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Abstract

Consider two Hilbert spaces H and V such that V. ¢ H C V' (dual of
V). Our aim is to study the asymptotic behavior of solutions of the following

problem
ug (t) + Au(t) — [ g(t — s)Au(s)ds = 0, t>0
u(0) =up €V, ut(0) =y € H,

where A: V — V' is a self-adjoint “differential” operator satisfying
< Au, v >yigy=< Al/zu,Al/% >HxH

and g : R4+ — IRy is a positive nonincreasing differentiable function. We will
show that the dissipation induced by the integral term is strong enough to have
a uniform stabilization. We also give some applications.

Keywords : exponential decay, hyperbolic, polynomial decay, relaxation func-
tion, viscoelastic.
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1 Introduction

Cavalcanti et al. [6] studied the following equation
t
uy — Au + /g(t — 7)Au(7)dT + a(z)u; + |u]"u =0, in Q x (0, 00),
0

for a : 2 — IR, a function which may vanish on a part w C Q of positive measure.
Under some geometry restrictions on w and

a(xr) > ag>0, Vr € w,
—&g(t) < g'(t) < =&y(t), t >0,
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the authors established an exponential rate of decay. Berrimi and Messaoudi [2]
improved Cavalcanti’s result by introducing a different functional which allowed them
to weaken the conditions on both a and ¢g. In particular, the function a can vanish
on the whole domain {2 and consequently the geometry condition has disappeared.
In [7], Cavalcanti et al considered

wy — koAu + /div[a(m)g(t — 7)Vu(r)]dr + b(x)h(us) + f(u) =0,

under similar conditions on the relaxation function g and a(x) + b(z) > p > 0,
for all € Q. They improved the result of [6] by establishing exponential stability
for g decaying exponentially and A linear and polynomial stability for g decaying
polynomially and h nonlinear. Their proof, based on the use of piecewise multipliers,
is similar to the one in [6]. Though both results in [2] and [7] improve the earlier one
in [6], the approaches as well as the functionals used are different. Another problem,
where the dissipation induced by the integral term is cooperating with a damping
acting on a part of the boundary was also discussed by Cavalcanti et al [4]. Also,
Cavalcanti et al [5] studied, in a bounded domain, the following equation

t
lug|Pug — Au — Aug + / g(t — 7)Au(r)dT — yAu, =0, p >0,
0

and proved a global existence result for v > 0 and an exponential decay for v > 0.
This decay result was later pushed by Messaoudi and Tatar [10] to a situation where
a source term is present. A related result is the work of Kawashima [8], in which
he considered a one-dimensional model equation for viscoelastic materials of integral
type where the memory function is allowed to have an integrable singularity. For small
initial data, Munoz Rivera and Baretto [13] proved that the first and the second-order
energies of the solution to a viscoelastic plate, decay exponentially provided that the
kernel of the memory decays exponentially. Kirane and Tatar [9] considered a mildly
damped wave equation and proved that any small internal dissipation is sufficient to
uniformly stabilize the solution by means of a nonlinear feedback of memory type
acting on a part of the boundary. This result was established without any restriction
on the space dimension or geometrical conditions on the domain or its boundary.
Furthermore, Berrimi and Messaoudi [3] considered

! —2
uy — Au + /0 g(t — ) Au(r)dr = [u|’ " u

in a bounded domain and p > 2. They established a local existence result and showed,
under weaker conditions than those in [7], that the local solution is global and decays
uniformly if the initial data are small enough.

Concerning nonexistence, Messaoudi [11] studied

t
uy — Au + /0 gt — T)Au(T)dr + a|ug|* 2wy = bulf " u

and proved a blow up result for solutions with negative initial energy if p > « and
a global result for p < «. This result has been later improved by Messaoudi [12]
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to accommodate certain solutions with positive initial energy. By the end it is also
worthmentionning the work of Aassila et al [1] in which an asymptotic stability and
decay rates, for solutions of the wave equation in star-shaped domains, were estab-
lished by combination of memory effect and damping mechanism.

In this paper, we consider an abstract viscoelastic problem of hyperbolic type of
the form
u (t) + Au(t) — [3 g(t — s)Au(s)ds = 0, t>0 (1.1)
U(O)IUOE‘/, Ut(O) =u € H, ’

where A : V — V' is a self-adjoint “differential” operator satisfying

< Au,v Sy =< A1/2u, A1/2’0 >HxH (12)
[0]]* < GollAY20l)?, YoeV, (1.3)
||.|| denotes the norm in H, and ¢ : IR, — IR, is a differentiable function satisfying
g(0)>0, 1 /g(s)ds —1>0 (1.4)
0
3
g(t) < =€g°(1), 120, 1<p<gz. (1.5)

We show that the dissipation induced by the integral term is strong enough to stabilize
the system. Precisely, we prove that the decay is exponential if p = 1 and polynomial
if p > 1. As an application to our result we go over some problems related to the
wave eqaution, the Petrovsky system, and the multi-dimensional wave eqaution.
Definition: By a weak solution of (1.1), we mean a function

ue C([0,7);V)nC([0,T); H)

satisfying, for almost every ¢ > 0 and for every v € V

d t
a7 < w(t),v > + < AYV2u(t), AV > —/ g(t —s) < AY?u(s), AV* > ds =0
0

u(0) = wugeV, u(0) =uy € H.
We also define the energy by

£) = (1 -/ g(s)ds) AP + Sl + 5lo0 AP0, (16)
where

(gov)(t) = /g(t—T)Hv(t) —v(7)|[*dr. (1.7)

Remark.1.1. Condition p < 3/2 is made so that

/OO g 7P(s)ds < oo.
0



2 Decay of solutions

In this section we state and prove our main result. For this purpose we set
F(t) = E(t) + e 0(t) + eax(1), (2.1)
where £ and e, are positive constants and

\I/(t) D =< U,Ut >HxH (22)
X - o=—< ut,/g(t ~ D) lt) — w(r))dT > -

Lemma 2.1 For r > 1 and 0 < 0 < 1, we have

t

1/r (r=1)/r
/gt 9)lhu(s \\2ds<(/g” 9)lh(s )H2d8) (/g“*“”/“—”(t—s>uw<s>||2ds)

0

for any w € H.
Proof. It suffice to note that

t t
[att=s)llw(s)|Pds = [ g4/t = ) [w(s)] 29" 0 (t = ) luw(s) [0/ ds
0 0

and apply Holder’s inequality.

Lemma 2.2. Let v(t) be such that AY?v € L=((0,T); H) and g be a continuous
function on [0,T] and suppose that 0 < 6 < 1 and p > 1. Then, there exists a
constant C' > 0 such that

t t p—1+6
[ att = )| AV2u(t) — A2u(s)]Pds < © ( sup (|4 0(s)|P? [ gl—%s)ds)
0 0<s<T 0
t p—1+6
x ( / gt — 8)||AV2u(t) — A1/2v(s)||2ds) . (2.3)
0

Proof. By using lemma 2.1 with r = (p — 14 0)/(p — 1), we obtain

p—1

t p—1+6
[ tt=)l1A120(t) — AY2u(s)][2ds < ( [0t = s)l1av2e <>—A1/2v<s>||2ds)
0

t p—1+6
X (/ gP(t — s)||AY?u(t) — A1/2’U(S)||2d8) ) (2.4)
0
It is easy to see that
t t
[ 90 = DA ule) = A Pu() s < C sup AP [ g (5)ds (25)
0 s 0
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By combining (2.4) and (2.5), the proof of the lemma is complete.

Lemma 2.3. Let v(t) be such that AY?v € L=((0,T); H) and g be a continuous
function on [0,T] and suppose that p > 1. Then, there exists a constant C > 0 such
that

t t (p—1)/
[ ot = )l A120() - AV2u(e)| s < € (t||A1/2v<t>||2 +f ||A1/2v<s>||2ds)
0 0

1/p
( [t = s)avzu) - A1/2v(s)||2ds) . (2.6)
Proof. We use (2.5), for # =1 to arrive at
t t (r=1)/
[ att = )14 (1) — A20(s)|[ds < ( [ 14720(1) - Al/%(s)n%zs)
0 0
t 1/p
X (/ gP(t — s)||AY?0(t) — Al/zv(s)||2ds> . (2.7)
0

It suffices to note that

t
/||,41/2 = AVRy(s)|[Pds = ] A2 (0) 2 + [ 1]A4Y20(s)] s
0

to obtain (2.6). This completes the proof.
Lemma 2.4 If u is the solution of (1.1) then the energy & satisfies

£16) = 5o o AVu)(1) ~ gD AV < 5o 0 AVu)(r) < 0. (23)

Proof. By multiplying "scalarly” equation (1.1) by wu;, using (1.2)-(1.5) with some
manipulations as in [11], we obtain (2.8).
Lemma 2.5. For 1 and £5 small enough, we have

W F(t) < E(t) < asF (1), (2.9)

holds for two positive constants oy and «s.
Proof. Straightforward computations lead to

F(t) < @) + (21/2) [Jue [ + (£1/2) [[ul[?
. (2.10)
+ (e2/2) el * + (e2/2) || [ 9t = 7)(u(t) — u(7))drI*



By using (1.2)-(1.4), we have
1 9(¢ = 7)(a(t) — u(r)dr] = [ ot = P)l(t) ~ u(r))ldr
(Valt =)’ u(t) = u(r)|ar) " (J (Vati=7)"ar) "
o= —u ) (fFate—mar)
"
Therefore (2.10) becomes
FUE) < £(0) + (61 + 22)/2 P + (21/2) G4V
+(6a/2) G0 Dl 0 AV0)(1) < s ().
Similarly we have
F1) 2 £0) — (2/2) [l — (<1/2)
~ /2 lull - (=2/2) Gy(1 = g0 AV) ()
> LAV + Yl + 3o 0 AV2)(0) — o1+ 22) /2]
@) AU ~ (e/2) Gyt ~ Dl 0 AV20)(0) 2 s ()

for e; and e; small enough.
Lemma 2.6 Under the asumptions (1.2)-(1.5), the functional

U(t) ;=< u,us >gxn

satisfies, along the solution of (1.1),

t

/92_p(7)d7} (g7 o Al/2u)(t).

0

l 1
V() < [l = 5114l + 7

Proof By using equation (1.1), we easily see that
t
(1) = Nl = 1AY2ul 24+ < AY2u, [ g(t = 7)A2u(r)dr >men
0

We now estimate the third term in the right side of (2.15) as follows:

t

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

¢
1 1
< AV, /g(t — T)Al/zu(T)dT > < §||A1/2UH2 + -] /g(t — 7')141/211(7')d7'||2
0

2
0
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—_

< Sl1AY 2l + II/g YAV (u(r) — u(t) + u(t))dr]?. (2.16)

[\]

We then use Cauchy-Schwarz 1nequahty, Young’s inequality, and the fact that
t o]
/g(T)dT /g Ydr =1—1,
0 0
to obtain, for any n > 0,

1 gt = 7)AV2(u(r) = u@) + u(®)dr|l? < || g(¢ = 7)(A2u(r) — AV2u(t) dr|

4| Ofg(t C Ayt dr| 2 + 2 < Ofg(t — AV (u(7) — ult))dr, Of g(t — )Y AV2u(t)dr >

t
< (L)l [ gt = T)APu(t)dr|]* + (L + DI ] g(t — 7)(AY2u(r) — AV2u(t))dr]|*.
0 0
(2.17)
At this point, we exploit Cauchy-Schwarz inequality, to estimate

[ / g(t = 7)(AY2(u(r) — u(t)dr|[* = ( [ ot = nl1a"2u(r) - A1/2u<t>||df)
- (/g1 g3 — 1) || A u(r) - u<t>>||dr) (2.18)

< ( / g2—p<7>df) [t = DA () — u)| P

Thus (2.17) takes on the form

I fot = m)AY2(u(r) — () + (i)
<(1+n) (Ofgu - T>df) A2 ()2 + (14 1) (f gz—pmdf) (g 0 A1V20)(1)

< (@)1= DAl + (04 3) (Farioar ) (@0 4200,
(2.19)
By combining (2.15)-(2.19), we have

V) < el g -1 ()= 7] AP (2.20)

+(1+ %) (0/ g2_p(7‘)d7‘) (g7 o AY2u)(t).

By choosing n =1/(1 —[), (2.14) is established.
Lemma 2.7 Under the asumptions (1.2)-(1.5), the functional
t
w(t) = = <, [ glt = 7)(u(t) - u(r)dr >
0
7



satisfies, along the solution of (1.1),

X'(t) < o{1+201-1) }IIAl/QUI|2+{25+ [/92 " ] g" o AYPu)(t)

—l—%g)C (— (g’oAl/Zu)(t) +{5—/g(s)d8}||ut||2, VE > 0.

Proof. Direct computations, using (1.1), yield

V() = = <, [ g(t=)(ult) - u(r)dr >

= <, [ 9= T)(ult) ~ u(r))dr > - ( / g(s)ds) [

0

= = < AV2u(t), [ glt = AV (u(t) ~ u(r))dr >

—</ glt = 1A u(r)dr, [ gt = $)(A2u(t) - AV2u(s))

0
¢
- < ut,/gt—T ) —u(r d7'>—</g )||ut||2
0

(2.21)

(2.22)

Similarly to (2.15), we estimates the right-side terms of (2.22). So for 6 > 0, we have

The first term

t
< AV2u(t), [ g(t = T)(AV2u(t) - AYRu(r))dr >
0

o
< ol AM2ulPde + - 0/ G (r)dT) (g7 0 AV2u)(8).

The second term

< Of gt — $) A1 2u(s)ds, Of g(t — 5) (AV2u(t) — AV2u(s)) ds >
< o1 gt = )A 2 u(s)dsl P+ 1 ot = 5) (AV2u(t) = AV2u(s)) ds
< 01| glt = $)AY (u(t) — Aus) + u(®)) ds| P
11T 90t = 5) (AV2ult) — AV2u(s) ds]
<(20+ %) Ofg<t — ) (AY2u(t) — AY2u(s)) ds||* + 20 (1 — 1) || A2
< (20+ %) l _Of‘ gz—p(T)dT] (g 0 AY2u)(t) + 26(1 — 1)2[| AV2ul|2.

8
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The third term

— <, [ /(0= P)(u(t) — u())dr > Bl + 4= ( [ =gt = 9)llutt) - u<7>||df)

(2.25)
We then use, simarly to (2.11), Holder’s inequality to estimate

—g(t = 9)|lu(t) = u(r)lldr < ([ = (t = 5)an) "2 [~g o w)(t)] " (2.26)

o— .

< Cy(9(0))" [g 0 AYu)(1)] "

Hence (2.25) and (2.26) give

- < ut,o/g (t—71) —u(7))dT >< §||ug||* + %g)cp(—(g' o AY2u)(t). (2.27)

By combining (2.22)-(2.27), the assertion of the lemma is established.

Theorem 2.8 Let (ug,uy) € V x H be given. Assume that (1.2)-(1.5) hold. Then,
for each ty > 0, there exist strictly positive constants K and k such that the solution
of (1.1) satisfies, for all t > t,

£(t)
E(t)

Ke ™, p=1 (2.28)

<
< K1+t Veb  p>i.

Proof.
Since g is continuous, positive and ¢(0) > 0 then for any ¢, > 0 we have

to

t
/g )ds > / S)ds=go >0, >t (2.29)
0

By using (2.8), (2.14), (2.21), and (2.29), we obtain

PO < = leafoo — 3 - el - |51 - ex0(1-+20 - D} a2l 230

~e(3-alo,- a2 [0 >goA1/2 )

At this point we choose § so small that

1 2 1

Whence ¢ is fixed, the choice of any two positive constants £, and &5 satisfying

1 1
19082 < e < 59082 (231)
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will make

ki = 82{90—(5}—81>0

k‘g = %1[ —825{1+2(1 —l)} > 0.

We then pick €1 and £5 so small that (2.9) and (2.31) remain valid and

1 9(0)

2 2745

C, — [% + e2{2 + % ]/92_p(7)d7 > 0.
0

Therefore, for all ¢t > t,. we have
F/(t) < =B [[[udl P + [|AY2ul|” + (g7 0 AY2u)(8)] - (2.32)
Case 1. p = 1: We combine (1.6), (2.9) and (2.32) to get
F'(t) < =BiE(t) < —pranF(t) Yt >ty (2.33)
A simple integration of (2.33) leads to
F(t) < F(tg)elrertoe=hoat =yt > ¢ (2.34)
Thus (2.9), (2.34) yield
E(t) < auF(ty)efortog=hont — =t Vit > tp. (2.35)

Case 2. p> 1.
By using (1.4) and (1.5) we easily deduce that

/ g 7 (r)dr <00, 0 <2—p,
0

so lemma 2.2 yields

(p—1)/(p—1+0)

(g0 4 u)(t) < 0 {(g" 0 4 )0} { ([T 9 (ar) £0))

(2.36)
Therefore we get, for o > 1,
E°(t) < C&H0) (/u?dx + ||A1/2u||2> +C {(g o Al/zu)(t)}a
Q
< C&77H0) ( / uidr + \\A1/2u||2) (2.37)
Q

(p—1)/(p—1+0) }oe/(p—1+9)

refe) [T gt} {(g7 0 A7) (1)

Y
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1

where C' is a generic positive constant. By choosing § = 5 and ¢ = 2p — 1 (hence

d6/(p — 1+ 0) = 1), estimate (2.37) gives

E(t)<cC {/ufdaz + ||AY2u| |2 + (g7 o Al/zu)(t)} (2.38)
0
By combining (2.9), (2.32) and (2.38), we obtain
F'(t) < —%ga(t) < —% (a1)” FO(t), Vit > to, (2.39)

for some constant G, > 0. A simple integration of (2.39) over (to, t) leads to
F(t)<CA4t)"Ye=D vt > ¢, (2.40)

As a consequence of (2.40), we have

/OOO F(t)dt +suptF(t) < oo. (2.41)

>0

Therefore, by using Lemma 3.3, we have

o) (p—1)/p
go A%y < C [/ | AY2u(s)||%ds + sup ]| AY?u(t)]? (9P o AY2y)1/P
0 ¢
) (p—1)/p . .
<cC [ / F(s)ds + tF(t)} (g o V) < C(g 0 V)P,
0
which implies that
g’ oVu > C(go Vu)’. (2.42)
Consequently, a combination of (2.32) and (2.42) yields
F(t)<-C { /Q )z + | AV2u(®)|? + (g 0 Vu)p(t)] V> o (2.43)
On the other hand, we have , similarly to (2.37),
E7(t) < C [ [ )+ | AV2u(t)| + (g o Vu)p(t)] V> o (2.44)
Q

Combining the last two inequalities and (2.9), we obtain
F'(t) < —CFP(t), t>t. (2.45)
A simple integration of (2.45) over (to,t) gives
F(t) < K1 +t)7Ye D ¢ >4,

This completes the proof.

Remark 2.1. Estimates (2.28) also hold for all ¢ € [0,ty] by virtue of continuity
and boundedness of £.
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3 Applications.

1) Wave Equation:

t
ug — Au+ [ g(t — 7)Au(r)dr =0, in Q x (0, 00)
0
u(z,t) =0, x€0Q ,t >0 (3.1)
U(ZL’,O) = Uo(l’), ut(x>0) = ul(x)> YES Q>
where 2 C IR" (n > 1) is bounded with a smooth boundary 02 and g > 0 satisfying
(1.4) and (1.5).
Theorem 3.1. Let (ug,u;) € HY () x L2(Q2) be given. Assume that g satisfies (1.4)
and (1.5). Then, for each ty > 0, there exist strictly positive constants K and k such

that the solution of (3.1) satisfies, for all t > tq, the decay estimates (2.28).
Proof. It suffices to take

H = L2(Q), V = HS(Q), A=-A
It is well known that

< —Au, v >:/ YVuVods, Nu,veV
Q
and, by Poincare, we have
/u2d93 < Cp/ |Vul?dx
Q Q

The energy is

All conditions of Theorem 2.8 are satisfied. So (2.28) follow

Remak 3.1. Note that our result is proved without any condition on ¢” and ¢".
Unlike what was required in [6], we only assume (1.4) and (1.5).

2) Petrovsky system

¢
uy + A% — [g(t — 7)A%u(7)dr =0, inQ x (0,00)
0

u(z,t) =0, =0, z €00, (3.2)
U(ZIJ',O) = U‘O(x)7 Ut(flf,O) = ul(x)v r e

where 2 C IR" (n > 1) is bounded with a smooth boundary 02 and g > 0 satisfying
(1.4) and (1.5).

Theorem 3.2. Let (ug,u;) € HZ() x L2(Q2) be given. Assume that g satisfies (1.4)
and (1.5). Then, for each ty > 0, there exist strictly positive constants K and k such
that the solution of (3.2) satisfies, for all t > tq, the decay estimates (2.28).

Proof. It suffices to take

H=1IXQ), V=HXQ), A=A
12



consequently, we obtain
< A?u,v >= /QAuAvd:c, Yu,v e V.
By using Poincaré’s inequality and Green’s formula, we have
/u2d:c < Cp/ |Aul*dz
Q Q

We define the energy by

£t (1—/g )HAu>W+§WMP+§@ko@»

All conditions of Theorem 2.8 are satisfied. So the decay estimates (2.28) follow.
3) Higher-order Wave Equation:

Uy + (—1)"D*™y — ftg(t — 1) (=1)™D*™yu(r)dr = 0, in (a,b) x (0, 00)
0

DFu(a,t) = Dru(b,t) =0, t >0, k=0,1,..,m— 1 (3.3)
u(z,0) = ug(x), u(z,0) =uy(x), = € (a,b).

We set
HI' Q) ={ve  H™Q) /| v(z)=7(z)= ... =™ V() =0, z=a,b}

Theorem 3.3. Let (ug,uy) € HY'(Q) x L*(Q) be given. Assume that g satisfies (1.4)
and (1.5). Then, for each ty > 0, there exist strictly positive constants K and k such
that the solution of (3.3) satisfies, for all t > to, the decay estimates (2.28).

Proof. It suffices to take

H=1L1*Q), V=H"Q), A= (-1)"D""u
By using "repeated” integration by parts, we easily see that
< Au,v >= /QDmquvd:c, Yu,v e V
and, by repeating Poincaré’s inequality several times, we have

/u2d:c < Cp/ | D™ u|*dx
Q Q

The energy is

5@%=%<1—/Q@M%HD”MMP+%WMP+%@0D%O®

All conditions of Theorem 2.8 are satisfied. So the decay estimates (2.28) follow.
Acknowledgment: The authors would like to express their sincere thanks to King
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