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Abstract

Injective modules are known to be precisely those over which every
compatible system of linear equations is solvable. In this note, we
introduce the concept of strong compatibility to give an analogous,
but not generally known characterization of quasi-injectivity.

Throughout, R is an associative ring with 1, and M always denotes a left
R-module. For any set I, M and MD denote respectively the direct product
and the direct sum of |I| copies of M, and their elements are represented by -
column vectors. By a system (S) of equations over an R-module M is meant
a set of linear equations of the form Az = b, where A is a row-finite J X K ma-
trix over M and b € M”. (S) is said to be compatible if, whenever p € RY),
pT A = 0 implies pTb = 0. It is well-known that a module is injective if and

only if every compatible system of equations over it is solvable. Using Baer’s
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criterion, we can even restrict to systems in one unknown. Qur objective is to
discuss an anologous equational characterization for quasi-injective modules,
and which does not use the existence of injective modules. Recall that M is
quasi-injective if every R-homomorphism N — M, where N is a submodule

of M can be extended to an endomorphism of M. We first need the following

Definition. With the same notation above, we say that the system (S)
is strongly compatible over M, if there exists m € MX such that whenever
p € RY) | pT Am = 0 implies pTb = 0.

It is easy to see that for any system (S) we have the following implications:

(S) is solvable=> () is strongly compatible=> (S) is compatible.

Proposition. For the R-module M, the following statements are equivalent.
(i) M is quasi-injective.

(ii) Every strongly compatible system of equations in one unknown over M

is solvable.

(iii) Every strongly compatible system of equations over M is solvable.

Proof. (i)=>(ii). Suppose that M is quasi-injective and let Az = b, where
A = [r;] is a vector in R/ and b = [b;] is a vector in M’, be a strongly
compatible system of equations in one unknown, so that there exists m € M
for which pTAm = 0 implies pTb = 0, whenever p € RY), Let N be the
submodule of M generated by {rjm};e; and define a map f: N — M by
f(rym) = b;. By strongk compatibility f is a well-defined homomorphism,
and so there exists a map g : M — M extending f. It is clear that
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rig(m) = f(rym) =b;.

(ii)=>(iii). Let (S) be the system Az = b, where now A = [r;] is a row-finite
J x K matrix over R, and b = [b;] is a vector in M”. Suppose that (S)
is strongly compatible, i.e. that there exists m = [m;] in M¥ such that
T Am = 0 implies pTb = 0, whenever p € R"Y). Denote by G the submodule
of M? generated by {(—bj,kngrjkmk) 1 j € J}, let T = M?/G and let
J + M — T be the map given by f(a) = (a,0). It is easy to check that [ is
a monomorphism and, by identifying each a in M with its image G,,T, M
becomes a submodule of T furthermf)re, the system Az = b is solvable in T
by [(0,m4)]. By adapting an argument in [1] almost verbatim for modules,
in order to prove that (S) is solvable in M, it is enough to show that the
inclusion f splits. Define a family F consisting of all pairs (Q, g), where Q
is a submodule of T containing M, and g : @ — M is a homomorphism
extending f, and define a partial order < on F by (Q,9) < (Q',¢') if and
only if @ C Q' and ¢’ extends g. It is routine to check that Zorn’s lemma
applies and that F has a maximal member (@,E), say. Assume by way of
contradiction that there exists (o,7) € T\@. Since (7,0) €M C Q, it follows
that (0,7) € T\@. Denote by {r;}:c; the set of all elements r € R such that
r (0,7) € Q, and consider the system of equations (S’) in one unknown over
M given by

ric =g(r:(0,7)) (i€l

We claim that (S') is strongly compatible. For, if p = [p] € R® and

2 piri(1,0) = 0, then ¥ piriT = 0 and so & pir;(0, 7) i.e. X pig(ri(0,7)) = 0.
By (i), (&) has a solution (u,0), say. If h: Q + R(0,7) — M is the map




given by h(g + r((0,7))) = g(q) + r(u,0), then clearly h is a well-defined
homomorphism that extends g, contradicting the maximality of (@-, y). This
proves (iii).

(iii)=(i). Let N be a submodule of M, let f € Homg(N, M) and let
M/N be generated by {my + N}ick. Consider the exact sequence

0— B — R¥) I, M/N — 0

where, for the standard basis {ex }xex of R¥), w(ex) = my+N and B = ker
is generated by {b;}jes, say. Define an R—homomorphism h : R¥) — M,
by h(ex) = my. Since, for some rj; (j € J,k € K) in R, k:EK Tiker = b;
(j € J), it follows that the system k‘::K rixoe = f(h(bs)) (j € J) is strongly
compatible in M, and so it is solvable by some {ux}rex in M. For each
m € M, there exists c = ¥ cxex in R¥) such that 7(c) = m + N, and
observing that m — h(c) € .,;\? ,K define a map g : M — M by g(m) = f(m —=
h(c)) + keZK Crprk- It is easy to check that g is a well-defined homomorphism
that extends f. This proves that M is quasi-injective.

Remark. The equivalence of (i) and (iii) can be proved directly by similar
arguments without recourse to the axiom of choice (which is used in the
proof of (ii)==>(iii)). However, (ii) is easily seen to provide an equational,

alternative proof of Fuchs’ criterion in [2] or [3].
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