ,03()t+ 5)(t+4)(t+3)(t+2)F
2 n—m

+ 3800 1) e e D 3) (T 2)E
Writing the above with Pochhammer factorials gives us Theorem 7.1(ii).

Corollary 7.1. In particular if 7= m, thatis (= 2m+ p) and

o+ @m+p+1)
e @m+p)@m+ p+2)2m+ p+ 3)P

k then
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2m+p+1

mer(2m+ p)*2m+ p+2)2m+ p+3)
+ 6,76 +5p)m® +30°(9 + égp)mz + 2046 + pym+3p°),
.. @2m+p+1)
(i) &)= -2 mPRRm+ p)?@2m+ p+2)2m+ p+3)2m+ p+4)2m+ p+5)

x (864m*3 + 72(50p + 119) m*?
+12(536% + 2821p+ 2730) m*!
+ 6(1076% + 94932 + 20270+ 10035) /70
+3(13302" + 1783547 + 632822 + 694050+ 17 682) P
+3(519p° + 10261p* + 54417p° + 99007 % + 56 475p + 5964) P
+3p(125p° + 37150* + 282850° + 76 12707 + 72408p + 17 496) m’
+ p(51pP + 249315 + 27 480" + 1036350° + 14462117 + 58 324 — 960)/m
+ [A(30° + 31805 + 54901" + 2859043 + 537872 + 31712p— 480) 1
+ PP(180° + 63347 + 47401° + 1108247 + 7678p — 240)
+ PA(330% + 43818 + 114302 — 640p — 840) /1P
+205(90° + 2417 — 421 p— 540) P
—4(37p+ 150) 6 m-120p").

(i) HHP =4 (12 + 6(5p+ 2) 1P + 4p(9 + 10p

Proof. The case for equal marginal probability density functions occurs when 7 = m, that is,
when (¢ = 2m+ p). In this case,

o+ @m+p+1)
C tw @mEp)@m+ p+2)2m+ p+ 3P

(1) Substituting m = n, that is ¢t = 2m+ pand kinto Theorem 7.1(i), we obtain the following
expression for kurtosis.

k

E(Q?) = 2K ¢

x ((3m+3m+4mm) P
—2((=m® =3mP +2m+3)nmP? + m(n® + 3n? + 6m+12)m+3m?)t
+ (mP(=2mP — 6nP + 3) + 2m(21m+ 6nP + nr + 24) P
—2mR(Tm+ 3mP — 24)m+ 3nP))

+2L;

x (=3((10m + 2P + )P — 2m(n? + m— 15)m+ 13m2) £
+ (12)mm(6m+6m+ mm)t— (712)m? n¥)

. 2## x (2m2m+3) £ — 4mP(4m+ 9) ¢+ 2mP(14m + 51))

12K « (L12n2@2m+13) R + 12(m+ 12) B t— 121
=2 £ @m+ p)? x 2m2m+3)2m+ p)? — 4n(@Gm+9)(2m+ p) + 2mP(14m+ 51))

nr
vk (-12mP(2m+ 13)(2m+ p)? + 12(m+ 12)mP(2m+ p) — 72n71*)
(2/77k+ p)

= Yem o)
x (12718 + mP(30p+ 12) + (36 + 400%) + mP (3617 + 300°) + MP(27° + 120%)

+ m(12p% + 2p°) + 3p°)
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2m+ p+1
me*(2m+ p)*(2m+ p+2)2m+ p+3)
x (12mP + mP(30p + 12) + mP(36p+ 400?) + nP(3642 + 300°) + mP(270° + 121%)

+ m(12p4 +2p°) + 30°)
which simplifies to Corollary 7.1(i).

@2m+p+1)

(it) Substituting m= n, t=2m+ pand k = Qm+ 0)@2m+ p+ 2)2m+ p+ 3)17

into

Theorem 7. 1(ii) we obtain the following expression for skewness.
EO%) = (2m+ p) +1)*@m+ p)(m+3)(m+2)(m+1)
m/73((2m+ p) +5)(@2m+ p) + ) (2m+ p) +3)((2m+ p) +2)
(@m+p) +1)*@m+ p)°
n72n72p3((2m+ P +5)(C2Cm+p)+4)((2m+ p)+3)((2m+ p) +2)
x (=3m(22m+9m? + 2P + 12)m* + 3m(62m+ 6017 + 22m° + 3m* + 24) m®
— (60 +74m+ 24n7 + 9’ + 9/775)/772 T4mn? — 60mP)
m@m+p) +1)*2m+ p)*
/772/73((2/77+ p) +5)((2m+ p)+4)((2m+ p) +3)((2m+ p) + 2)
x (5mPm? + (11m—2m? + mP® + 6)mn? — (100m+ 31nP + 26 + 2m* + 48)mm
+(68m+ 18117 + 344 + 164/774 +36/m° +60))
(@m+p) +1)*m+p)*
mzmp3((2m+ D) +5)((2m+p)+4)(2m+ p) +3)((2m+ p) +2)
x ((134m+12n7 - 21m° - 18/774 +3m° + 60)m? + 307 + (37m+ 60) mm)
(@m+p) +1)*@m+ p)°
/772;73((2/77+ p) +5)(@2m+ p) +4)(2m+ p) +3)((2m+ p) + 2)
x (6(37m+ 150)mm+ 18017 + (1820m+ 711m° + 387 — 243m* + 9mP + 1800) 7
(@m+p) +1)°@m+ p)°
/772/73((2m+ p) +5)((2m+ p) +4)((2m+ p) +3)((2m+ p) + 2)
x (=15(2m— 15)n? nt* — 3(104m° — 38m— 261mP + m* — 24) mn?®
—3(62m+ 14617 + 81n° + 208m* + 31mP° + 60) mP)
(@M ) +1)? —(2m+ p)3(740m— 2475m? — 9547 — 456 n1* + 69m° + 900) mm
g mPp*((2m+ p) + D)(@m+ p)+4)(2m+p) +3)(2m+p) +2)
(@m+p) +1)*@m+ p)?
/772/772p3((2m+ p)+5)(2m+p)+4)((2m+ p)+3)((2m+ p) +2)
x (15(m? — 30m+ 85)mP nP + (56m— 81m? — 2064m° + 1131m* — 57m° + 60) P
+3(148m— 387 — 534m° — 163/774 +10m° + 240) mm?)
(@m+ p) +1)*@m+ p)?
/772/772p3((2m+ p)+5)(2m+p)+4)((2m+ p)+3)((2m+ p) +2)
x ((4286/m—567m> + 894m° — 891n* + 45m° + 3000) P
—6(14n7 — 23m—192nm® + 21m* — 500) m® m? + 2(37m+ 360) mnt* + 6017P°)
(@m+p) +1)°@m+p)
mp*((2m+ p) +5)(2m+ p) + 4)((2m+ p) + 3)(2m+ p) +2)
x (75(3m? — 34m+ 45)mm — (434m+ 476117 — 6384m° + 66017 + 15m° + 180))
(@m+p) +1)°@m+p)

" P (@m p) + 5)(@m+ p)+ 8)(@m+ p) +3)(2m+ )+ 2)
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% (354777 — 536/m— 5871 + 1207 — 660)m
+(210m* - 68m? — 13031 — 896/m — 840/272/77) -
L (2m+ p)((1258m+ 213377 — 63977 — 3060)m — 180/m)
2 @M D) ) G+ by + 5) (@t p) DY@ P+ 3) @ p) + D)
Py (2m+ p) +1)?
F(@m P+ 5@+ )+ 4(@m 5+ 3N@m P+ D)
X (5(85/772 —450m+ 274)m+ (5022/772 —1730m—1195mP — 60m* + 160))
(@m+ p) + 1)°
O @m py B @m p) + A\ @m P 3N @m P+ )
% (M(2052m— 167317 + 4701F + 120) 72 + 3mP(3557F — 669717 — 550m+ 40)m
— 2P 3107 — 129m - 440))
(@m+ p) + 1)°
0@ p 5 @mr p)+ A@m p) + 3@t )+ @M p)
% (M (22517 — 548+ 120) — mM(580P — 980m+ AT + 120)
- 61P(20m2 — 85m+ 72) P + 61 (5m+ TTnP — 60)m— 72 (m+ 1))
(@m+ p) + 1)
F(@m P+ 5)(@me p)+ (@m+ p) + 3N@m P+ D@m by
% (mP(137m— 120) + m(120 — 3077 — 287m)n — 180mm? + 180m*(m+ 1))

— 60mm

(@m+ p) + 1)*(m—m)
+ 000 G )+ B @m p) + A\ @m e )+ B\ @m )+ D@mT P
5 @m+ p+1)?

mRm+ p)? @Cm+p+2)2m+ p+3)2m+ p+4)2m+ p+5)
x (17892 +53046m° + 60210m*° — 120p" + 32760m** + 8568/m*
+864m*3 — 600mp® — 960m°p— 148mp’ +52488m’ p+ 169425mFp
+208215m°p+ 121620/ p + 33852/ p + 36002 p — 1080772 15
— 840/ ¢ — 240 1P — 4807F 1P — 84218 — 640F P + 1678 0
+31712mP 0% + 58324mP p? + 48P p" + 1143 o + 11082/ p° + 53787 P p*
+144621mP p° + 217224m’" p? + 18mP p° + 438mPp” + 4740 p® + 2859017 p°
+ 10363575 0% + 228381m" 03 + 297 021mB 2 + 33mP 8 + 633mP b + 5490777 1
1 2748078 ° + 8485517 o + 163 251mPp® + 189846/7° 2 + 18P 1B + 318mF o
+2493mP P + 11145m’ p° + 30783mP p* + 53505m° p* + 56 958 M p? + 3P PP
+51mPp” + 375m’ p° + 1557 mP p° + 3990m° p* + 6456 m'° p® + 6432 m* p?)
2 @m+p+1)2
mpe(2m+ p)2 @m+p+2)2m+p+3)2m+ p+4)2m+ p+5)
x (86413 + 2 (3600 + 8568)

+ mi1(33852p+ 643202 + 32760)
+ m9(121620p + 56 9587 + 6456 + 60210)
+ mP(208215p + 1898462 + 5350503 + 39900* + 53046)
+ mB(169425p + 2970212 + 16325147 + 307830 + 155745 + 17892)
+m’(52488p+ 217224 + 228381 ° + 848550* + 111450° + 375°)
+ mP(5832402 — 960 + 14462113 + 1036350" + 27480° + 249300 + 5107)
+ mP(317120° — 4802 + 537870 + 2859045 + 549048 + 31847 + 31°)
+ mA(T6T80" — 24003 + 1108245 + 47408 + 63307 + 18/8)
+ mP(11430° — 64005 — 840" + 43807 + 3318)
+ MP(48p7 — 8421F — 108045 + 1848)
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+ m(—600p° — 148p")
—120p")
Factoring and collecting terms yield Corollary 7.1(ii).

(t+1)% 3m+1)

llary 7.2. If m= n= p, thatis = k= -
Corollary m= n= p,thatis 3mand ta G GBm 2@ 3)

. _ 56 3m+1)
then (|) E(QZ) = Tm

, (32418 + 2421 + 62731F + 66612 + 2372/m - 60)
(Bm+5)(3m+ 4)(3m+2) '

(i) A =-S2@m+1)

(t+1)% 3m+1)

Proof. (i) Substituting m= n= p, thatis = 3mand k = o @rP)GBmL2GEmL3)

into Theorem 7.1(i), we obtain the following expression for kurtosis.

) Bm+ 3m+ 4mm)(3m)® + 12 m?(6m+ 6m+ mm)(3m) — 12nP m?

m? mm((3m) + 3)((3m) + 2)(3m)?
, 3P + (6//7777(+(3m)21 n)rg(+ 12))J;nn)7(4r (Z)m— 3m? — P +3)nP

EQ?) = 2((3m) +1

~4((3m) J(r(i)(fm)l)(s ) 2 mm((3m) + 3)((3m) + 2)
m) + m
2 Gmy + 3y @my 12y < (G2 = emm

+2Q1m+ 6mP + nP + 24)mn? — 2(Tm+ 3n? — 24)mPm+ 3m°)
(=10m—2n? - 9)nm? + 2(m+ n? — 15)mm — 137
((3m) +3)((3m) + 2)n?
(~328m— 4817 — 104)

(668/m+ 16817 + 204)
_744m— 28877 — 216
TSy apEaa A )

1436m+ 672m + 404).
. " 15m+ 97 +6.( o +..) :
With some algebraic manipulations, the above simplifies to Corollary 7.2(i).

@Bm+1)
(BmP)(3m+2)(3m+ 3)
into Corollary 7.1(ii), we obtain the following expression for skewness.

AOF) - - 2 @m+ m+1)?
mPrR@m+ m)? 2m+m+2)2m+ m+3)2m+ m+4)(2m+ m+5)
x (864m*3 + m'?(3600/m + 8568) + /m*1(33852m+ 6432m° + 32760)

+ m*°(121620m + 56 958/ + 64561 + 60210)
+ m°(208215m + 189846/m° + 53505/ + 3990177 + 53046)
+ mP(169425m+ 297021 + 163251 + 30783m* + 1557m° + 17892)
+m'(52488m+ 217224 + 228381 m° + 84855m* + 11145m° + 375n°)
+ mP (583247 — 960m + 144621 m° + 10363517 + 27480m° + 2493m° + 51m

+6((3m) +1)

_ 1
5m+3m? +2
T Smtan?+2

(ii) Substituting p = m, thatis (¢=3m, m= n= pand k =

)
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+mP (31712 — 4807 + 53787 n7* + 28590/ + 5490m° + 318m’ + 3mP)

+ mA(7678m* — 240m° + 11082° + 47401 + 633m" + 18n7)

+ mP(1143mP — 640m° — 84017 + 438m’ + 33mP)

+ mP(48m’ — 842mP — 1080/ + 18n) + m(—600/mP° — 148m") — 120m").
Some algebraic manipulations of the above yield corollary 7.2(ii).

8. The Shannon’s Entropy Function

The Shannon Entropy for any bivariate density function is defined by A7) = —£[In i x, ))].

Theorem 8.1. Let A x; )) be the pdf of bivariate Dirichlet distribution given by (2.2). Then the
Shannon Entropy for A x y) is defined by Nadarajah and Zogfaros (2005) as

H(H = In(C(mIT(mI(p)) + (m+n+ p-3)Y(m+n+ p)
—InT'(m+n+p)—(m-D)¥Y(m) - (n-1)¥Y(n) - (p- L)Y (p).

where ¥(w) = d%ylnl“(w).

9. Bivariate Dependence Function

Sankaran and Gupta (2004) defined the local dependence function for any bivariate pdf as

0% In(Ax 1)
oxoy

Theorem 9.1. Let A x, ) be the pdf of bivariate Dirichlet distribution given by (2.2). Then, the
local dependence function for the bivariate Dirichlet distribution is

PIn(xy) __ 1-p
Ny (1-x-p)?

where p> 0,x>0,y>0, and x+ y < 1.

Proof. The local dependence function for the bivariate Dirichlet distribution is

5 (m+n+ p) Lo v g
?In(Ax)) _ o In(r(m)r(n)r(p)X”FV%(1 X=Y) )
oxoy X0y
% (In( a2 ) + (m=1) In(x) + (1= 1)) + (p- D IN(A - y- 1))
- . X0y
—p

2XY—2)—2X+ X+ )2 +1
which is equivalent to the theorem.
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