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Abstract

We present the conjectured list of primitive distance transitive graphs of diameter at least 3.
For each graph G on this list we attempt to classify all imprimitive distance-transitive graphs
that are antipodal covers of G or have GG as halved graph. This classification is successful
in all cases except when G is a generalized 2d-gon, where the distance-transitive antipodal
covers of diameter 2d remain unclassified.
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Chapter 1

Introduction

1.1 Basic Definitions

1.1.1 Graph theory

A graph G = (V, F) is a finite nonempty set of elements called vertices together with a
(possibly empty) set of elements called edges. Each edge is identified with a pair of vertices.
The vertices v; and v;associated with an edge e are called the end vertices of e. The edge
e is then denoted by e = (v;,v;) or simply e = v;v;. If e = v;v;, then the edge e is called a
self-loop at vertex v;. All edges having the same pair of end vertices are called parallel edges.
A graph is simple if it has no parallel edges or self-loops. In this thesis, we will always be
considering simple graphs. An r-matching in a graph G is a set of r edges, no two of which
have a vertex in common.

As usual, | X| denotes the number of elements in a set X. For a graph G, if |V| = n and
|E| = m, then G is called an (n,m) graph; the number n is also referred to as the order of
G and m as the size of G. A graph with no edges is called an empty graph. A graph with
no vertices (and hence no edges) is called a null graph.

The edge e = v;v; is said to join the vertices v; and v;. If e = v;v; is an edge of a
graph G, then v; and v; are adjacent vertices, while v; and e are incident, as are v; and e.
Furthermore, if e; and ey are distinct edges of G incident with a common vertex, then e;
and e, are adjacent edges. The number of edges incident on a vertex v; is called the degree
of the vertex, and it is denoted by deg(v;). A vertex of degree 1 is called a pendant vertex.
A vertex of degree 0 is called an isolated vertex.

Given a nonempty graph G, the line graph L(G) of G is the graph whose vertices can
be put in one to one correspondence with the edges of GG in such a way that two vertices of
L(G) are adjacent if and only if the corresponding edges of G are adjacent.

A graph G is said to be regular if deg(u) = deg(v) for all u,v € V(G). It is k-
regular if deg(v) = k for all v € V(G); in this case, the number k£ is also referred to as
the valency(degree) of G. A 3-regular graph is frequently described as a cubic graph, or
sometimes as a trivalent graph.

A regular graph with v points and valency k is called edge-regular with parameters



(v, k, A) if any two adjacent vertices have exactly A common neighbors.

A graph G’ = (V',F’) is a subgraph of G = (V,E) if V/ C V and E' C E such that
an edge v;v; is in E’ only if v; and v; are in V'. If v; is a vertex of a graph G = (V, E),
then the graph G —v; = (V' E) is the graph obtained after removing from G the vertex v;
and all the edges incident to v;. If e; is an edge of a graph G = (V, E), then G — ¢; is the
subgraph of G obtained after removing from G the edge e;. The graph G = (V, E') is called
the complement of graph G = (V, E) if the edge v;v; is in £’ if and only if it is not in E.
Hence, if G is an (n,m) graph, then G is an (n,7) graph, where m +m = (g)

A walk in a graph G = (V, E) is a finite alternating sequence of vertices and edges
Vg, €1, V1, €2, ..., Uk_1, €k_1, Uy beginning and ending with vertices such that v;_; and v; are the
end vertices of the edge e;, 1 < i < k. A walk is open or closed depending on whether its
end vertices are distinct or are not distinct. A trail is a walk in which no edge is repeated,
while a path is a walk in which no vertex is repeated. A closed trail is a cycle if all its
vertices except the end vertices are distinct. The number of edges in a path (cycle) is called
the length of the path (cycle). A graph G is connected if there exists a path between every
pair of vertices in GG. Otherwise, we say G is disconnected. A maximal connected subgraph
of a disconnected graph G is called a component of G.

The distance d(u,v) between two vertices u and v in G is the length of a shortest path
joining them if any; otherwise d(u,v) = co. A shortest u —v path is often called a geodesic.
The diameter d(G) (or simply d) of a connected graph G is the length of any longest
geodesic. The girth ¢(G) ( or simply g) of G is the length of the shortest cycle in G. The
k-regular graph of smallest positive integer order with girth ¢ is called an (k,g)-cage. The
(3, g)-cages are commonly referred to simply as g-cages.

A (k,2d+1)-cage is better known as a Moore graph and a (k, 2d)-cage as a generalized
polygon where d is the diameter of the cage.

The complete graph K, has every pair of its n vertices adjacent. Thus K, has (g)
edges and is a (n — 1)-regular.

A graph G is n-partite, n > 1, if it is possible to partition V(G) into n subsets
Vi, Va, ..., V,, such that every edge of G joins a vertex of V; to a vertex of V;, i # j. A
1-partite graph of order n is the complement of the complete graph K,,. For n = 2, such
graphs are called bipartite graphs. A complete n-partite graph G is an n-partite with
partite sets V3, V5, ..., V,, such that wv € E(G) for all u € V; and v € V; with i # j. If
|Vi| = t;, then this graph is denoted by K(t1,ts,...,t,). For n = 2, the complete bipartite
graph with partite sets V; and V5, where |V;| = m and |V,| = n, is then denoted by K (m,n).

Two graphs GG; and Gy are said to be isomorphic if there exists a one to one mapping
¢, called an isomorphism, from V' (G;) onto V(G2) such that ¢ preserves adjacency, that is
wv € E(Gh) if and only if gugv € E(Gs).

1.1.2 Design theory

A design is an ordered pair (X,%) with point set X and set of blocks 8 such that B is a
collection of subsets of X. More generally, it is an ordered triple (X, B, I), where X and 8
are sets and [ is a subset of X x B, called the incidence relation.



The point graph of the design (X, B, I) is the graph whose vertex set is X and in which
two points are adjacent whenever there is a block containing both. The dual of the design
(X,%B,1) is the design (B, X, I'), where I' = {(B, z)|(x, B) € X x B}. A design is called a
self-dual if it is isomorphic to its dual. The incidence graph of a design (X,B, ) is the
bipartite graph with vertex set X U9 and edge set {{x, B}|(z,B) € I}.

A t-(v,k,\)-design is a pair © = (X, B), where X is a set of points of cardinality v, and
B a collection of k-element subsets of X called blocks with the property that any ¢ points
are contained in precisely A blocks.

A Steiner system S(t,k,v) is a t-(v, k, 1) design. A square (or symmetric) 2-design
is a 2-(v, k, \) design with just as many points as blocks.

A partial linear space is a design (X, £) in which the blocks are called lines such that
the line have size at least 2 and two distinct points are joined by at most one line.

If u is a vertex of a graph G, we define ut = G« (u) := {u} U {v € V(GQ)| d(u,v) = 1},
and if X is a set of vertices of G, we define X+ = {Nut|u € X}. If G is edge-regular, then
G is the point graph of the partial linear space whose lines are the subsets {u,v}+* for all
adjacent vertices u,v € G. These lines are known as singular lines.

A graph with the property that each edge lies in a unique maximal clique is a collinearity
graph of the partial liner space, formed by the vertices of the graph as points and the
maximal cliques of it as lines. In other words, the collinearity graph is the point graph of a
partial linear space.

A finite projective plane of order n, denoted PG(2,n), consists of a set X of n?+n+1
elements called points, and a set B of (n + 1)-element subsets of X called lines, having the
property that any two points lie on a unique line. In other words, PG(2,n) is a square
2-(n> +n+ 1,n + 1,1) design. A finite affine plane of order n consists of a set X of
n? points, and a set B of n-element subsets of X called lines, such that two points lie on a
unique line, i.e., a 2-(n? n,1) design. A projective or affine plane is Desarguesian if it is
coordinatized by a division ring.

In a similar way, one can define the n-dimensional projective geometry over GF(q),
denoted PG(n, q), by means of an (n+1)-dimensional vector space V' =V (n+1,GF(q)).The
points are the 1-dimensional subspaces of V; the lines are the 2-dimensional subspaces;
planes are 3-dimensional subspaces and so on. The finite n-dimensional affine geometry
AG(n, q) over GF(q) is the projective geometry PG(n, ¢) minus its hyperplane H (a subspace
of codimension 1) together with all the subspaces it contains.

1.2 Graphs and Groups

It is assumed that the reader is already familiar with basic group theory such as groups,
cosets, direct product, normal subgroups, homomorphisms, isomorphism and factor groups.
In this thesis, we are particularly concerned with the concepts of group actions, orbits,
transitive groups, primitive and imprimitive groups and wreath products. We will include
these only to demonstrate our terminology and notation which varies considerably between
texts.



Let X be a set. The symmetric group on X, written Sym(X), is the set of all permu-
tations of X. It forms a group, with the operation of composition. If X is a finite set with
n elements, we write S, for the symmetric group Sym(X). The subgroup of S, consisting
of the even permutations of n letters is the alternating group A, on n letters .

An automorphism of a graph G is an isomorphism of G with itself, that is, a per-
mutation on V(@) that preserves adjacency. The set of all automorphisms of G, with the
operation of composition, is the automorphism group of GG, denoted by Aut(G), which is
thus a subgroup of the symmetric group Sym(V(G)).

An action of a group A on a set X is a map ¢ : A x X — X such that

1. 1.x =z for all x € X where 1 is the identity element of A;
2. (araz)(x) = a1(agz) for all x € X and all a1, ay € A.

Under these conditions, X is called an A-set. An action is said to be faithful if the identity
is the only element of A that leaves every element of X fixed. The order of an arbitrary
permutation group A is |A| and if X is an A-set, then the degree of A is | X|.

Let X be an A-set. For x,y € X, let z ~ y if and only if there exists a € A such that
axr = y. Then ~ is an equivalence relation on X. The equivalence classes of ~ are the orbits
of A; and we say that A is transitive if there is just one orbit. A group A acting transitively
on X is said to act regularly if A, = 1 for each x € X. An orbital of A is an orbit of A
on the set X x X. The number of orbitals is the rank of A.

Let A be a group acting transitively on a set X. A block is a subset Y of X such that
Y*=Y or Y*NY = () for all a € A. Every group acting transitively on X has X and the
singletons as blocks; these are called the trivial blocks. Any other block is called nontrivial.
A group that acts transitively on a set X with no nontrivial blocks is primitive; otherwise,
it is imprimitive. A graph G is said to be primitive or imprimitive according as the group
Aut(@) acting on V(G) has the corresponding property.

Let A be a permutation group of order n; = |A| and degree m; acting on the set X =
{1, 29, ..., 2, }, and let B be another permutation group of order ny = |B| and degree msq
acting on the set Y = {y1,v2, ..., Ym, }. The wreath product A B is a permutation group of
order nyny™ acting on X x Y whose elements are formed as follows: For each a € A and any
sequence (by, by, ..., by, ) of my permutations in B, there is a unique permutation in A x B
written (a : by, ba, ..., by, ) such that for (z;,y;) € X xY;

<CL : b17627 7bm1>(xzay]) = ((I.ZUZ‘, bzyj)

In this case, A is frequently described as the top group and B as the bottom group.

For example, let A = Cj, the cyclic group of degree 3, which acts on X = {1,2,3} and
B = S,, the symmetric group of degree 2, acting on Y = {a,b}. The three permutations of
C3 may be written as (1)(2)(3), (123), and (132). For Sy, we have the permutations (a)(b)
and (ab). The wreath product Cs Sy has degree 6 = 3.2 but its order is 3.23 = 24. Note
that Sy O3 has order 2.3%2 = 18 and so is not isomorphic to C5 1 S,.



1.3 Transitivity in Graphs

This thesis considers mainly a class of graphs that have special conditions on their automor-
phism groups. In this section, we will define these conditions in turn, beginning with the
weakest one.

A graph G is vertex-transitive (edge-transitive) if given any pair of its vertices
(edges), there is an automorphism which transforms one into the other, that is, if Aut(G)
acts transitively on V(G) (E(G)).

These two properties are not interchangeable; there exist graphs that are vertex-transitive
but not edge-transitive, vice-versa, also graphs that are both vertex- and edge-transitive and
graphs that satisfy neither property.

To show that vertex-transitive does not imply edge-transitive, we construct a graph G
as follows: take two copies of C5 with the vertices of one labelled 1 through 5 and those of
the other labelled 1’ through 5'; then join i to ¢/, 1 < i < 5.( See the figure below)

1/

5/ 2/

4/ 3/
Figure 1.1: a vertex-transitive graph that is not edge-transitive

G is vertex-transitive, since any vertex ¢ can be mapped to any other vertex j by the
automorphism which maps i — i’ and ¢/ — j. However, GG is not edge-transitive since the
edge 11’ is in two quadrilaterals while the edge 1’2’ is in only one.

To show that edge-transitive does not imply vertex-transitive, consider K, ,, n # m. This
graph is edge-transitive, but it is not vertex transitive, because it is not regular. Folkman
(1967) constructed a regular edge-transitive graph which is not vertex-transitive. (see the
figure below)



Figure 1.2: Folkman graph

The complete graph K3 is an example of a graph that are both vertex- and edge-transitive.
The figure below gives a graph that is neither vertex- nor edge-transitive.

Figure 1.3: a graph that is neither vertex- nor edge-transitive

We now turn to the definition of graphs which have a higher degree of transitivity than
either vertex- or edge- transitive graphs. An n-arc in a graph G is a walk of length n with
a specified initial vertex in which no edge succeeds itself. A graph G is n-transitive if
Aut(@) acts transitively on the set of all n-arcs of G. A 1-transitive graph is often known
as a symmetric graph.

We will now define a class with a symmetry condition that is stronger than any of the
above, namely distance-transitive graphs. A detail information together with the classifica-
tion problem of such graphs will be considered in the rest of this thesis.

A graph G is distance-transitive (DTQG) if, for all vertices u, v, z,y of G such that
d(u,v) = d(x,y), there is an automorphism o € Aut(G) satisfying o(u) = = and o(v) = y.

We conclude this introductory chapter with the following hierarchy of conditions:



Distance-Transitive = Symmetric = Vertex-Transitive






Chapter 2

Distance-Transitive Graphs

In this chapter we discuss the basic properties and examples of distance-transitive graphs
and the related distance-regular graphs. The fundamental reference is the book of Brouwer,
Cohen, and Neumaier [17].

2.1 Definitions and Examples

For any connected graph G with diameter d, we define G; := {(u,v)|d(u,v) = i}, the set
of all pairs of vertices at distance i, where 0 < i < d. The sets G; (0 < ¢ < d) are better
known as the distance partition graphs of G. Then, for A < Aut(G), we say that G is
an A-distance-transitive graph if A is transitive on each of the distance partition graphs
G, ..., Gg; G is distance-transitive if it is Aut(G)-distance-transitive.

Notice that, our definition here for a distance-transitive graph G is equivalent for that
given last chapter. Also, the distance partition graphs G; are actually the orbitals of G in
V(G).

Examples of distance-transitive graphs are the complete graphs K, the complete bi-
partite graphs K, ,, the cycle C, and the Petersen graph. More interesting examples are
provided by infinite families of distance-transitive graphs. We introduce five of them below.

Johnson graphs J(n,k) (where 1 < k < n) form our first infinite family of finite
distance-transitive graphs. The vertices of J(n, k) are the k-subsets of an n-set, with two
k-subsets adjacent if and only if they intersect in exactly k — 1 elements. The valency of
J(n, k) is k(n — k), the diameter is min(k,n — k), and

Sy X Lo, if n =2k > 4;

S otherwise (see [17, section 9.1])

Aut(J(n,k)) = {

The second family, the odd graphs O, (with k£ > 2) have the (k—1)-subsets of a (2k—1)-

set as vertices, with two (k — 1)-subsets joined by an edge if and only if they disjoint. The

valency of Oy is k, the diameter is k£ — 1, and its automorphism is Ss,_1. Os is the complete
graph K3 and Oj is better known as Petersen graph. (see [17, section 9.1])



The Hamming graphs H(n,q) (where n,q > 1) form our third family. They have
vertex set Z; and two vertices are adjacent if and only if they differ in just one position.
The valency of H(n,q) is n(¢ — 1), the diameter is n, and Aut(H(n,q)) = S,;1S,. H(n,q) is
primitive distance-transitive if and only if ¢ > 3. If ¢ = 2, it is bipartite and better known
as the n-cube. (see [17, section 9.2])

The fourth infinite family of finite distance-transitive, the Grassmann graphs J,(n, k)
(where 1 < k < n) have the k-dimensional subspaces of an n-dimensional vector space over a
field I, as vertices, with two of the k-subspaces joined by an edge if and only if they intersect

in a subspace of dimension k£ — 1. The valency of J,(n, k) is % and its diameter

is min(k,n — k).

The bilinear forms graphs H,(n,d) (where n > d) have as vertices the n x d matrices
over F, with two matrices joined by an edge if and only if their difference has rank 1. (see
[17, section 9.5])

Some others related families will be introduced next chapter.

2.2 Parameters and Feasibility of Intersection Arrays

Distance-transitive graphs have rich combinatorial structure. This structure alone enables
one to develop an interesting theory and to carry out a classification. For this reason and
many others, it is natural to study such properties in the class of DTG’s.

For a vertex v of a connected graph G with diameter d, and ¢ < d, define G;(v) :=
{u € V(G)|d(u,v) = i}, the set of vertices at distance i from v. For each v in V(G), V(G)
is partitioned into the disjoint subsets Gy(v), ..., G4(v), the distance partition of V' with
respect to v.

For any connected graph G, any vertices u, v of GG, and any non-negative integers h and
i, define sp;(u,v) to be the number of vertices of G whose distance from u is h and whose
distance from v is 7. That is,

Spi(u,v) = |Gr(u) N Gi(v)]

If G is distance-transitive graph, then the numbers sp;(u,v) do not depend on the par-
ticular vertices u, v one choose, but only on the distance j between them. So, if d(u,v) = j
we write sp;; for sp(u,v).

Clearly there are (d+1)? of these numbers, but it turns out that there are many identities
relating them and just 2d of them are sufficient to determine the rest.

For the numbers s1;; which are not zero we will use the notation

Ci = S1,i—1,iy Qi = S1,i,is b; = S1,i+1,i

where 0 <17 < d and ¢y and by are undefined.

These numbers (¢;, a;, b;) have the following simple interpretation in terms of the distance
partition graphs G; (0 < i < d). Let v € V(G). For each i, pick a vertex u € G;(v). Then
a;, b;, ¢; are the numbers of vertices adjacent to u and lying in G;(v), Gi41(v) (if i < d), and
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Gi-1(v) (if i > 0), respectively. By distance transitivity these numbers are independent of
the choices of the vertices u and v, provided that d(u,v) = i. It is sometimes convenient to
picture these parameters as follows:

bo @] by Co by Ci—1  bi— Cq
(5] a2 Ad—1 Qaq

or assemble them as an array
* cit Co . . . Cg—1 (g
ap ap a . . . QAg—1 Qg
b() bl bQ Ce . bd—l *

It is easy to see that a; +b; +¢; = k for 1 <7 <d—1 and ¢4+ ay = k where k is the valency
of G. Hence the middle row in the array can be omitted. Thus the array can be written as

{k, bl, bg, ceey bdfl 1, Coy..ny Cd}.

This array is known as the intersection array and is denoted by i(G).

Examples:
1. i(Ky) =43;1}
(K4)o (Ka)1
2. i(K33) =1{3,2;1,3}
(K33)0 (K331 (K33)2

11



3. i(H(3,2)) = {3,2,1;1,2,3}

4. i(03) = {3,2:1,1}

(O3)o (Os)1 (O3)2

Denote by k; (0 < ¢ < d) the number of vertices in G;(v) for any vertex v; in particular
ko=1and k; = k.

There is an important purely combinatorial analogue to distance transitivity, which sim-
ply asks the numerical regularity properties, namely that the numbers a;, b;, and c¢;, are
well-defined, regardless of whether there are any automorphisms that force this to occur. A
connected graph G is called distance-regular graph (DRG) if it is regular of valency k,
diameter d, and if for any two vertices u,v € V(G) at distance ¢ = d(u, v), there are natural
numbers

bo =k, by,....,0q-1,c1 =1, co,...,Cq
such that
L. ¢ =|Gi1(v) NG (u)] (1 <i<d);
2. b =Gt () NG (u)| (0<i<d—1).

Clearly, any distance-transitive graph is distance-regular, but the converse is certainly not
true. Although many familiar examples of distance-regular graphs are distance-transitive,
Adel’son-Velskii et al. (1969) construct the following example.

Let G be the graph with vertex set the 26 symbols a;, b; (where 0 < ¢ < 12), and in
which:

CLiNaj<:>|i—j|:1,3,4
b~ b; = |i — j| =2.5.6
CLiij<:>Z‘—j:O,1,3,9.

12



Then G is distance-regular with intersection array {10,6;1,4}. But G is not distance-
transitive since there is no automorphism taking a vertex a, to a vertex b;.

The parameters of a distance-regular graph are subject to many simple but still very
useful constraints. We prove some of the basic restrictions that may be needed later. (see
[17, chapter 5] for more details)

Proposition 2.2.1. Let G be a distance-reqular graph with valency k and diameter d. Then
the following hold:

1. kioabio = kic; (1 <i<d),
2. If k; 1s odd then a; is even,
3. 1< << gy,

4. k>by > ... > by,

5. Ifi+j < d then c; <

Proof. (1) For any vertex v € V(G), there are k;_; vertices in G;_1(v) and each is joined
to b;—y vertices in G;(v). Also, there are k; vertices in G;(v) and each is joined to ¢;(v)
vertices in G;_1(v). Thus the number of edges joining a vertex in G;_1(v) to a vertex in
GZ(U) is ki—lbi—l = k’lCZ

(2) Let v be a fixed vertex in G. The subgraph of G induced by the vertices in G;(v) is
regular with valency a; and has k; vertices. Hence k;a; must be even.

(3) Suppose u is in Gi41(v) (1 <i < d—1). Pick a path v, x,...,u of length ¢ + 1; then
d(x,u) =i. Then u € G;(z) and any vertex adjacent to u and at distance ¢ — 1 from x is at
distance ¢ from v. Hence G(u) N G;_1(x) is contained in G(u) N G;(v). But the cardinality
of the first is ¢;, while of the second is ¢;;1.

(4) Suppose u is in G;(v) (0 < i < d—2). Pick a path x,v,...,u of length ¢ 4+ 1; then
d(z,u) =1+ 1. Then u € G;;1(x) and any vertex adjacent to u and at distance ¢ + 2 from
x is at distance i + 1 from v. Hence G(u) N G;12(2) is contained in G(u) N G;y1(v). But the
cardinality of the first is b;,1, while of the second is b;.

(5) Suppose u € G;(v) and w € G,(v) with d(u,w) =i+ j. Any vertex at distance j — 1
from w and adjacent to v is at distance i 4+ 1 from w. Hence G(v) N G,_1(w) is contained in
G()NGip1(u). Thus ¢; < bjifi+j<d. W

The following results are due to Brouwer, Cohen and Neumaier (see Theorem 5.4 1 & Corol-
lary 5.4.2[17]).

Theorem 2.2.2. Let G be a distance-regular graph of diameter d > 2. If c; > 1, then either
c3 > %CQ orcs > ¢y + by and d = 3.

Corollary 2.2.3. Let G be a distance-reqular graph of diameter d > 2. If co > 2, then
c3 > ¢y + 2 unless the intersection array is {k,k —1,1; 1,k — 1, k}.
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Corollary 2.2.4. (Remark (iii) of Theorem 5.4.1[17]) Let G be a distance-reqular graph of
diameter d > 2.

1. If 1 < ¢c3 < 2¢9, then G contains a quadrangle.
2. If c3 =cy = w, then w = 1.
The following result is due to Meredith (see (5) [33]).

Theorem 2.2.5. Let G be a distance-reqular graph of diameter d > 3. Ifa; = 0 and cy > 2,
then c;y1 > ¢; for each 1 <i<d—1.

Proof. Since G is distance-regular, given any pair of vertices at distance 2, there are ¢,
paths of length 2 joining those vertices. Since a; = 0 and ¢, > 2, G has girth 4. Hence each
pair of adjacent edges of G is in precisely (co — 1) 4-cycles. Now, let p € G;41(u) be adjacent
to gs in Gyi(u) for 1 < s < ¢;41 and ¢ to 7y in G;_1(u) for 1 <t < ¢;. Then each pair pq,
¢t is on (co — 1) 4-cycles, so there are ¢, (co — 1) such cycles. Each of these contains a pg;
edge for some 2 < s < ¢;41, so as each pair pq;, pgs is on at most (cz — 1) 4-cycles, we have

(ciy1 = 1)(c2 = 1) 2 (¢; = 1)(c2 — 1)

ie. ¢y >c¢. N

The study of distance-regular (transitive) graphs often proceeds by constructing a list
of possible intersection arrays and then trying to find the actual graphs with those arrays.
We can view the above restrictions as examples of feasibility conditions that must be
satisfied by the intersection array of any distance-regular (transitive) graph. A feasible
array may correspond to zero, one, or several distance-regular graphs G. For example,
{3,2,2,2,2,2;1,1,1,1,1, 3} is feasible but there is no corresponding distance-regular graph,
while {6,4,4;1,1,3} is realized by exactly two non-isomorphic distance-regular graphs.

2.3 Regular Partitions

Let G = (V, E) be a graph. A partition of V' is a set whose elements are disjoint nonempty
subsets of V', and whose union is V. A partition P = (V, V5, ..., V) of V is called regular
if, for all V; € P, the number of neighbors e;; which a vertex in V; has in V; is independent of
the choice of a vertex in V;. The partition into singletons is always regular; the partition {V'}
is regular only when G is regular. For any group A of automorphisms of G, the partition of
V into A-orbits is regular. This follows since if u and v belong to the same orbit then there
is an automorphism in A which maps u to v. Since this automorphism must map each orbit
onto itself, it follows that v and v have the same number of neighbors in each orbit. Thus,
for a distance-transitive graph G, the distance partition P(u) = {G,(u), G1(u), ..., Gq(u)}
with respect to any vertex w is regular.

The distribution diagram of G with respect to a regular partition P = (V3, Vs, ..., Vj)
consists of a number of balloons b;, one for each element V; € P, and a number of lines
li;(= l;;) joining the two balloons b; and b;, one for each pair {V;,V;} for which e;; # 0.
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This diagram is provided with numbers as follows: in the balloon b; we write |V;|, and at the
Vi-end of [;; we write e;;. The number e;; is just written next to b;; when e; = 0, we write

Example. The distance distribution diagram of the Petersen graph is shown by the follow-

ing figure:
2

Given a regular partition P = (V4, ..., V}) of a graph G, the quotient graph G/P of G
with respect to P is the directed graph with the elements Vi, ...,V of P as its vertices with
e;; edges going from V; to V;. Thus G/P has, in general, both loops and multiple edges. If
G/ P is actually a (simple) graph then we say that G covers G/P.

If G covers G/P then the subgraphs of G induced by the elements of P are all empty,
since otherwise G/ P would have loops. Suppose that V; and V; are two elements of P with
at least one edge from a vertex in V] to a vertex in V5. Since G/P does not have any multiple
edges, each vertex in V; must consequently be joined to exactly one vertex in V5, and vice
versa. This shows that V; and V5 have the same cardinality, say r, and that the subgraph of
G induced by the vertices in V; U V5 is an r-matching. Hence all the elements of P have the
same size r. The common cardinality of the elements is known as the index. In this case G
is called an r-cover of G/P. In this thesis we will always require that r > 1.

2.4 Imprimitive Distance-Regular Graphs

Recall that a graph G is primitive or imprimitive according as its automorphism group
Aut(@) acting on V(G) has the corresponding property.

Now suppose that A acts imprimitively on the vertex set V' of a distance-regular graph
G, that is, there is a nontrivial block B of V. Then each B® is a block and the distinct
blocks B* form a partition P = {Vy,...,V;} of V. Let u,v € V; and set i := d(u,v). As each
a € A, fixes u, it must fix V] setwise since V] is a block of imprimitively for A in V. Hence
G;(u) € V4. This observation was strengthened by D. H. Smith [62] to show that there are
just two different kinds of blocks possible, corresponding to bipartite and antipodal graphs.
A DRG G of diameter d is said to be antipodal if there is a partition of the vertex set into
classes with the property that any two vertices in the same class are at distance d, while
two vertices in different classes are at distance less than d. In other words, a DRG G of
diameter d > 2 is antipodal if G4 is disjoint union of complete graphs. We often refer to the
antipodal classes as the fibres of the antipodal graph. Notice that each complete graph is
both antipodal and primitive. Moreover the complete graphs exhaust the antipodal DRG’s
of diameter 1. An antipodal graph of diameter two is complete multipartite.

The following theorem was proved by Smith [62] for distance-transitive graphs; his proof
is easily extended to arbitrary distance-regular graphs (see [17] pg. 140).
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Theorem 2.4.1. Let G be a distance-reqular graph with valency k > 3. If G is imprimitive,
it is either bipartite or antipodal. (Both possibilities can occur in the same graph.)

Thus if V; is a nontrivial block of imprimitivity containing u, then either G is bipartite
and Vi = {u} U Ga(u) U ... UGy (u), where d' is the largest even integer not exceeding
the diameter d, or G is antipodal of diameter d and Vi = {u} U G4(u). In each of these
imprimitive cases it is possible to produce smaller distance-regular graphs.

If G is a bipartite distance-regular graph with diameter d, then we may represent GG by
the following diagram:

® =

Ga(u) Gh(w)

It turns out that is helpful to consider the distance graph G5. If GG is bipartite, connected,
and of diameter d > 1 then G5 has two components and the graphs induced on these
connected components are denoted by G and G~ (or %G for an arbitrary one of these) and
are known as the halved graphs of GG. In this case, we say that GG is a bipartite distance-
regular (transitive) double (or simply a bipartite double) of G. The vertices in one
halved graph correspond to a class of cliques in the other. Smith [62] proved that, if G
is distance-transitive graph then its two halved graphs are isomorphic distance-transitive
graphs.

As an example, consider a set X with 2k — 1 elements. The doubled odd graph 20,
on X is the graph G whose vertices are the (k — 1)-subsets and k-subsets of X, where two
vertices u, v are adjacent if and only if u # v and v C v or v C w. It is not hard to show that
20y, is a bipartite distance-transitive graph. Its halved graphs are copies of J(2k — 1, k).

Now, if GG is a distance-regular antipodal graph, then we can represent GG by the following
diagram:
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u U Gd(u)

apkl

e

Gl (U) U Gd_1 (U)

Smith [62] proved that, if G is distance-transitive graph then the quotient graph G of G,
define by taking the fibres of G as its vertices with two such fibres join by an edge in G if
they contain adjacent vertices of G, is a distance-transitive graph. Thus G is actually the
quotient graph G/ P with respect to the partition P consists of the blocks {u} UGy(u) of G.
Hence G is an r-cover of G, where 7 is the common cardinality of the fibres (the index of
(). In this case, we say that G is an r-antipodal distance-regular (transitive) cover
(or simply an r-antipodal cover) of G.

The doubled odd graph 20y is also antipodal. Each fibre consists of a k — 1-subset
of X, together with its complementary (k)-subset. The quotient graph G of 20y is the Odd
Graph Oy,.

In order to gain more insight into the structure of the imprimitive distance-regular graphs
let us consider the following theorem which is due to Biggs & Gardiner (see pg. 141 [17]).

Theorem 2.4.2. Given a distance-reqular graph G, we obtain a primitive distance-regular
graph in at most two steps (except in the case of 8n-gons). More precisely, suppose that G
1s distance-reqular graph of valency k > 3.

1. If G is antipodal with quotient graph G, then G is not antipodal, except when G has
diameter d < 3, in which case G 1is complete, or when G is bipartite of diameter d = 4,
in which case G is complete bipartite.

2. If G s bipartite with halved graph %G, then %G s not bipartite.
3. If G is antipodal, and either has odd diameter d or is not bipartite, then G is primitive.

4. If G is bipartite, and either has odd diameter d or is not antipodal, then %G 1S primitive.
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5. If G has even diameter d = 2e, and is both bipartite and antipodal, then the graphs %G

are antipodal, G is bipartite, and the graphs %G = %5 are primitive.

Proof. 1. If G has diameter e and is antipodal, then having distance in {0,e,d — e, d}
is an equivalence relation in G.
2. If %G is bipartite, then 0 = al(%G) >b—1,s0by=1,k=2.
3. If G is bipartite of diameter e, then having distance in {0, 2, ..., 2[%6], d— 2[%6], ey d—2,d}
is an equivalence relation in G, so d = 2¢ is even and G is bipartite.
4. If G is antipodal and bipartite of odd diameter, then it is a 2-antipodal cover, and
%G >~ (5 unless d < 3, in which case both %G and G are complete.
5. If %G is antipodal of diameter e > 2, then having distance in {0,2e} is an equivalence
relation in G, so d = 2e and G is antipodal. B

Thus, starting with an imprimitive distance-regular graph we can always construct a
primitive distance-regular graph after halving at most once and taking at most one quotient.
Sometimes the problem of constructing all imprimitive graphs corresponding to a given
primitive one is very nontrivial.

2.5 Bounding the Diameter

One of the first major results in the scope of the classification of distance-transitive graphs

was the classification of the cubic graphs given by Biggs & Smith [8]. Subsequently, Biggs,
Gardiner, Faradjev, A.A. Ivanov, A.V. Ivanov, Praeger and Smith gave similar determina-
tions of distance-transitive graphs of valency k = 4,5, ..., 13 (see [29],[33],[36],[37],[38],[48],[64],[65]).
In each case, the essential steps in the determination are as follows:

1. Bound the order of the vertex stabilizer
2. Bound the diameter
3. Test all the finitely many possible intersection arrays for feasibility.

The first step is closely related to the Sims Conjecture which was proved in the early
1980s [24] as a consequence of the classification of the finite simple groups and uses the
O’Nan-Scott theorem which is another major achievement of late 20th century group theory.

Theorem 2.5.1. (Sims Congecture) There is a function f such that if A is a finite primitive
group in which A, has an orbit of length k > 1, then |A.| < f(k).

The truth of the Sims conjecture makes it feasible to extend the classification of distance-
transitive graphs having a given small valency k to the classification of distance-transitive
graphs of arbitrary valency k.

Theorem 2.5.2. (Cameron [21], Weiss [71]) There are, up to isomorphism, only finitely
many finite distance-transitive graphs of given valency k greater than or equal 3.
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To complete this section we formulate a bound on what the diameter actually is. Unfor-

tunately it is not practical for performing calculations. This result is due to Cameron [24]
and Weiss [71].

Theorem 2.5.3. The diameter d of a distance-transitive graph of valency k > 2 is at most
(KS)14F,
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Chapter 3

Primitive Distance-Transitive Graphs

Attention now turns to the classification of distance-transitive graphs. This project is not
yet complete. However, the truth of Sims conjecture gives the green light for such a process
to be completed.

The problem can be divided into two stages: first finding the primitive distance-transitive
graphs, and next, for each individual primitive example found, determining all antipodal
covers and bipartite doubles associated to it. In the current chapter, we collect all available
results on primitive distance-transitive graphs of diameter at least 3. (In the following
chapter, we present a conjectured list of all such graphs.) Our main work, the problem of
determining those imprimitive DTG’s which correspond to a given primitive one of diameter
at least 3 will be discussed in detail in the rest of the chapters.

In view of the determination of all rank 3 groups, for the classification of distance-
transitive graphs, we may assume d > 3. Also, since the only connected distance-transitive
graphs with valency k£ = 2 and diameter d are the 2d-gon and 2d+ 1-gon, we may also assume
k> 3.

3.1 The Starting Point in the Classification

The first analysis of finite primitive distance-transitive graphs using O’Nan-Scot theorem
was given by Praeger, Saxl and Yokoyama [60]. Their result is the first step toward the
classification of finite primitive DTG’s.

Theorem 3.1.1. (Praeger, Saxl, Yokoyama) Let A act distance transitively on a prim-
itwe distance-transitive graph G. Then one of the following holds.

e GG is a Hamming graph H(n,q) or the complement of a Hamming graph H(2,q) and A
is a wreath product. (In this case, the graph G is well known but the possibilities for
the group A are not completely determined).

o A has an elementary abelian normal subgroup which is reqular on V(G). (This case is
referred to as the affine type).
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o A has a simple socle. That is, there is a simple nonabelian normal subgroup N of A
such that A canonically embeds in Aut(N) (that is, the centralizer Co(N) of N in A is
trivial). (This case is referred to as the simple socle or almost simple type).

As a summary, we have the following tree.

G primitive DTG
A = Aut(G)

A of affine type G is H(n,q) or H(2,q) A of simple socle type

Figure 3.1: primitive main tree

3.2 Primitive DTGs of Affine Type

In this section, we discuss the classification of the primitive affine DTGs.

The main example of graphs admitting distance-transitive action of affine type is the
Hamming graph H(n,q). The bilinear forms graph H,(n, m) gives another classical example
of an affine DTG. Further examples can be constructed as follows.

The Hermitian forms graphs Her(n,q) (where n,q > 1) have as vertices the n x n
Hermitian matrices over [, (where ¢ = p?, p a prime power) with two matrices joined by an
edge if and only if their difference has rank 1. (see [17, section 9.5))

The alternating forms graphs Alt(n,q) (where n,q > 1) have as vertices the n x n
alternating matrices over I, ,that is, all n x n matrices (a;;)nxn With a;; = —ay; for 1 <
i,7 < mn, with two matrices joined by an edge if and only if their difference has rank 1. (see
[17, section 9.5])

Now let us consider the general classification scheme for the primitive DTGs of affine
type. Let G be an affine DTG with Aut(G) = A. Then V(G) can be identified with a vector
space V over the field F; of order s for some power s = r of a prime r, maximal with respect
to Ag < GL(V'), where Ay is the stabilizer in A of 0 € V. Van Bon in [10], has proved the
following result.

Theorem 3.2.1. Let A be an affine primitive group acts distance-transitively on a connected
noncomplete graph G of valency k > 3 and diameter d > 2. Then with s and V' as above,
we have one of the following.

e (1) G is a Hamming graph H(n,q)
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e (2) G is a bilinear forms graph H,(n,d).
o (3)V is 1-dimensional and Ay is a subgroup of GL(1,s).

e (4) The generalized Fitting subgroup K = F*(Ay/Z (Ao NGL(V))) of the central quo-
tient Ao/Z (Ao N GL(V)) of Ay is nonabelian and simple, its projective representation
on V' is absolutely irreducible and can be realized over no proper subfield of F.

In a diagram:

A affine group
G connected noncomplete (k,d > 3)

K = F*(Ay/Z(AgNGL(V))) V' is 1-dimensional

G is H(n,q) is nonabelian & simple Ag < GL(1,5)

G is Hy(n,d)

Figure 3.2: affine tree

Cohen and others have pursued Van Bon'’s strategy to complete the classification of DTGs
of affine type. We will list all such possibilities of G together with the derived results.
Notice that, in cases (1) & (2) the graphs are fully determined.

3.2.1 The one dimensional affine case

This case is completely done by Cohen, Ivanov and Alexander in [26]. They proved the
following result.

Theorem 3.2.2. Suppose that case (3) holds withn =1 and d > 2. Then G is the Hamming
graph H(4,3) and s = 64, Ay = Zg X Z3 or Zg X Zs.

In case (4), The classification of finite simple groups is invoked to make a further subdi-
vision according to various types of simple group K.
(i)  alternating: K = A, (n > 5).
(77)  Lie type same characteristic:(exceptional & classical)
(731) Lie type cross characteristic:
(1v) sporadic case:

3.2.2 The affine alternating

The affine alternating case is completed in [55] by Liebeck & Praeger. They proved the
following result:

24



Theorem 3.2.3. Suppose A, s =1r°, G and K are as above, with K = A, for some integer
n > 5. Then either the diameter d < 2, or G is a halved n-cube %H(n, 2), a quotient n-cube
H(n,2) or a quotient halved n-cube H(n,2).

3.2.3 The affine groups of exceptional Lie type in same character-
istic
In this subsection, K is an exceptional Lie type group over F, for some power g = r¢ of r.

The affine groups of exceptional Lie type in same characteristic are dealt with in [14]. Van
Bon & Cohen proved the following result:

Theorem 3.2.4. Suppose that A, s = r*, V, G and K are as in Theorem 3.2.1(4), with
K a quasisimple group of ea:ceptwnal Lie type over F, for some power g = r* of r. Then
K = Eg(q), the universal Chevalley group of type Eg over Fy, V is a 27-dimensional F, K -

module (so q = s), and G is the affine Eg graph (see 5.2.8 below for def) with intersection

12 9
array i(G) = {120 (gt +1)(6° — 1),¢'%(g — 1); 1, 6% + ¢, L=

3.2.4 The affine groups of classical Lie type in same characteristic

The affine groups of classical Lie type in same characteristic are handled by Van Bon, Cohen
& Cuypers[15]. They proved the following result:

Theorem 3.2.5. Suppose that A, s =1°, V, G and K are as in Theorem 3.2.1(4), with K
a classical simple group of characteristic r. Then one of the following holds, where €, = —1
if m even and €, = 1 otherwise.

o G is the alternating forms graph and K = SL(m, s)/{€mln) or K = SL(m,r%)/{€mlm)
(bla) and n = m(m —1)/2.

e G is the Hermitian forms graph and K = SL(m, s?)/{enly) with n = m(m +1)/2.

e G is the quotient cube H(9,2) and K = PSL(2,8).

o G is the halved cube $H(9,2) and K = PSL(2,8).

3.2.5 The affine groups of Lie type of cross characteristic

The affine groups of Lie type of cross characteristic are dealt with in [27]. Cohen, Magaard
and Shpectorov proved the following result:

Theorem 3.2.6. Suppose that A, s = r°, V, G and K are as in Theorem 5.2.1(4) with
K a simple group of Lie type over F, for some power ¢ = p® of a prime p distinct from r
and that K cannot be defined as a group of Lie type over a field of characteristic s. If G is
not a Hamming graph, a quotient cube, a half-cube, or a quotient half-cube, then G 1is the

coset graph of the extended ternary Golay code with intersection array {24,22,20;1,2,12},
full automorphism group 35.2.Myy and K = PSL(2,11).
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3.2.6 The affine sporadic groups case

This case is completely classified in [16] by Van Bon, Ivanov and Saxl. They proved the
following result:

Theorem 3.2.7. Suppose A, s, V, G and K are as in Theorem 3.2.1(4) with K a sporadic
simple group. Then G and K are described in the following table

Table 3.1: affine sporadic distance-transitive graphs
V] array | name | K|
30 {24, 22)20; 1, 2, 12} extended ternary Golay | 2.M;s
210 {22, 21, 20; 1, 2, 6} truncated binary Golay Moy,
21011231, 160, 6; 1, 48, 210} | (truncated binary Golay)s | Moy
2l {23, 22, 21; 1, 2, 3} perfect Golay Mos
2™ 1 {253, 210, 3; 1, 30, 231} (perfect Golay), Mos

3.3 Primitive DTGs of Simple Socle Type

In this section, we discuss the present state in the classification of primitive DTGs of simple
socle type.
The classification of finite simple groups can be invoked to make further subdivision of
the possibilities for F*(A).
(1)  Alternating groups.
(7i)  Groups of Lie type.
(74i) Sporadic groups.

In a diagram:

simple socle &
its associated DTGs

3.3.1] (3.3.2] [3.3.3]
alternailin>g g( = A Lie type sporadic case

Figure 3.3: simple socle tree

26



3.3.1 The alternating simple socle

The main examples of graphs admitting distance-transitive action of the alternating simple
socle are the Johnson graphs J(n, k), n > 2k and the Odd graphs Oy,

This subcase where F*(A) = A,(n > 5) is dealt with in [56]. Liebeck, Praeger and Saxl
proved the following result:

Theorem 3.3.1. Let A act primitively and distance-transitively on a graph G with valency
and diameter at least three. If F*(A) = A,, for some n > 5, then G is one of the following
graphs:

e Johnson graph J(n,d) where n > 2d

odd graph Oy where n =2k — 1

quotient Johnson graph J(2d,d) where n = 2d and d > 4

The complement of the quotient Johnson graphs J(8,4) & J(10,5)

3.3.2 The simple socle of Lie type

This is the only open case in the classification. The classification is expected to follow the
pattern of PSL(n,q), which is handled in [13].

Here the main examples are the Grassmann graphs Jy(n,k), 1 < k < n. The group
PSL(n,q) acts distance transitively on this graph and the full automorphism group of
Jy(n, k) is PI'L(n, q) if n # 2k and Aut(PSL(n,q)) otherwise.

Theorem 3.3.2. (Van Bon & Cohen) Let A be a group satisfying PSL(n,q) < A <
Aut(PSL(n,q)) forn > 2 and (n,q) # (2,2),(2,3). Suppose that A acts primitively and
distance transitively on a graph G having diameter d > 3. Then either G is a Grassmann
graph J,(n, k) or G is as listed in the following table.
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Table 3.2: graphs with distance-transitive groups A such that F*(A) ~ PSL(n,q)

V] array \ name | (n,q) |
28 {3,2,2,1;1,1,1,2} Coxeter (2,7)
36 {5,4,2;1,1,4} Sylvester (2,9)
45 (422.2:1,1,1,2} gen. S-gon (2,1) | (2,9)
68 {12,10,3;1,3 8} Doro (2.16)
102 | {3.2.2.21,1,1;1,1,1,1,1,1,3} | DBiggsSmith | (2,17)
57 {6,5,2;1,1,3} Perkel (2,19)
65 {10,6,4;1,2,5} Locally Petersen | (2,25)

TH el {2q,q.a:1,1,2} gen. 6-gon (q,1) | (3,9)
280 9.8,6,3:1,1,3,8) (Her(3,4))5 | (3.4)
56 {15.8,3:1,4,9} 7(8.3) (4.2)

We close this subsection by listing all known primitive distance-transitive graphs of di-
ameter d > 2 and simple socle of Lie type automorphism groups that are not PSL(n,q).

Table 3.3: the rest(known) DTGs with simple socle Lie type groups

H G

Aut(G)

Dual polar graphs [Cy(q)

PYp(2d,q)

Dual polar graphs [Ba(q

PTO(2d+1,q)

PTO~(2d + 2,q)

PIU2d+1,r)

,
Dual polar graphs [ Azq—1(r)]

PTU(2d,7)
Dual polar graphs [§Dn(q)], n=4 PTO™(2n,q)
Dual polar graphs [5D,(q)], n > 4 PTQ"(2n,q)

E; graphs F*(Aut(G)) = E;(q)
unitary nonisotropics graph on 208 points PTU(3,4%)
line graph of the Hoffman-Singleton graph PYXU(3 ,52)

generalized hexagons (g, q) F*(Aut(G)) = Ga(q)
generalized hexagons (¢, ¢%), (¢°, q) F*(Aut(Q)) = 3D4(q)
generalized octagons (g, 1) F*(Aut(G)) = Sp(

generalized octagons (q, ¢*), (¢%, q)

4,q) with ¢ = 2°
F*(Aut(Q)) = *Fy(q)" with ¢ = 222+

generalized dodecagons (¢, 1)

F(Aut(Q)) =

Go(q) with ¢ = 3¢

3.3.3 The sporadic simple socle

For F*(A) sporadic simple socle, the possible graphs G are determined in [50].

Linton, Lux, Saxl and Soicher have proved the following result:
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Theorem 3.3.3. Let A be a primitive distance-transitive group of automorphisms of a graph

G with d > 3 and sporadic simple generalized Fitting subgroup K. Then G and K are as
described in the following table.

Table 3.4: simple socle sporadic distance-transitive graphs

(V] ] array \ name | K |
266 {11,10,6,1;1,1,5,11} Livingstone i
315 {10,8,8,2;1,1,4,5} near octagon Jo
759 130,28,24:1,3,15) Witt My
506 {15,14,12;1,1,9} truncated from Witt | Mo
330 {7,6,4,4;1,1,1,6} doubly truncated Witt | Mo

22880 | {280,243,144,10;1,8,90,280} Patterson Suz
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Chapter 4

Statement of Main Results

In this brief chapter we state the main results of this thesis. Specifically, we give in Table
4.1 a list which, we believe, contains all primitive distance-transitive graphs of diameter at
least 3, as discussed in the previous chapter. We then give, under Theorem 4.1, a second list
(Table 4.2) which, for each primitive case from Table 4.1 except one, describes all associated
imprimitive graphs.

The exceptional case is that of distance-transitive generalized 2d-gons, where we have
left open the determination of all distance-transitive antipodal covers of diameter 2d. For
bipartite imprimitive distance-transitive graphs, our results are complete.

4.1 Known Primitive Distance-Transitive Graphs of Di-
ameter at Least Three

In Table 4.1 below we give a list of the known distance-transitive graphs GG of diameter at
least 3, as discussed in chapter 3, and some information about the group A = Aut(G).

Table 4.1: primitive distance-transitive graphs

| G [ A |
Polygons P,, n > 6 Do,
Johnson graphs J(n, k), n > 2k Sn
quotient Johnson graphs J(2k, k), k > 6 Sor
odd graphs Oy, k > 4 Sok_1
Hamming graphs H(n,q), n > 2 Sq 1S
>H(n,2),n>6 2n-L.S,
quotient n-cube H(n,2), n > 6 271 S, m = 2]
quotient halved cube £H(n,?2), even n > 12 | 2"72.5,
Grassmann graphs J,(n, k), n > 2k > 4 PT'L(n,q)
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H G | A |
dual polar graphs [Cy(q)] P¥p(2d,q)
dual polar graphs [By(q)] PTO(2d+1,q)
dual polar graphs [*Dg.1(q)] PTO~(2d+ 2,q)
dual polar graphs [2Ag,(r)] PTU(2d+1,r)
dual polar graphs [*Asq_1(7)] PTU(2d,r)
halved graphs [3Dq4(q)], d > 6 PTQ*(2d,q)
bilinear forms graphs H,(n,d), n > d > 2 PT'L(n+d,q)q
alternating forms graphs Alt(n,q), n > 6 Fy.(Fy.PT'L(n, q))
Hermitean forms graphs Her(n,q), n > 2, ¢ = p* FZQ.(FL(TL, q)/{z € FlaPt! =1})
E; graphs F*(A) = Ez(q)
affine Eg graph F27.F: Eg(q) (Aut(F,))
extended ternary Golay 30.2. M,
truncated Golay 210 Moyy.2
distance 2 graph of truncated Golay 210 My .2
perfect Golay 21 My
distance 2 graph of perfect Golay 21 My
Coxeter graph PSL(2,7).2
Sylvester graph Aut(Se)
Doro graph PY.L(2,16)
Biggs-Smith graph PSL(2,17)
Perkel graph PSL(2,19)
Locally Petersen graph PSL(2,25).2
(Her(3,4))s PTL(3,4).2
unitary nonisotropics graph on 208 points PTU(3,4%)
line graph of the Hoffman-Singleton graph PXU(3,5%)
Livingstone graph J1
Hall-Janko near octagon Aut(Jp)
Witt Moy
truncated from Witt Mos
doubly truncated from Witt Moy
Patterson graph Suz
generalized hexagons (g, 1) F*(A) = PSL(3,q)
generalized hexagons (g, q) F*(A) = Ga(q)
generalized hexagons (¢, ¢%), (¢°, q) F*(A) =3D4(q)
generalized octagons (g, 1) F*(A) = Sp(4, q) with ¢ = 2°
generalized octagons (¢, ¢*), (¢%, q) F*(A) = 2Fy(q)" with ¢ = 22*+!
generalized dodecagons (g, 1) F*(A) = Gy(q) with ¢ = 3¢
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4.2 Covers and Doubles

Theorem 4.2.1. For each graph G in Table 4.1 above, Table 4.2 below lists all distance-
transitive imprimitive graphs that are antipodal covers of G and all distance-transitive bipar-
tite graphs that have G as their halved graph.

The only case not covered is that of diameter 2d, distance-transitive, antipodal covers of
generalized 2d-gons.

In the following table, all (known) primitive distance-transitive graphs of diameter at least
3 are presented in the first column. In the second (fifth) column, it is indicated whether the
graph G has antipodal (bipartite) distance-transitive covers (doubles) or not. If no covers
(doubles) exist we write none. If such a cover (double) exists we write it down. Moreover,
if this is the only cover (double), we write only in front of such a cover (double). In the
third (sixth) column we give the section number where such a detail about the existence
and uniqueness of the covers (doubles) can be found. In the fourth (seventh) column we
give the reference where such information was found. Our main works are indicated by -’ in
the reference column. That means the conclusions of such covers (doubles) are completely
derived and proved in this thesis. The only remain unsolve problem is finding the antipodal
distance-transitive covers of even diameter of the generalized 2d-gons (if any exists). We
used the question sign (?) for this case in the table.

Table 4.2: associated imprimitive distance-transitive graphs

G Antipodal cov- || Sec. || Ref] Bipartite dou- || Sec. || Ref)
ers bles
Pon>6 Only P, 51 |- | Only P, 6.2.1 || [44]
J(n,d), n>2d > 6 None 5.2.1 || [12]|| Only 2.0y 6.2.2 | [43]
J(2d,d) d > 6 Only J(2d,d) || 5.2.1 | [12]| None 6.2.3 | [44]
Ot Only 2.040; | 5.2.2 || [12]] None 6.2.4 | [44]
H(n,q),n>2 None 5.2.3 || [12]|| None 6.2.5 | [43]
sH(n,2),n>6 None 5.2.3 || [12][| Only H(n,2) | 6.2.5 | [44]
H(n,2),n>6 Only H(n,2) 5.2.3 || [12]|| None 6.2.6 | [44]
1H(n,2),evenn > 12 || Only H(n,2) | 5.2.3 | [12]] Only H(n,2) | 6.2.6 | [44]
Jy(n,d), n > 2d None 5.2.4 || [12]|| Only 2.J,(2d+ || 6.2.7 | [44]
1,d)
dual polar graphs, d > 3 || None 5.2.5 || [12]|| None 6.2.8 | [44]
[5D4(q)], d =6 or d=7 || None 5.2.5 || [12]{| Only [Da(q)] 6.2.8 || -
[5D4(q)], d > 8 None 5.2.5 || [12]|| Only [Da(q)] 6.2.8 | [44]
Hy(n,d),n>d>2 None 5.2.6A] [12]|| None 6.2.9 | [44]
Alt(n,q), n > 6 None 5.2.6B| [12]|| None 6.2.10| [44]
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G Antipodal cov- | Sec. Bipartite Sec. || Ref
ers doubles
Her(n,q),n >3 &q = p? || Only 12- and !4- | 5.2.6C None 6.2.11 [44]
covers of diam-
eter 6 when n =
3&qg=14
E7 graphs None 5.2.7 None 6.3.2K] -
affine Fg graph None 5.2.8 None 6.3.2L| -
extended ternary Golay || None 5.3.2 ] None 6.3.1A] -
truncated Golay Only shortened | 5.3.3B None 6.3.18 -
binary  Golay
code & its
double
(truncated Golay)s None 5.3.3C Only dou- || 6.3.1C] -
ble of
truncated
Golay
perfect Golay Only its double || 5.3.3D None 6.3.1D) -
(perfect Golay)s None 5.3.3E Only dou- || 6.3.1H) -
ble of bi-
nary Golay
Coxeter graph None 5.3.4A None 6.3.2A -
Sylvester graph None 5.3.4B None 6.3.28 -
Doro graph None 5.3.4C None 6.3.27 -
Biggs-Smith graph None 5.3.4D None 6.3.2D) -
Perkel graph None 5.3.4E None 6.3.2H) -
Locally Petersen graph None 5.3.4F None 6.3.2F| -
(Her(3,4))s None 5.3.4G None 6.3.2Q -
unitary nonisotropics || None 5.3.41 None 6.3.21| -
graph on 208 points
line graph of the | None 5.3.4J None 6.3.2J| -
Hoffman-Singleton
graph
Livingstone graph None 5.3.5A None 6.3.3A -
Hall-Janko near octagon | None 5.3.5B || - None 6.3.38 -
Witt None 5.3.1 || [12] None 6.3.3C| -
truncated from Witt None 5.3.1 || [51]| None 6.3.3D)| -
doubly truncated from | Only Faradjev- | 5.3.1 [18]| None 6.3.3H -
Witt Ivanov-Ivanov &
3-cover  with [2
diameter 8
Patterson graph None 5.3.0F None 6.3.3F -
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G Antipodal covers || Sec. || Ref|| Bipartite Sec. || Ref]

doubles
generalized hexagons | (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (g,1) (even diameter)
?
generalized hexagons | (odd diameter) || 5.4 [12]|| Only  gen. || 6.4 -
None dodecagons
(1,9)
of order (g, q) (even diameter)
?
generalized hexagons | (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (¢, ¢%) (even diameter)
?
generalized hexagons | (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (¢%,q) (even diameter)
?
generalized octagons | (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (g,1) (even diameter)
?
generalized octagons || (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (g, ¢?) (even diameter)
?
generalized octagons | (odd diameter) || 5.4 [12]| None 6.4 -
None
of order (¢2, q) (even diameter)
?
generalized dodecagons | (odd diameter) || 5.4 [12]|| None 6.4 -
None
of order (g,1) (even diameter)
?

We actually prove somewhat more. In particular, in almost all cases, Table 4.2 classifies
the imprimitive distance-regular graphs associated with the graphs of Table 4.1.

Also, in situations where there are diameter 2 distance-transitive graphs belonging to
the same infinite family as distance-transitive graphs of larger diameter from Table 4.1, we
sometimes consider their covers as well. However, we have made no effort to cover the
distance 2 case uniformly. Although all distance-transitive graphs of diameter 2 are known
(see, for instance [54]), there are many more families and isolated examples than for larger
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diameter. Also, in contrast to the general case, the complement of a distance-transitive graph
of diameter 2 is again distance-transitive of diameter 2; so imprimitive graphs associated with
both the graph and its complement must be considered.

The imprimitive distance-transitive graphs associated with primitive graphs of diameter
1 have all been classified. For distance-transitive antipodal covers of complete graphs see
[40,41], and for those of complete bipartite graphs see [49]. For distance-transitive bipartite
graphs whose halved graph is complete, see [48]. We will have no more to say about these
cases.
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Chapter 5

Antipodal Covers

In this chapter we prove results that, in particular, prove Theorem 4.1 in the case of antipodal
covers. For this chapter, the primary references are the book of Brouwer, Cohen, and
Neumaier [17] and the paper of Van Bon and Brouwer [12].

Antipodal covers of

[5.2] [5.4] [5.3]

Infinite families Generalized 2d-gons [solated examples

Figure 5.1: antipodal main tree

5.1 Quotient Graphs

Recall that a distance-regular graph G with diameter d is antipodal if for all distinct vertices
v,w € {u} UGy(u), we have d(v,w) = d. The quotient graph G of G is defined by taking
the fibres (antipodal classes) of G as its vertices, with two such fibres join by an edge in G
if they contain adjacent vertices of GG. In this case, we say that GG is an r-antipodal cover of
G, where 7 is the common cardinality of the fibres (the index of G).

We can give an equivalent definition of a cover H of GG using the projection map p from
V(H) to V(G). Let H be an antipodal distance-regular graph of diameter D > 3 with
quotient graph G. We say that H is a cover of G if there is a map p: V(H) — V(G) called a
covering map which is a graph morphism, i.e., preserves adjacency, and a local isomorphism,
i.e., for each vertex u of H the restriction of p to the set ut = H<(u) is bijective. Then
p~t(u),u € G is the set of fibres and r = |p~!(u)| is the index of the cover.
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The following result is due to Gardiner (see Proposition 4.2.2 [17] & [31]).

Proposition 5.1.1. Let G be a distance-regular graph with intersection array i(G) = {bo, by, .
oy ba_1;¢1,09, .. cq} and diameter d € {2m,2m + 1}. Then G is antipodal if and only if
by = cq_; fori=0,....d, i # m. In this case G is an r-antipodal cover of its quotient graph
G, where r = 1 + cfﬁ Moreover, for d > 2, G is a distance-reqular of diameter m with
intersection array

z(a) = {bo, b1, ..., D15 C1,Cy o eey Cne1, YCm } -

r, if d=2m ;

where 7y = { 1, if d=2m+1.

The following theorem is due to Gardiner [31].

Theorem 5.1.2. Let G be a distance-reqular graph of diameter d with intersection numbers
bi, ¢; and suppose H 1is an r-antipodal cover of G of diameter D > 2. Then H has diameter
D =2d or D =2d+1 and i(H) = {bo, b1, ..., bg_1, ”;—lcd, Cd1y ooy €13 Cly veny Cd—1, %cd,bd_l, b}
for even D, and i(H) = {bg, by, ..., bq_1,t(r—1),¢q,Cq-1, -, C1; C1y -y C4—1, Cdy t, ba_1, ..., bo } for
odd D and some integer t.

Remarks:

e For D even the intersection array properties implies that r | ¢y and r < ¢q/max(cq_1, cq—
ba_1)-

e For D odd the integer t satisfies the conditions ¢(r — 1) < min(bg_1,aq4) and ¢4 < t.
Clearly, given i((G), there are only finitely many possibilities for r and ¢, and if ¢4 >
min(by_1, aq), there are none.

Corollary 5.1.3. If H is an antipodal distance-reqular cover of GG, then H has an antipo-
dal distance-reqular cover only if G(and hence H) is either a cycle, a complete graph or a
complete bipartite graph.

Proof. Let G be a noncomplete nor a complete bipartite, DRG of diameter d and valency
k with intersection numbers a}, b}, ¢ and suppose H is an r-antipodal cover of G. Then by
theorem 5.1.2, we have ¢} =1=10_,.

If the diameter D of H is even, then b/, ; = 1 impliesr =2 and 1 =¢4/2 =c¢c4-1 = ... =
c¢1 = 1. But if H is an antipodal graph, then ¢; = k = 2, and so H is a cycle.

If the diameter D of H is odd, then 1 = b;_; = ¢4 = k, which is impossible. B

Corollary 5.1.4. For an r-antipodal distance-reqular cover of a graph G of valency k to
exist, the index v 1s at most k.
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Now let us consider the reconstruction problem by which an antipodal graph is obtained
from its quotient graph.

Van Bon proved the following geometric criteria that are necessary conditions for the
existence of antipodal cover of DRGs (see sec. 2 [47]). In what follows, if u,v € V(G) with
d(u,v) = d, then C(u,v) is the union of all geodesics between u and v.

Proposition 5.1.5. Suppose that G is distance-reqular graph of diameter d > 2 and has an
r-antipodal distance-reqular cover of diameter 2d. Then for any two vertices u,v in G with
d(u,v) = d, the subgraph induced by C(u,v) \ {u,v} = U;l;i(Gj(u) N Ga_;(v)) in G is the
disjoint union of r subgraphs of equal size.

Proof. Let H be an r-antipodal distance-regular cover of diameter 2d of G, with covering
map p: H — G. Let ug € p~'(u), and let p~*(v) = {v1,...,v.}. Let C; be the union of all
geodesics in H between u; and v;(1 < j < r) and C = {J,;C; {u,v;}. Then p [o: C —
C(u,v) is an isomorphism.

Proposition 5.1.6. Suppose that G is a distance-regular graph of diameter d > 2 and has an
r-antipodal distance-reqular cover of diameter 2d+ 1. Let u,v be vertices of G with d(u,v) =
d, and put E = {v} U{G(v) N Gy(u)}. Then the collection of sets C(u,w) \ {u,w}(w € E)
can be partitioned into r nonempty parts such that sets from different parts are disjoint, and
all edges joining vertices in different parts are contained in G(u).

Proof. Let H be an r-antipodal distance-regular cover of diameter D = 2d + 1 of G,
with covering map p : H — G. Let u,v be two vertices of G with d(u,v) = d. Further, let
u; € p~'(u) and C; be the union of all geodesics in G of length at most i with origin and
terminal both in u. If C'is a cycle in G of length at most D — 1 = 2d then, since p is an
antipodal covering, p~!(C') is the disjoint union of r copies of C. This implies that H (u;)
contains Cp_1. Since p is a graph morphism and a local isomorphism, the subgraph induced
by C(u,v) \ {u,v} in G is the disjoint union of r subgraphs of equal size. B

Thus the problem of finding antipodal covers of a given DRG is related to the study of
the structure of geodesics joining the vertices at maximal distance.

A near polygon is a connected graph G of diameter d > 2 with the following two
properties:

e There are no induced subgraphs of the shape K ;o

e If u € V(G) and L is a singular line with d(u, L) < d, then there is a unique point on
L nearest to u

Such a graph is also called a near (2d41)-gon if there is a point at distance d from some
singular line and a near (2d)-gon otherwise.

Corollary 5.1.7. If d > 2, and any two adjacent vertices v,w in Gg(u) have a common
neighbour in Gg_1(u), then G have no antipodal distance-reqular covers of diameter 2d + 1.
In particular, this holds for the collinearity graph of a regqular near 2d-gon.
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Proof. Clearly, if G(v) NG(w) N Gy_1(u) # 0, then C(u,v)\ {u,v} and C(u, w) \ {u, w}
are not disjoint. But if G is a near 2d-gon, and vw is an edge in G4(u), then by definition of
regular near 2d-gon, the line containing vw has a (unique) point in Gy4_1(u).

Corollary 5.1.8. If d > 2 and for any two adjacent vertices v, w in Gg(u) there is a point
in G(u) N Gg_1(v) N Gyg_1(w), then G have no antipodal distance-reqular cover of diameter
2d + 1. Similarly, If d > 3 and for any two vertices u,v at distance d and any two vertices
z,y € G(v) N Gg1(u) there is a vertex w € G(u) N Ga—2(x) N Ga—2(y), then G have no
antipodal distance-reqular covers of diameter 2d.

Trivially, bipartite graphs have no antipodal distance-regular covers of odd diameter. As
was already remarked, antipodal graphs of diameter d > 3 have no antipodal distance-regular
COVers.

Given a distance-regular graph GG with diameter d and parameters a;, b;, ¢; and k;, its
intersection matrix B is the tridiagonal (d + 1) x (d 4 1) matrix

0 k
1 aq bl
Cy QA9
C3
ba-1
Qgq

We shall say that a vector x = [xg, x1, ..., 2,,]" is standard when zq = 1.

Theorem 5.1.9. ( see Theorem 2.4.5 [53]) Let w = [uy,ug, ..., ug)" be a standard right eigen-
vector corresponding to the eigenvalue X\ of B. Then the multiplicity of the eigenvalue \ of
a distance-reqular graph with diameter d and n vertices is

m(\) = —Zfzozi(uz')Q )

We close this section by proving the well-known result that the only antipodal distance-
transitive cover of the polygon P, with n > 6 is Ps,.

Proposition 5.1.10. The only antipodal distance-transitive cover of the polygon P,, n > 6,
18 Pgn.

Proof. Case(1) n is even, the conclusion follows from corollary 5.1.3 above.
Case(2) n > 7is odd. Let H be an r-antipodal cover of P,, n = 2d+1, of diameter D. Then
by 5.1.2, either D = 2d and in this case i(H) = {2, 1, ..., 1, %(1), .., 11,1, %(1), 1,..,1,2}
or D=2d+1and i(H) = {2,1,...,Lt(r —1),1,..,1:1,..,1,1,¢,1,....2}.

(1) D = 2d. By the remarks of 5.1.2, r|1 and r < m Thus the only possibility
is 7 = 1. Hence no such a cover exists.
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(2) D = 2d + 1. By the remarks of 5.1.2, ¢t(r — 1) < min(1,1) and 1 < ¢. Thus the
only possibility is ¢ = 1 and r = 2. Hence ¢(H) = {2,1,...,1,1,1,....,1;1,....,1,1,1,1,...,2}
which is uniquely determined by the polygon Pop = Ps,. It is distance-transitive. Hence the
only antipodal distance-transitive double of P, is P,,. B

5.2 Infinite Families

In this section we discuss all distance-transitive antipodal covers of examples belonging to
infinite families (with the exception of the generalized 2d-gons). These are essentially those
examples with classical parameters. This case is handled by Van Bon and Brouwer [12] (see
also Terwilliger [68]). In those cases where Van Bon and Brouwer report results without
proof, we provide the corresponding proofs.

We shall say that a distance-regular graph has classical parameters (d,b, o, 3) if its
diameter is d and its intersection array parameters can be expressed in terms of the diameter
d and three other parameters b, a, 3 as follows:

for 2 =0, ...,d, where

>~

s [T i = () ifb=1.

= -1 pilp .

! ITiz0 5 ith# 1.

are the Gaussian binomial coefficients with basis b i.e., the number of [-dimensional

subspaces of an i-dimensional vector space over [F,. Using the above two formulas, one can
write the valency k and a; in terms of the d, b, o, 3 as well:

=[]

AR EAN

For a given graph G, we define its double G as the graph whose vertices are the symbols
ut u™ (u € G) where two vertices u”,v” are adjacent whenever u ~ v and o # 7. Then
clearly G is bipartite.

The following tree gives an overall picture of the current section.
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Antipodal covers of

Johnson Graphs|| odd Graphs Hamming graphs| |Grassmann graphs

A

dual polar graphs sesquilinear forms graphs | | affine Eg graph | | E7 graphs

Figure 5.2: antipodal covers of classical DTGs tree

5.2.1 Johnson graphs

Recall that the Johnson graphs J(n, k) (where 1 < k < n) have as vertices the k-subsets of
an n-set, with two k-subsets adjacent if and only if they intersect in exactly £ — 1 elements.
The Johnson graphs J(n,2) are sometimes known as Triangular graphs and also denoted
by T'(n), and the Johnson graphs J(n,3) are sometimes known as Tetrahedral graphs.
The Johnson graph J(n, k) is distance-transitive graph with diameter d = min(k,n — k) and
intersection array

W(T(, k) = {k(n = k), oy (b — i) (n — ko — ), .12, 2, )

Lemma 5.2.1. (see sec 9.1 [17]) J(n, k) = J(n,n — k), for n > k. Moreover, for u,v €
J(n, k), d(u,v) =m if and only if luNv| =k —m.

Examples

1. J(4,2) is the line graph L(K,) of the complete graph K,. It is strongly regular with
vertex set V' = {{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}. It is isomorphic to the oc-
tahedron and has intersection array i = {4, 1;1,4}.

2. J(5,2) is the line graph L(Kj) of the complete graph K5. It is strongly regular with

vertex set V' = {{1,2},{1,3},{1,4},{1,5},{2,3},{2,4} ,{2,5},{3,4},{3,5},{4,5}}.
It has intersection array ¢ = {6,2;1,4}.

3. J(6,3) is the first Johnson graph with diameter three. It has 20 vertices and 90 edges
with intersection array i = {9,4,1;1,4,9}.

Proposition 5.2.2. (see sec. 4 [12]) For n > 2d > 6, The Johnson graph J(n,d) has no
antipodal distance-regqular covers.
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Proof. The Johnson graph J(n, k) has diameter d = min(n,n — k). Since J(n,k) =
J(n,n — k) (lemma 5.2.1 above), we may assume that n > 2k, so that d = k.

Let u,v € V(J(n,d)) with d(u,v) = d, and pick any two distinct vertices z,y € G(u) N
Gg4-1(v). By lemma 5.2.1, we have [uNv| =d—d =0 and |[uNz| = |uNy| = d—1. Without
loss of generality, we may write u, v and = as u = {uy,ug,...,uq}, v = {v1,v9,...,v4} and
x = {uy,ug, ..., uq_1,v;} for some i € {1,...,d}, where the u; and v; are all distinct. So, we
must have one of the following possibilities for y:

(i) y = {w,u2, ..., u4_1,v;} for some j € {1,...,i — 1,0+ 1,...,d};
(i) y = {u1, ug, .o Wj—1, Uji1, ooy Ug—1, Ug, v } for some j € {1, ..., d};
(iii) y = {u1, ug, ooy Uj—1, Ujg1, oo, Ug—1, Ug, Vg } for some k # 0,5 € {1, ...,d};

In cases (i) & (ii),  and y are adjacent vertices. In case(iii), the vertex z = {uy, ua, ..., uj_1,
Uji1, ooy Ud—1, Ugd, V; } 18 & common neighbor of = and y in G(u) N G4—1(v). Hence G(u) N
G4-1(v). So, by proposition 5.1.5, there are no antipodal distance-regular covers of even
diameter.

Similarly, let u = {uy, ug,...,uqs} € V(J(n,d)). Suppose that v,w be two adjacent in
Gg(u). Lemma 5.2.1, gives [unNuv| = juNw| =d—d =0 and |[vNw| =d— 1. Without
loss of generality, we can write v and w as v = {vy,v9,...,v4} and w = {wvy, ve, ..., v4_1,a}
where the u;, v; and a are all distinct. Then y = {vq,v9,...,v4_1,u;}, for i € {1,2,...,d}, is
a common neighbor of v and w in G4_1(u), so that by corollary 5.1.7 there are no antipodal
distance-regular covers of odd diameter. B

The only imprimitive Johnson graphs are the graphs J(2d,d) which are antipodal. So,
we need to consider their quotients.

The p x ¢ graph has vertex set P x @Q where |P| =p, |Q| = ¢, and (z1,¥) is adjacent to
(x2,y2) if and only if 21 = x5 or y; = y, (but not both). A graph H is called locally G if
for each vertex x of H the graph induced by H on the set of neighbors of x is isomorphic to
the graph G.

Let us denote by p(z,y) (where x and y are two vertices at distance 2 in a graph G) the
graph induced on the set of common neighbors of  and y; we shall call subgraphs of G of
this form p-graphs.

Proposition 5.2.3. (see pg. 147 [12]) For d > 4, the only antipodal distance-reqular cover
of the quotient Johnson graph J(2d,d) is the Johnson graph J(2d,d).

Proof. Let H be an antipodal distance-regular cover of G, with covering map p: H —
G. G is locally m x m and the connected components of each p-graph of G are 4-cycles
(see Theorem 1 [9]). Since p is a graph morphism, i.e., preserves adjacency, and a local
isomorphism, i.e., for each u of H the restriction of p to the set ut = H<(u) is bijective,
then H must be locally m x m and the connected components of each p-graph of H are
4-cycles. Hence H is a Johnson graph (see Theorem 1 [9]). W

The Johnson graphs J(n,2) := T(n) and the quotient graphs J(8,4) and J(10,5) are
strongly regular, and their complementary graphs are also strongly regular. The graph
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T(5),the complement of T'(5), is the Petersen graph and will be treated next subsection. The
complement of the quotient graph J(8,4) is the Grassmann graph of the lines in PG(3,2),
and we will see below that no antipodal covers exist. The complement of the quotient graph
J(10,5) has no feasible parameters and so no antipodal covers exist.

Proposition 5.2.4. (see Proposition 4.2 [12]) The complement graphs T'(n) of T'(n) have no
distance-regqular covers forn > 8. There is a unique 3-antipodal distance transitive cover with

45 wvertices and diameter 4 of T(6). Also, there is a unique 3-antipodal distance transitive
cover with 63 vertices and diameter 4 of T(7).

5.2.2 0Odd graphs

Recall that the odd graphs Oy (k > 2) have the (k — 1)-subsets of a (2k — 1)-set as vertices,
with two (k—1)-subsets joined by an edge if and only if they disjoint. Oy is distance-transitive
graph with valency k, diameter d = £ — 1 and intersection array

i(Or) ={k, k=1, k=1, 5(k+1),5(k+1);1,1,...,5(k—1),5(k — 1)}
for k odd, and
i(Or) ={k,k—1,k—1,..,3k+1,3k+1;1,1, ., 2k — 1,2k — 1}
for k even.
Proposition 5.2.5. For m > 0 and u,v € Oy, we have
1. d(u,v) =2m if and only if [uNv| = (k. —1) —m.
2. d(u,v) =2m+ 1 if and only if |luNv| =m.

Proposition 5.2.6. (see Proposition 4.1 [12]) The double odd graphs 20y, are the only an-
tipodal distance-regular covers of Oy for k > 4, and they are distance-transitive. The Petersen
graph O3 has two antipodal distance-transitive covers, namely its double Oz (sometimes called
the Desargues graph) and the dodecahedron.

5.2.3 Hamming graphs

Recall that the Hamming graph H(n,q) has the set of all n-tuples from an alphabet of ¢
symbols as its vertex set, where two n-tuples are adjacent when they differ in exactly one
coordinate. The Hamming graph is distance-transitive with diameter d = n and intersection
array

i(H(n,q)) =4{n(¢g—1),(n—1)(¢g—1),....,1(¢ — 1); 1,2, ....,n}.

Proposition 5.2.7. (see Proposition 5.1 [12]) The Hamming graph H(n,q) with n > 2 has
no antipodal distance-regqular covers.
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The only imprimitive Hamming graphs are the n—cubes H(n, 2) which are both bipartite
and antipodal. So, we need to consider their quotient and halved graphs.

Proposition 5.2.8. (see Proposition 5.2 [12]) The only antipodal distance-reqular cover of
the quotient n-cube H(n,2) with n > 6 is the n-cube H(n,2), and it is distance-transitive.

The only antipodal distance-transitive covers of the quotient 4-cube are the 4-cube and
a unique cover with intersection array {4,3,3,1;1,1,3,4}. The only antipodal distance-
transitive covers of the quotient 5- are the 5-cube and a unique cover with intersection array
{5,4,1,1;1,1,4,5}. The quotient n-cubes are characterized by the parameters except when
n = 6. For n = 6, there are three nonisomorphic graphs but none of these has antipodal
distance-regular covers (see [12]).

Proposition 5.2.9. (see Proposition 5.3 [12]) The halved n-cube $H(n,2) has no antipodal
distance-regular covers for n > 4.

Now, if n is even, the halved graph %H (n,2) is still antipodal. So, we need to consider
its quotient graph. In what follows, 1H(n,2) will denote the quotient halved (or halved
quotient) n-cube.

Proposition 5.2.10. (see Proposition 5.3 [12]) The only antipodal distance-regular cover of
the quotient halved n-cube $H(n,2) (even n >8) is 1H(n,2), and it is distance-transitive.

The Hamming graphs H (2, q) and the quotient cubes H(4,2), H(5,2), the halved graphs
$H(4,2) and $H(5,2) and the halved quotient cubes $H(8,2) and $H(n,2) are strongly
regular graphs. So we should consider the possible covers of their complements.

H(2,2) and H(4,2) and $H (4, 2) are disconnected and so they are no more DTGs. Next,

H(2,3) = H(2,3)and H(5,2) = 1H(5,2) and 1H(5,2) = H(5,2), so these have been treated

already. Next H(2,q) with ¢ > 4 has ¢4 > 2bs—1 and hence no covers exist. 3H(8,2) is the

alternating forms on F3 and we will show that no covers exist. Finally, %H(m, 2) has ¢3 > 2b;
and so no covers exist.

5.2.4 Grassmann graphs

Recall that the Grassmann graph Jy(n,k) (1 < k < n), have vertices the k-dimensional
subspaces of an n-dimensional vector space over a field F,, with two of the k-subspaces
joined by an edge if and only if they intersect in a subspace of dimension k — 1. J,(n, k) is
distance-transitive with diameter d = min(k,n — k).

Lemma 5.2.11. (see sec 9.3 [17]) For n > k, we have Jy(n,k) = J,(n,n — k).
Thus we usually assume that n > 2k and so, d = k.

Proposition 5.2.12. (see Proposition 6.1 [12]) The Grassmann graphs of diameter at least
2 have no antipodal distance-reqular covers.
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The only strongly regular Grassmann graphs are Jy(n,2). No covers exist for their
complements except when n = 3, where the complement is actually the quotient Johnson
graph J(8,4) which has the unique cover J(8,4).

Let V' be a (2d + 1)-dimensional vector space over GF(q). The doubled Grassmann
graph 2.J,(2d+1,d) is the graph G whose vertices are the (k)-subspaces and d+ 1-subspaces
of V', where distinct vertices u, v are joined if and only if u C v or v C u.

Proposition 5.2.13. (see Proposition 6.2, [12]) The double Grassmann graphs 2.J,(2d+1,d)
of diameter at least 2 have no antipodal distance-reqular covers.

5.2.5 Dual polar graphs

Let V' be one of the following spaces equipped with a specified form with ¢ a prime power.
[Sp(2d, q)] := [Ca(q)] = F2* with a nondegenerate symplectic form;

[Q(2d + 1, )] := [Ba(q)] = F2**" with a nondegenerate quadratic form;

[Q7(2d, q)] := [Da(q)] = F2¢ with a nondegenerate quadratic form of (maximal) Witt index
d;

[Q7(2d+2,q)] := [*D441(q)] = F24*? with a nondegenerate quadratic form of (non-maximal)
Witt index d;

[U(2d + 1,7)] := [*Agq(r)] = F2*! with a nondegenerate Hermitean form (q = r?);
[U(2d,7)] := [*Aza—1(r)] = F2* with a nondegenerate Hermitean form (g = r?);

A subspace of V' is called totally isotropic (in certain cases totally singular) if the form
vanishes completely on this subspace. The maximal totally isotropic (singular) subspaces
here are the d-spaces of V. The dual polar graph on V has as vertex set the maximal
totally isotropic subspaces, where two vertices are joined if they meet in (d — 1)-dimensional

subspace. It has classical parameters (d, ¢, 0, ¢°) where e € {0, %, 1, %, 2}.

Proposition 5.2.14. (see Proposition 7.1 [12]) Dual polar graphs of diameter at least 3
have no antipodal distance-reqular covers. For d = 2, no other covers exist except for the

complete bipartite K,y1 441 which have been treated and the generalized quadrangle of order
(2,2) which has a unique 3-antipodal distance transitive cover.

The dual polar graphs on [Dg4(q)] are bipartite. So we need to consider their halved
graphs 3[Da(q)].

Proposition 5.2.15. (see pg. 151 [12]) The halved graph 3[Da(q)] of diameter m = [d/2] >
2 has no antipodal distance-regular covers.

Proof. (We shall use the terminology of the theory of near polygons, see [20] & [61].) Let
G denotes the dual polar graph [D4(q)]. Suppose that u,v € V(Gs) with d(u,v) = m. Let
z,y € (G2)(u)N(G2)m-1(v). Choose 1,y € V(G) such that d(z1,z) = d(y1,y) = d(z1,u) =
d(yi,u) = 1 and d(z1,v) = d(y;,v) = 2m — 1. Then there is a vertex w joined to x; and y;
with d(w, v) = 2m—2 (see Theorem 2(ii) [20]). Thus 21,41 € G(w)NGapm—_1(v). Hence there is
a unique quad @ containing {x, 1, w} (see Lemma 2.14 [61]). Since all point-quad relations
are classical, then there is a unique point z € Go,,, 2(v) N Q, and z ~ x1,y; (see Lemma 2.14
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[61]). Thus, there is a common neighbor z of x and y in Gy with 2z € Ga(u) N (G2)m_1(v).
Hence Ga(u) N (G2)m—1(v) is connected. It follows from proposition 5.1.5 that no covers of
diameter 2m exist.

Now, let z,y be two adjacent vertices in (Ga).,(u). Then z,y € Gop,(u) and d(z,y) = 2
in G. Hence there is a vertex w joined to x and y with d(w,u) = 2m — 1 (see Theorem
2(ii) [20]). Let z € V(G) with d(w,z) = 1 and d(z,u) = 2m — 2. Then z ~ z,y in Gs.
Further z € Gay,—2 = (G2)m—1. Hence by corollary 5.1.7 no covers of diameter 2m—+1 exist. B

The six dual polar graphs with d = 2 and the halved dual polar graphs %[D4(q)] and
5[Ds(q)] are strongly regular graphs. However, no covers occur for any of their complements
(see sec. 7 [12]).

5.2.6 Sesquilinear forms graphs
A. Bilinear forms graphs

Recall that the bilinear forms graphs H,(n,m) (n > m) have vertices the n x m matrices
over [F,, with two matrices joined by an edge if and only if their difference has rank 1. The
bilinear forms graph is distance-transitive with diameter d = m.

Proposition 5.2.16. (see Proposition 8.1 [12]) The bilinear forms graph H,(n,d), n > d,
of diameter d > 2 has no antipodal distance-regular covers.

B. Alternating forms graphs

Recall that the alternating forms graphs Alt(n, q) (n,q > 1) have vertices the nxn alternating
matrices over F, that is, all n x n matrices (a;;)nxn With a;; = —a;; for 1 <1i,j < n, with
two matrices joined by an edge if and only if their difference has rank 1.

Proposition 5.2.17. (see Proposition 9.1 & 9.2 [12]) The alternating forms graph Alt(n,q)
on Fy, with n > 4 has no antipodal distance-reqular covers.

The alternating forms graphs Alt(4,q) and Alt(5,q) are strongly regular. However, no
covers of their complements exist except for the alternating form graph Alt(4,2) which has
complement isomorphic to the quotient halved 8-cube, and was treated.

C. Hermitean forms graphs

Recall that the Hermitian forms graphs Her(n, q) (n,q > 1) have vertices the nxn Hermitian
matrices over F, (where ¢ = p?, p a prime power) with two matrices joined by an edge if and
only if their difference has rank 1.

Proposition 5.2.18. (see Propositions 10.1 & 10.2 [12] & sec. 11.3H [17])

1. The only antipodal distance-reqular covers of even diameter of the Hermitean forms
graphs with diameter at least 3 are the unique 2- and 4-covers of diameter 6 in the case
where d = 3 and g = 4, and they are distance-transitive.
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2. The only antipodal distance-regular cover of odd diameter of the Hermitean forms graph
with diameter at least 2 1s the 5-cube in the case where d = 2 and q = 4, and it is
distance-transitive.

The Hermitean forms graphs Her (2, q) are strongly regular. However, no covers exist for
any of their complements.

5.2.7 FE7 graphs

Let G be the collinearity graph of the points in a building of type E; defined over F,, where
the points are those objects whose residue is of type Fg. Then G is classical distance-
transitive with intersection array

5_1

{a(¢® +¢* + DL, (g + DL 05 1 (¢ + DI (¢* + ¢ + D4

and parameters

<d> baa76) = (3>q4> [(?)]q - 1’ [(110)]q - 1)'

Proposition 5.2.19. (see Proposition 12.1 [12]) The collinearity graph of the points in a
finite building of type Er (either thin or thick) has no antipodal distance-reqular covers.

5.2.8 The affine s graph

Let G be the collinearity graph of a finite thick building of type E7, and co a vertex of G.
Then the subgraph induced on G3(0) is called the affine Fs graph. The affine Eg graph
is distance-transitive with intersection array

12_ 9_ 12_
(=D (gt +1)(¢° — 1),¢(g — 1)1, ¢%(¢" + 1), ¥ L=}
Furthermore, it has classical parameters

(d7 b7a76) = (37q47q4 - 17q9 - 1)

Proposition 5.2.20. (see Proposition 13.1 [12]) The affine Eg graph over F, has no an-
tipodal distance-reqular covers.

5.3 Isolated Examples

In this section we will discuss the antipodal distance-transitive covers of all left known
primitive distance-transitive graphs with diameter d > 2 that are not covered in the previous
section. Our conclusions are based on two steps. First, we list all feasible intersection arrays
of possible covers. Then we look for the corresponding antipodal covers, if any exists, using
the known list of all distance-transitive graphs with small number of vertices or prove the
nonexistence of such covers using distance regularity conditions.
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5.3.1 W.itt graphs

In this subsection, we will discuss graphs related to Witt designs. They are essentially
distance-transitive with classical parameters (see sec. 11.4 [17]). So, they are covered by
Van Bon and Brouwer [12].

The large Witt graph G is the graph with vertices the 759 blocks of a Steiner system
S(5,8,24), where two vertices are adjacent when they are disjoint. G is classical distance-
transitive with intersection array {30, 28, 24; 1, 3, 15}, parameters (d, b, a, 3) = (3, —2, —4, 10)
and full automorphism group May.

Proposition 5.3.1. (see Proposition 14.1 [12]) The large Witt graph has no antipodal
distance-reqular covers.

The subgraph of the large Witt graph induced by the 506 blocks of S(5, 8,24) that miss a
fixed symbol is itself classical distance-transitive with intersection array {15,14,12;1,1,9},
parameters (d, b, a, §) = (3,—2,—2,5) and full automorphism group Mys.

Proposition 5.3.2. (see pg. 162 [12] & [51]) The subgraph of the large Witt graph G with
intersection array {15, 14,
12;1,1,9} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {15,14,12,1(9),1,1;1,1,1(9),12,14,15} or D = 7 and
i(H)={15,14,12,t(r — 1),9,1,1;1,1,9,¢,12, 14, 15}.

Case(1) D = 6. By the remarks of 5.1.2, 7| 9 and r < m. Thus we have two
possibilities of r, namely 3 and 9.

For r = 3, i(H) = {15,14,12,6,1,1;1,1,3,12, 14, 15} and for r = 9, i(H) = {15,14,12,8,1, 1
;1,1,1,12,14,15}. However, Ivanov & Shpectorov [51] showed that neither 3-covers nor 9-
covers exist .

Case(2) D = 7. Since ¢y = 9 > min(by_1,aq), no antipodal distance-regular covers of
odd diameter exist (see the remarks of 5.1.2). B

The subgraph of the large Witt graph induced by the 330 blocks of S(5,8,24) that miss
two fixed symbol is itself distance-transitive with intersection array {7,6,4,4;1,1,1,6}.

Proposition 5.3.3. (see pg. 165 [12], [18] & [29]) The only antipodal distance-reqular cover
of the subgraph of the large Witt graph G with intersection array {7,6,4,4;1,1,1,6} is the
Faradjev-ITvanov-Ivanov 3-cover with diameter 8, and it is distance-transitive. Moreover,
such a cover is uniquely determined by its parameters.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 8 and in this case i(H) = {7,6,4,4,=1(6),1,1,1;1,1,1,2(6),4,4,6,7} or D = 9 and
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i(H) = {7,6,4,4,t(r —1),6,1,1,1;1,1,1,6,¢,4,4,6,7}.

Case(1) D = 8. By the remarks of 5.1.2, r|(6) and r < m. Thus we have two
possibilities of r, namely 2 and 3.

For r = 2, i(H) = {7,6,4,4,3,1,1,1;1,1,1,3,4,4,6,7}. However, Brouwer [18] showed
that no such 2-covers exist.

For r =3, i«(H) = {7,6,4,4,4,1,1,1;1,1,1,2,4,4,6,7}. Faradjev, Ivanov, and Ivanov [29]
constructed such 3-cover, and Brouwer [18] showed that this graph is uniquely determined
by its parameters.

Case(2) D = 9. Since ¢4 = 6 > min(bs_1,a4), no antipodal distance-regular covers of
odd diameter exist (see the remarks of 5.1.2). B

5.3.2 Golay graphs

In this subsection, we will discuss graphs related to Golay codes. They are essentially
distance-transitive with classical parameters (see sec. 11.3 [17]). So, they are covered by
Van Bon and Brouwer [12].

Let S be a set and n a natural number. A code C of length n over the alphabet S is
a subset of S”. The code is called binary(ternary) when S = Fy (resp, S = F3). The
elements of C' are called words.

The Hamming distance dy(u, v) between two words u and v is the number of positions
in which the entries in « and v differ, dy(u,v) = |{i : u; # v;}|. The weight wt(u) of a word
u is its number of nonzero coordinates.

Let G be a graph with vertex set V' and diameter d. A code in G is a nonempty subset
C of V. The minimum distance §(C) of C is defined as

5(C) = 2d + 1, IC| =1;
| min{du(u,v)|u,v € Cyu#v}, |C|>1.

The number
t(C) := max{dy(v,C)lv € V}

is called the covering radius of C. §(C) and ¢(C) are related by the inequality 6(C) <
2t(C') + 1. The code C is perfect if §(C) = 2t(C) + 1.

If C' is a code of length n, then a truncation of C' is a code of length n — 1 obtained
by deleting a fixed coordinate position; a shortening of C' is a code of word length n — 1
obtained by deleting a fixed position and only retaining the code words that were 0 at that
position. Conversely, the extended code is the code of length n + 1 obtained by adding an
extra coordinate so as to make the weight even.

The Golay codes are the unique codes C' with minimum distance ¢ in H(n,q) with

(n,q,6,|C]) = (23,2,7,2'%), (23,2,8,2'%), (11,3,5,3%), and (12,3,6,3%). These are called
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the binary Golay code, the extended binary Golay code, the ternary Golay code
and the extended ternary Golay code.

A. The coset graph of the extended ternary Golay code

Let C be the extended ternary Golay code. The coset graph of C, denoted G(C'), has
vertex set the cosets of C', where two vertices are adjacent when they contain words that are
at Hamming distance one. Then G(C) is classical distance-transitive with intersection ar-
ray {24,22,20;1,2,12}, parameters (d, b, o, §) = (3, —2, —3, 8) and full automorphism group
Aut(T(C)) = 35.2. M.

Proposition 5.3.4. (see pg. 163 [12]) The coset graph G(C') of the extended ternary Golay
code C' has no antipodal distance-regular covers.

Proof. Let H be an r-antipodal cover of the coset graph G(C) of diameter D. Then by
5.1.2, either D = 6 and in this case i(H) = {24, 22, 20, ’";—1(12), 2,1;1,2, %(12), 20,22,24} or
D =7 and i(H) = {24,22,20,t(r — 1),12,2,1;1,2,12, 1, 20, 22, 24}.

Case(1) D = 6. By the remarks of 5.1.2, 7|12 and r < m. Thus we have three
possibilities of r, namely 2, 3, and 6.

For r = 2, i(H) = {24,22,20,6,2,1;1,2,6,20,22,24} and so, |V(H)| = 1 + 24 + 264 +
880 4 264 + 24 + 1 = 1458. Now using the list of all feasible intersection arrays of distance-
regular graphs having diameter 6 and with at most 4096 vertices given in [17], we conclude
that no such cover exists.

For r = 3, i(H) = {24,22,20,8,2,1;1,2,4,20,22,24} and so, |V(H)| = 1+ 24 + 264 +
1320 + 528 + 48 + 2 = 2187. Now using the list of all feasible intersection arrays of distance-
regular graphs having diameter 6 and with at most 4096 vertices given in [17], we conclude
that no such cover exists.

For r = 6, i(H) = {24,22,20,10,2,1;1,2,2,20,22,24} and so, |V(H)| = 1+ 24 + 264 +
2640 + 1320 + 120 + 5 = 2374. Now using the list of all feasible intersection arrays of
distance-regular graphs having diameter 6 and with at most 4096 vertices given in [17], we
conclude that no such cover exists.

Case(2) D = 7. This graph is a near hexagon, so by corollary 5.1.7 there are no cov-
ers of odd diameter.

B. The coset graph of the doubly truncated binary code
If C' is a doubly truncated binary Golay code (¢ = 2,n = 21, |C| = 2?), then G(C)

is distance-transitive graph on 512 vertices with intersection array {21,20,16;1,2,12}. Fur-
thermore, G(C) has classical parameters (d,b,«, ) = (3,—2,—3,7) and hence the same
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parameters as the Hermitean forms graph with n = 3 and ¢ = 4. (In fact, these graphs are
isomorphic.) Thus G(C) has the coset graph of the code C' (n = 21, |C| = 2'!) obtained by
taking all words in the binary Golay code that start with 00 or 11 and deleting these two
coordinate positions, as a unique 2-cover. Moreover, G(C') has the coset graph of the code
C (n = 21, |C| = 2'%) obtained by taking all words in the extended binary Golay code that
start with 000 or 111 and deleting these three coordinate positions, as a unique 4-cover. No
other antipodal covers exist. See Proposition 5.2.18.1.

5.3.3 Affine sporadic graphs

In this subsection, we will discuss in detail the r-antipodal distance-transitive covers of the
affine sporadic graphs given in Table 3.1.

A. Extended ternary Golay graph

The extended ternary Golay graph G with 35 vertices and intersection array i(G) = {24, 22, 20;
1,2,12} has no antipodal distance-regular covers. (See sec. 5.3.2.)

B. Truncated binary Golay graph

Proposition 5.3.5. The only bipartite distance-transitive doubles of the truncated binary
Golay graph G with 2'° wvertices and intersection array i(G) = {22,21,20;1,2,6} are its
double G as a 2-cover of diameter 6 and the coset graph of the shortened binary Golay code
as a 2-cover of diameter 7. The coset graph of the shortened binary Golay code is uniquely
determined by its parameter as a distance-reqular graph. The double coset graph of the
truncated Golay code is uniquely determined by its parameters as a distance-transitive graph.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {22,21,20, 7"%1(6),2,1;1,2, %(6),20,21,22} or D = 7 and
i(H) = {22,21,20,t(r — 1),6,2,1;1,2,6,¢,20, 21, 22}.

Case(1) D = 6. By the remarks of 5.1.2, r|6 and r < m. Thus we have two
possibilities of r, namely 2 and 3.

For r = 2, i(H) = {22,21,20,3,2,1;1,2,3,20,21,22} and so, |V(H)| = 1+ 22 + 231 +
1540 + 231 4 22 + 1 = 2048. This is the coset graph of the shortened binary Golay code. It
is distance-transitive and uniquely determined by its parameters. (see 11.3(H) [17]).

For r = 3, i(H) = {22,21,20,4,2,1;1,2,2,20,21,22} and so, |V(H)| = 1+ 22 + 231 +
2310+ 462 4 44 4+ 2 = 3072. Now using the list of all feasible intersection arrays of distance-
regular graphs having diameter 6 and with at most 4096 vertices given in [17], we conclude
that no such cover exists.

o4



Case(2) D = 7. By the remarks of 5.1.2, t(r — 1) < min(20,16) and 6 < ¢. Thus we
have the following possibilities of ¢ and r.

O 00| 00| | | O O] =+

RO W N W N W N 3

~+~

—_
=}

11
12
13
14
15
16

NN NN NN N 3

Forr = 2and t € {6,7,8,9,10,11,12,13, 14,15}, we have i(H) = {22,21,20,t,6,2,1;1, 2,6,
120,21,22} with |V(H)| = 1+ 22+ 231+ 770+ 770 + 231 + 22 + 1 = 2048. Using the list of
all feasible intersection arrays given in (ch14 [17]), we conclude that no such graphs exist.

For r = 3 and ¢ € {6,7,8}, we have, i(H) = {22,21,20,2t,6,2,1;1,2,6,¢,20,21,22} with
[V(H)| =1+224 231+ 770 + 1540 + 462 + 44 + 2 = 3072. Again using the same list of all
feasible intersection array, we conclude that no such graphs exist.

For r = 2 and t = 16, we have i(H) = {22,21,20,16,6,2,1;1,2,6,16,20,21,22} with
\V(H)| = 1+224 231+ 770 4+ 770 + 231 + 22 + 1 = 2048. Now using the same list of
all feasible intersection arrays of distance-regular graphs with diameter 7 and at most 4096
vertices, such a graph exists. It is the double coset graph G of the truncated Golay code G.
It is distance-transitive with automorphism group (2'°.M.2) x 2 (see 11.3F [17]). More-
over, it is uniquely determined by its intersection array as a distance-transitive graph (see
the proof of Proposition 6.3.4 below). B

C. Distance two graph of truncated binary Golay graph

Proposition 5.3.6. The distance two graph of truncated Golay graph G with 2'° vertices and
intersection array i(G) = {231,160, 6;1,48,210} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either D = 6
and in this case i(H) = {231, 160, 6, ”;—1(210),48, 1;1,48, %(210),6, 160,231} or D = 7 and
i(H) = {231,160, 6, t(r — 1), 210,48, 1; 1,48, 210, , 6, 160, 231}.

Case(1) D = 6. By the remarks of 5.1.2, 7210 and r < m. Thus no such a
cover exists.

Case(2) D = 7. Since ¢ = 210 > min(6,21) (see remarks of 5.1.2), no feasible array
exists. Hence no such cover exists. H

D. Perfect Golay graph
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Proposition 5.3.7. The only antipodal distance-transitive cover of the perfect Golay graph
G with 2" wertices and intersection array i(G) = {23,22,21;1,2,3} is its double G as a
2-cover. Moreover, the double graph G is uniquely determined by its parameters.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {23,22,21,=1(3),2,1;1,2,1(3),21,22,23} or D = 7 and
i(H) = {23,22,21,t(r — 1),3,2,1;1,2,3,¢,21,22,23}.

Case(1) D = 6. By the remarks of 5.1.2, r[3 and r < 7%=, Thus r = 1. Hence
no covers exist.

Case(2) D = 7. By the remarks of 5.1.2, t(r — 1) < min(21,23 —3) = 20 and 3 < t.
Thus we have the following possibilities of ¢t and r.

efr e et [rfefrftfrft]r]
3129 2] 15|2]3[3]93]3]|5
1210 2[ 1624 (3] 10[3 45
51211217 ]2]5(3] 3 4|55
612|122 18[2]6(3]4[4]3]6
7121321927 (3] 5 [4]4]6
s|2[1a 2202 [s[3]6 437

For r = 2 and t € {3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19}, we have i(H) =
(23,22,21,4,3,2,1;1,2,3,3,¢,21,22, 23} with |V(H)| = 1 + 23 + 253 + 1771 + 1771 + 253 +
23 + 1 = 4096. Using the list of all feasible intersection arrays given in (chl4 [17]), we
conclude that no such graphs exist.

For r = 2 and t = 20, we have i(H) = {23,22,21,20,3,2,1;1,2,3,20,21,22,23} with
\V(H) = 1+23+ 253 + 1771 + 1771 + 253 + 23 + 1 = 4096. Now using the same list
of all feasible intersection arrays of distance-regular graphs with diameter 7 and at most
4096 vertices, such a graph exists. It is the double coset graph G of the binary Golay code
G. Tt is distance-transitive with automorphism group 2. M,3.2. In addition, G is uniquely
determined by its parameters (see 11.E [17]).

For r =t = 3, we have i(H) = {23,22,21,6,3,2,1;1,2,3, 3,21, 22,23} which is ruled out by
the following divisibility condition

if a; = 0 and ¢y > 2, then ¢;1 > ¢; for each ¢ > 1 (see Theorem 2.2.5).

Similarly, for »r = 4,5,6,7 and t = 3, we have c3 = ¢4 = 3, hence they are ruled out by the
above condition.

For r = 3 and t = 4, we have i(H) = {23,22,21,8,3,2,1;1,2,3,4,21,22,23} with |V(H)| =
1423+ 25341771 4 3542 4 506 + 46 + 2 = 6144. The eigenvalues of H are
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{23,14.02,7,5.5507, —1, —1.9318, —9, —9.6386 }.
The corresponding eigenvector of the second largest eigenvalue A\ = 14.02 is
[1,0.60956, 0.34299, 0.17093, —8.546710~2, —0.17150, —0.30477, —0.50001]*

and the multiplicity (see theorem 5.1.9 above) m(A2) =

6144
T12+423%(0.60956)2+253+(0.34299) 2+ 177 1%(0.17093)2+ 3542+ (—8.546710— 2 ) 2+506%(—0.17150)2+46%(—0.30477) 2+2%(—0.50001)2

= 44.984, which is not an integer. Thus there is no graph with the given array.

In a similar way, all the remain cases, i.e., r = 3 and ¢t € {5,6,7,8,9,10}, r = 4 and
t €{4,5,6},r=5and t € {3,4,5} and r = 6 and ¢t = 4 are ruled out by the calculations
of the multiplicities of their second largest eigenvalues. Hence the only antipodal distance-
transitive cover of the perfect Golay graph G is its double G. R

E. Distance two graph of perfect Golay graph

Proposition 5.3.8. The distance two graph of perfect Golay graph G with 21 vertices and
intersection array i(G) = {253,210, 3;1, 30,231} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either D = 6
and in this case i(H) = {253,210, 3, ’”;—1(231),30, 1;1, 30, %(231),3,210,253} or D =7 and
i(H) = {253,210, 3,t(r — 1),231, 30, 1; 1, 30, 231, ¢, 3, 210, 253 }.

Case(1) D = 6. By the remarks of 5.1.2, 7231 and r < W. Thus r = 1.
Hence no covers exist.

Case(2) D = 7. Since ¢ = 231 > min(3,22) (see remarks of 5.1.2), no feasible array
exists. Hence no such cover exists. B

5.3.4 Simple socle graphs of Lie type

In this subsection, we will discuss in detail the r-antipodal distance-transitive covers of the
simple socle graphs of Lie type given in Table 3.2 and Table 3.3 (with the exception of the
generalized 2d-gons).

A. Coxeter graph

Proposition 5.3.9. The Coxeter graph G with 28 vertices and intersection array i(G) =
{3,2,2,1;1,1,1,2} has no antipodal distance-regular covers.
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Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 8 and in this case i(H) = {3,2,2,1,%(2),1,1,1;1,1,1,%(2),1,2,2,3} or D = 9 and

i(H)={3,2,2,1,t(r — 1),2,1,1,1;1,1,1,2,¢,1,2,2, 3}.

Case(1) D = 8. By the remarks of 5.1.2, 7[2 and r < _—35—5. Thus 2 is the only
possible value of r. Hence i(H) = {3,2,2,1,1,1,1,1;1,1,1,1,1,2,2,3}, and so |V (H)| =
14+4346+12412+12+6+3+1 = 55. Now using the list of all feasible intersection arrays
of distance-regular graphs having diameter 8 and with at most 4096 vertices given in [17],
we conclude that no such cover exists.

Case(2) D = 9. Since ¢q = 2 > min(1,1) (see remarks of 5.1.2), no feasible array ex-
ists. Hence no such cover exists. Wl

B. Sylvester graph

Proposition 5.3.10. The Sylvester graph G with 36 vertices and intersection array i(G) =
{5,4,2;1,1,4} has no antipodal distance-regqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {5,4,2,%(4), 1,1;1,1, %(4),2,4, 5} or D =7and i(H) =
{5,4,2,t(r —1),4,1,1;1,1,4,¢,2,4,5}.
Case(1) D = 6. By the remarks of 5.1.2, 7|4 and r < m. Thus 2 is the only
possible value of r. Hence i(H) = {5,4,2,2,1,1;1,1,2,2,4,5}, and so |V(H)| =1+5+20+
204204541 = 72. Now using the list of all feasible intersection arrays of distance-regular
graphs having diameter 6 and with at most 4096 vertices given in [17], we conclude that no
such cover exists.

Case(2) D = 7. Since ¢q = 4 > min(2,1) (see remarks of 5.1.2), no feasible array ex-
ists. Hence no such cover exists. Bl

C. Doro graph

Proposition 5.3.11. The Doro graph G with 68 vertices and intersection array i(G) =
{12,10,3;1, 3,8} has no antipodal distance-regqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {12,10,3,=%(8),3,1;1,3,%(8),3,10,12} or D = 7 and
i(H) = {12,10,3,t(r — 1),8,3,1;1,3,8,t,3,10, 12}.

Case(1) D = 6. By the remarks of 5.1.2, r|8 and r < m. Thus » = 1. Hence
no cover exists.

Case(2) D = 7. Since ¢4 = 8 > min(3,12 — 8) (see remarks of 5.1.2); no feasible ar-
ray exists. Hence no such cover exists.
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D. Biggs-Smith graph

Proposition 5.3.12. The Biggs-Smith graph G with 102 vertices and intersection array
i(G)=13,2,2,2,1,1,1;1,1,1,1,1,1,3} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 14 and i(H) = {3,2,2,2,1,1,1,=1(3),1,1,1,1,1,1;1,1,1,1,1,1,1(3),1,1,1,2,2, 2,3}

T

or D =15 and i(H) = {3,2,2,2,1,1,1,t(r—1),3,1,1,1,1,1,1;1,1,1,1,1,1,3,£,1,1,1,2,2,2
3}

Case(1) D = 14. By the remarks of 5.1.2, 7|3 and r < m Thus » = 1. Hence
no cover exists.

Case(2) D = 15. Since ¢4 = 3 > min(1,3 — 3) (see remarks of 5.1.2); no feasible ar-
ray exists. Hence no such cover exists.

E. Perkel graph

Proposition 5.3.13. The Perkel graph G with 57 vertices and intersection array i(G) =
{6,5,2;1,1,3} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {6,5,2,%1(3), 1,1;1,1, %(3),2,5,6} or D =7and i(H) =
{6,5,2,¢(r —1),3,1,1;1,1,3,¢,2,5,6}.

Case(1) D = 6. By the remarks of 5.1.2, 73 and r < m Thus r = 3. Hence
i(H)=16,5,2,2,1,1;1,1,1,2,5,6} and |[V(H)| =1+64+30+ 60+ 60+ 1242 = 171. Now
using the list of all feasible intersection arrays of distance-regular graphs having diameter 6
and with at most 4096 vertices given in [17], we conclude that no such cover exists.

Case(2) D = 7. Since ¢4 = 3 > min(2,6 — 3) (see remarks of 5.1.2), no feasible array
exists. Hence no such cover exists. B

F. Locally Petersen graph

Proposition 5.3.14. The locally Petersen graph G with 65 vertices and intersection array
i(G) = {10,6,4;1,2,5} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {10,6,4,~%(5),2,1;1,2,1(5),4,6,10} or D = 7 and
i(H) = {10,6,4,t(r — 1),5,2,1;1,2,5,¢,4,6,10}.

Case(1) D = 6. By the remarks of 5.1.2, r|5 and r < m. Thus r = 1. Hence
no cover exists.
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Case(2) D = 7. Since ¢4 = 5 > min(4,10 — 5) (see remarks of 5.1.2), no feasible ar-
ray exists. Hence no such cover exists.

G. The distance three graph (Her(3,4))s

Proposition 5.3.15. The distance three graph G =
Her(3,4) with 280 vertices and intersection array i(Q)
distance-regular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 8 and in this case i(H) = {9,8,6,3,=%(8),3,1,1;1,1,3,%(8),3,6,8,9} or D = 9 and
i(H) ={9,8,6,3,t(r —1),8,3,1,1;1,1,3,8,t,3,6,8,9}.

3,4))s of the Hermitian graph

(Her(3,4)
=19,8,6,3;1,1, 3,8} has no antipodal

Case(1) D = 8. By the remarks of 5.1.2, 78 and r < m. Thus r = 1. Hence
no cover exists.

Case(2) D = 9. Since ¢ = 8 > min(3,9 — 8) (see remarks of 5.1.2), no feasible array
exists. Hence no such cover exists. i

H. The Johnson graph J(8,3)
The Johnson graph J(8,3) has no antipodal distance-regular covers. (See sec. 5.2.1.)

I. Unitary nonisotropics graph on 208 points

Proposition 5.3.16. The unitary nonisotropics graph G with 208 vertices and intersection
array i(G) = {12,10,5;1,1,8} has no antipodal distance-regular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either

D = 6 and in this case i(H) = {12,10,5,"7’1(8),1,1;1,1,%(8),5,10, 12} or D = 7 and
i(H) = {12,10,5,¢(r — 1),8,1,1;1,1,8,¢,5,10, 12}.
Case(1) D = 6. By the remarks of 5.1.2, r|8 and r < m. Thus 2 is the only

possible value of r. Hence i(H) = {12,10,5,4,1,1;1,1,4,3,5,10,12}, and so |V(H)| =
1+12+1204 150+ 120+ 1241 = 416. Now using the list of all feasible intersection arrays
of distance-regular graphs having diameter 6 and with at most 4096 vertices given in [17],
we conclude that no such cover exists.

Case(2) D = 7. Since ¢q = 8 > min(5,4) (see remarks of 5.1.2), no feasible array ex-
ists. Hence no such cover exists. il

J. Line graph of the Hoffman-Singleton graph

Proposition 5.3.17. The line graph of the Hoffman-Singleton graph G with 175 vertices
and intersection array i(G) = {12,6,5;1,1,4} has no antipodal distance-reqular covers.
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Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 6 and in this case i(H) = {12,6,5,%(4),1,1;1,1,%(4),5,6,12} or D = 7 and
i(H) = {12,6,5,t(r —1),4,1,1;1,1,4,¢,5,6, 12}

Case(1) D = 6. By the remarks of 5.1.2, r|4 and r < m. Thus we have two
possibilities of , namely 2 and 4.

Forr=2,i(H) ={12,6,5,2,1,1;1,1,2,5,6,12} with |V (H)| = 14+124724+1804+72+12+1 =
350. Now using the list of all feasible intersection arrays of distance-regular graphs having
diameter 6 and with at most 4096 vertices given in [17], we conclude that no such cover exists.

For r =4, i(H) = {12,6,5,3,1,1;1,1,1,5,6,12} with |[V(H)| =1+ 12+ 72+ 360 + 216 +
36 +3 = 700. Now using the list of all feasible intersection arrays of distance-regular graphs
having diameter 6 and with at most 4096 vertices given in [17], we conclude that no such
cover exists.

Case(2) D = 7. By the remarks of 5.1.2, t(r — 1) < min(5,8) and 4 < ¢t. Thus we
have the following possibilities of ¢ and r.

2B
EEE

For r =2 and t € {4,5}, we have i(H) = {12,6,5,¢,4,1,1;1,1,4,¢,5,6,12} with |V (H)| =
14+ 124+ 724+90+ 90+ 72 + 12 + 1 = 350. Using the list of all feasible intersection arrays
given in (ch14 [17]), we conclude that no such graphs exist. W

5.3.5 Sporadic simple socle graphs

In this subsection, we will discuss in detail the r-antipodal distance-transitive covers of the
sporadic simple socle graphs given in Table 3.4.

A. Livingstone graph

Proposition 5.3.18. The Livingstone graph G with 266 vertices and intersection array
{11,10,6,1;1,1,5,11} has no antipodal distance-regular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either D =8
and in this case i(H) = {11,10,6,1, %(11),5, 1,1;1,1,5, %(11), 1,6,10,11} or D = 9 and

i(H) = {11,10,6,1,¢(r —1),11,5,1,1;1,1,5,11,¢,1,6, 10, 11}.

Case(1) D = 8. By the remarks of 5.1.2, 7|11 and r < m Thus » = 1. Hence no
cover exists.

61



Case(2) D = 9. Since ¢g = 11 > min(1,11 — 11) (see remarks of 5.1.2), no feasible
array exists. Hence no such cover exists. H

B. Hall-Janko near octagon

Proposition 5.3.19. The Hall-Janko near octagon G with 315 wvertices and intersection
array {10,8,8,2;1,1,4,5} has no antipodal distance-regular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either
D = 8 and in this case i(H) = {10,8,8,2, =%(5),4,1,1;1,1,4,1(5),2,8,8,10} or D =9 and
i(H) = {10,8,8,2,t(r —1),5,4,1,1;1,1,4,5,¢,2,8,8,10}.

Case(1) D = 8. By the remarks of 5.1.2, 7|5 and r < m. Thus » = 1. Hence
no cover exists.

Case(2) D = 9. Since ¢g = 5 > min(2,10 — 5) (see remarks of 5.1.2); no feasible ar-
ray exists. Hence no such cover exists.

C. Witt graph

The Witt graph with 759 vertices and intersection array {30,28,24;1,3,15} has no an-
tipodal distance-regular covers. (See sec. 5.3.1.)

D. Truncated from Witt graph

The truncated Witt graph with 506 vertices and intersection array {15,14,12;1,1,9} has
no antipodal distance-regular covers. (See sec. 5.3.1.)

E. Doubly truncated from Witt graph

The only antipodal distance-transitive cover of the doubly truncated Witt graph with 330
vertices and intersection array {7,6,4,4;1,1,1,6} is the Faradjev-Ivanov-Ivanov 3-cover with
diameter 8. (See sec. 5.3.1.)

F. Patterson graph of Suz type

Proposition 5.3.20. The Patterson graph G of Suz type with 22880 vertices and intersection
array {280,243,144,10;1,8,90,280} has no antipodal distance-reqular covers.

Proof. Let H be an r-antipodal cover of G of diameter D. Then by 5.1.2, either D = 8
and in this case i(H) = {280,243, 144, 10, "%1(280), 90,8, 1;1,8,90, %(280), 10, 144,243, 280}
or D =9 and i(H) = {280,243, 144, 10, ¢(r — 1), 280,90, 8, 1; 1, 8, 90, 280, ¢, 10, 144, 243, 280}

Case(1) D = 8. By the remarks of 5.1.2, r|280 and r < W' Thus r = 1.
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Hence no cover exists.

Case(2) D = 9. Since ¢4 = 280 > min(10,280 — 280) (see remarks of 5.1.2), no feasi-
ble array exists. Hence no such cover exists. ll

5.4 Generalized 2d-gons

Here our results for distance-regular covers are presently restricted to antipodal covers of
odd diameter, a case covered by Van Bon and Brouwer [12]. Specific cases, for instance the
generalized hexagon with parameters (2,1), can be handled by methods like those of the
previous section. It seems likely that for general results we will need to use the full force of
the distance-transitive assumption.

Notice that, the finite distance-transitive generalized polygons were classified by Bueken-
hout and Van Maldeghem [19].

Proposition 5.4.1. (see Corollary 2.3 [12]) The generalized 2d-gons with diameter d > 3
have no antipodal distance-reqular covers of odd diameter.
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Chapter 6

Bipartite Doubles

In this chapter we prove results that, in particular, prove Theorem 4.1 in the case of bipartite
imprimitive graphs. For this chapter, the primary references are the book of Brouwer, Cohen,
and Neumaier [17] and the two papers of Hemmeter [42,43].

Bipartite doubles of

[6.2] [6.4] [6.3]

Infinite families Generalized 2d-gons [solated examples

Figure 6.1: bipartite doubles main tree

6.1 Halved Graphs

For an easy reference we will start this section by restating the definition of both the bipartite
double and the halved graph.

Suppose G is a bipartite distance-regular graph with diameter d. Then G5 has two
components, and the graphs induced on these components by G5 are denoted by G and G~
(or also %G for an arbitrary one of these) and are known as the halved graphs of G. Although
they have the same parameters they need not be isomorphic. They are isomorphic if G is
a distance-transitive graph. In this case, we say that G is a bipartite distance-transitive
double (or simply a bipartite double) of its halved graph %G )

Proposition 6.1.1. (see Proposition 4.2.2 [17]) Let G be a distance-regular graph with
intersection array i(G) = {bo, b1, ..., ba—1; €1, Ca, ..., cq} and diameter d € {2m,2m+1}. Then
G is bipartite if and only if a; = 0 for v = 0,...,d. In this case, the halved graph %G 18
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distance-regular of diameter m with intersection array z(%G) = {0y, b}, .., 0, _1; ¢,y s ),
where

7 baiboipn . ;) C25C25—1 .
by =22 for0<i<d—1andc; === for1 <j<d

Proof. We first prove that we have a bipartite DRG if and only if all a; are 0.

Let G be a bipartite distance-regular graph with parameters a;, b; and ¢;, with k = b
being the valency. Let u,v € G with d(u,v) = i.

Case(1) i is even. Then u,v and G;(u) are in the same part of the partition of V(G). While
G(v) (the neighbors of v) are in the other part. Hence a; = |G;(u) N G(v)| = 0.

Case(2) ¢ is odd. Then u,G(v) are in one part and v, G;(u) are in the other part. Hence
a; = |Gi(u) NG(v)| = 0. Thus a; =0 for all i =0, ..., d.

Suppose now a; # 0 for some . Then there are adjacent vertices v,w € G;(u). Also,
there are paths m, p of length 7 from u to v and uw to w. Let x be the last vertex where 7
and p meet and let m = d(z,v) = d(z,w). Then we can form a circuit of length 2m + 1, an
odd number. Hence G is not bipartite.

To show that b = bmm“ for 0 <i<d—1,let u,v € V(3G), u € Gy(v). Count the
number of pairs (w z) with w € G( ) N Gaiv1(u) and z € G(v) N Goiya(u). There are by
such w's, each of which has by; 1 2’s. Counting 2’s first, there are b} such z’s, each of which
has ¢y w's.

To show that ¢ = M for 1 < j <d, let u,v, be as above. Count the number of pairs
(w, z) with w € G(v) N GQJ 1(u) and z € G(v) N GQJ o(u). There are cy; such w's, each of
which has z’s, each of which has ¢; w's. B

Now let H be a given DTG and suppose that we are interested in the bipartite distance-
transitive doubles G whose halved graph %G’ is H. Hemmeter[43] showed that such problem
can be reduced to the study of cliques in H.

Lemma 6.1.2. Let G be a bipartite distance-reqular graph with bipartition V(G) = X UY
and let %G be the halved graph of G having X as the set of vertices. Suppose further that
%G’ is not a complete graph K,. Then for everyy € Y, G(y) is a maximal clique in %G’.
Moreover, if y1 # o, then G(y1) # G(ys).

Proof. Let y € Y. G(y) is clearly a clique of $G. Suppose it is not maximal. Let
z € X — G(y) and adjacent in 3G to every vertex of G(y). Then z € G3(y) and ¢3 =
|G(y) N Ga(z)] = |G(y)| = k. So bs = k — c3 = 0. Hence the diameter of G is less than or
equal to 3. But this means that %G is a complete graph.

To show the last statement of the lemma, let y; # y2 € Y. Assume that G(y1) C G(y2).
Then G(y1) € G(y1) NG(y2), and so k < ¢y. Thus k = ¢9, and G must be complete bipartite.
But this means that %G is a complete graph, contradiction. Hence there exists an element
y in G(y;) that is not in G(y2) and so, G(y1) # G(y2). B

So in order to reconstruct G' from %G one should find a certain family of cliques F'. Then
G has the set V = V(3G) U{f|f € F} as a vertex set. The family F must satisfy certain
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properties. For example, the cardinality of F' must equal to the order of %G and each clique
in F' has the same size k£ and each vertex of %G is contained in exactly k cliques from F
where k is the valency of G.

Corollary 6.1.3. If H is a bipartite distance-reqular double of G, then H has a bipartite
distance-reqular double only if G (and hence H) is a cycle.

Proof. Suppose that K is the bipartite distance-regular double of H. Since H is a
bipartite, its maximal cliques have size 2. Then by the lemma above, the valency of K is 2.
So K is a cycle. B

6.2 Infinite Families

In this section we discuss all bipartite distance-transitive doubles of examples belonging to
infinite families (with the exception of the generalized 2d-gons). Most of these results are
due to Hemmeter [42,43].

The following tree gives an overall picture of the current section.

Bipartite double of

Johnson Graphs|| odd Graphs Hamming graphs| | | Grassmann graphs

A

dual polar graphs sesquilinear forms graphs quotient of Johnson

quotient of Hamming halved of Hamming polygons

Figure 6.2: bipartite doubles of large diameter DTGs tree

6.2.1 Polygon

Lemma 6.2.1. (see [44]) The only bipartite distance-reqular double of the polygon P, with
n > 6 is Py, and it is distance-transitive.
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The ordinary polygon P, is antipodal when n is even with intersection array {2,1,...,1;1, ...
,1,2}. But the quotient Py, = P,, which is already handled above.

6.2.2 Johnson graphs

Theorem 6.2.2. (see Theorem 1 [{3]) Forn > 2d, the only bipartite distance-regular double
of the Johnson graph J(n,d) of diameter d > 2 is the double odd graph 2.04 with n = 2d+1,
and it is distance-transitive.

6.2.3 Quotient Johnson graphs J(2k, k)

Theorem 6.2.3. (see Theorem 6 [44]) The Johnson quotient graph J(2k,k) of diameter
d > 2 has no bipartite distance-reqular doubles.

6.2.4 Odd graphs

Theorem 6.2.4. (see Theorem 9 [{4]) The odd graph Oy of diameter d > 2 has no bipartite
distance-regqular doubles.

6.2.5 Hamming graphs

Theorem 6.2.5. (see Theorem 2 [43]) Let n,q > 2. Then the Hamming graph H(n,q)
has no bipartite distance-reqular doubles, except for H(2,2) which has the graph H with
V(H)={(i,7) 1 i, € Fa} U{fi,s; : 4,5 € Fo} where (i,7) adjacent to f; and s; as the only
bipartite distance-transitive double.

The n-cube H (n,2) is bipartite, and hence we need to consider its halved graph 1 H (n, 2).

Theorem 6.2.6. (see Theorem 14[44]) The only bipartite distance-reqular double of the
halved graph $H (n,2) with n > 4 is the n-cube H(n,2), and it is distance-transitive.

6.2.6 Quotient Hamming graphs H(n,?2)

Theorem 6.2.7. (see Theorems 15 [44]) The quotient Hamming graph H(n,2) with n > 4
has no bipartite distance-reqular doubles.

Notice that the graphs H(2n,2) is also bipartite. So, we need to consider their halved
graphs.

Theorem 6.2.8. (see Theorem 16 [44]) The only bipartite distance-regular double of the quo-
tient halved Hamming graph $H(2n,2) with n > 4 is H(2n,2), and it is distance-transitive.
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6.2.7 Grassmann graphs

Theorem 6.2.9. (see Theorem 8 [44]) The only bipartite distance-reqular double of the
Grassmann graph Jy(n,d) with d > 2 is the doubled Grassmann graph 2J,(2d + 1,d), and it
15 distance-transitive.

6.2.8 Dual polar graphs

Theorem 6.2.10. (see Theorem 11 [[4]) A dual polar graph of diameter d > 3 has no
bipartite distance-reqular doubles.

Since [Dgy(q)] is bipartite, we need to consider its halved graph.

Lemma 6.2.11. (see Lemma 12 [44]) Let M be a mazimal clique of $[Dy(q)]. Then either M
is the neighborhood in [Da(q)] of some vertexy € [Da(q))\5[Dalq)], or |M| < 2(¢*+1)(g+1).

Proposition 6.2.12. The only bipartite distance-transitive double of the halved graph 5[Da(q)]
with d =6 or 7 is [Dy(q)].

Proof. Let H be a bipartite distance-regular double of the halved graph %Dd(q) with
d = 6 or 7. Further, let a;, b; and ¢; denote the parameters of H, with £ = by being the
valency. The corresponding parameters of $[Dy(q)] will be aj, b}, ¢; and k. Since ¢; = 1

and by +¢; = k, we have by = k — 1. k' = % (see sec. 9.4 [17]). Lemma 6.1.1
k(k—1)

with ¢ = 0 gives ¢, = =57 Since ¢; > 1, k(k—1) > K. Using this, and assuming that
k<2(¢*>+1)(g+1), we get % < (2¢° +2¢% + 29 + 2)(2¢® + 2¢> + 2q + 1). But for
d =6 or d = 7 last inequality gives ¢ = 1.

So if d = 6 or d = 7, then the size of the maximal clique which appears as H(y) for
some y € Y (see lemma 6.1.2) must be larger than 2(¢*> + 1)(¢ + 1). By lemma 6.2.11, it
must be [Dy(q)] for some vertex y € [Da(q)]\ 3[Dalq)]. There are just [V (5[Da(q)])| of these
available, so all must be used. Thus H = [D4(q)]. &

Theorem 6.2.13. (see Theorem 13 [44]) The only bipartite distance-transitive double of the
halved graph §Dy(q) with d > 7 is Dy(q).

6.2.9 Bilinear forms graphs

Theorem 6.2.14. (see Theorem 18 [44]) A bilinear forms graph of diameter d > 2 has no
bipartite distance-reqular doubles.

6.2.10 Alternating forms graphs

Theorem 6.2.15. (see Theorem 20 [44]) The alternating forms graph Alt(n,q) on F, with
n > 3 has no bipartite distance-regular doubles.

Notice that for n < 3, the alternating forms graphs Alt(n, q) over I, is just the complete
graphs.
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6.2.11 Hermitian forms graphs

Theorem 6.2.16. (see Theorem 21 [44]) The Hermitian forms graph of diameter d > 2 has
no bipartite distance-reqular doubles.

6.3 Isolated Examples

In this section we will discuss the bipartite distance-transitive doubles of all known primitive
distance-transitive graphs with diameter d > 2 that are not covered in the previous section.
Our conclusions are based on two steps. First, we list all feasible intersection arrays of
possible doubles. Then we look for the corresponding bipartite distance-transitive doubles if
any exist, using the known list of all distance-transitive graphs with small diameter or prove
the nonexistence of such doubles using the regularity conditions.

6.3.1 Affine sporadic graphs

In this subsection, we discuss in detail the bipartite distance-transitive doubles of the affine
sporadic graphs given in Table 3.1.

A. Extended ternary Golay graph

Proposition 6.3.1. The extended ternary Golay graph G with 729 vertices and intersection
array {24,22,20;1,2,12} has no bipartite distance-regular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, [V(H)| = 1458 and D = 6 or 7. However, none of the feasible intersection arrays of
the bipartite distance-regular graphs with diameter 6 or 7 and having at most 4096 vertices
(given in [17]) has 1458 vertices. Hence no such doubles exist. l

B. Truncated binary Golay graph

Proposition 6.3.2. The truncated Golay graph G with 1024 vertices and intersection array
{22,21,20;1,2,6} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with parameters a;, b;, ¢;.
Then (6.1.1) with j = 2, gives ¢4 = 2¢o/c3. In view of 2.2.1(3) then, ¢4 < 2. Thus, the only
possibilities are: ¢o = ¢3 = w for w = 1,2 and ¢4 = 2. By 2.2.4(2), w = 1. Now (6.1.1) with
1 = 0,1 gives 22 = byb; and 21 = bybs. But by > b; > by > b3, a contradiction. Hence no
such a double H exists. l

C. Distance two graph of truncated binary Golay graph

Lemma 6.3.3. If M is a maximal clique of distance two graph of truncated binary Golay
graph G, then M 1is the neighborhood in the double coset graph H of truncated binary Golay
code of some vertexy € V(H) \ V(G).
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Proof. Let a;, b;, ¢; be the parameters of the double coset graph H of truncated binary
Golay code with valency k = by. H has distance two graph of truncated binary Golay graph
G as its halved graph. As in lemma 6.1.2, the vertex set of H has bipartition G UY with
|G| = |Y] and each G(y), for y € Y, a maximal clique of G ~ $H. Then by lemma 6.1.1,

cy = k(gll). Since ¢o > 1, k(k — 1) > 231. Thus £ > 16. Since the valency k& must be
equal to the size of the maximal clique (lemma 6.1.2), then |M| > 16. In the other hand,
since G has smallest eigenvalue Ay = —9, then the size of a clique M in G is bounded by

|M] <1 — & = 26.7 (see Proposition 4.4.6 [17]). So, we have 16 < |[M| < 26. But if

k€ {16,17,18,19,20,21,23,24, 25,26}, then ¢, = "1 s not an integer. Hence | M| = 22.

G is the distance two graph of the coset graph H* of the truncated binary Golay code
C. Using the following distance distribution diagram of H*

22 1521 245020 6 — 1024 11.3F [1
1 29 231 770) v (see 11.3F [17])
(O P —20i) i

and the properties of the truncated binary Golay code C, we will give a full description
of the vertices of H* as follow. Let M be a maximal clique of G with z := C'+0 € M where
0 is the 22-tuple with 0 in all positions. Let e; (1 < i < 22) be the 22-tuple with 1 in the
it" place and 0 in all other positions. We denote by x; (1 <i < 22) the 22 adjacent vertices
of x where x; := C' + ¢;. Now, let e;; be the 22-tuple with 1 in the " and j positions
and 0 elsewhere. We denote by z; (= z;;) (i # j,1 < i,j < 22) the 231=(%) vertices that
are at distance two from x where z; ; :== C + ¢;;. It is clear that, x;; is only connected to
z; and z;. Similarly, let e;;x be the 22-tuple with 1 in the i, j and k' positions and
0 elsewhere. We denote by xfjbkc the 770:%(232) vertices that are at distance three from x
where xf]bkc = C + ek = C + egpe. Since the words of weight 6 in the truncated binary
Golay code C form the Steiner system S(3,6,22), then each triple a, b, ¢ lies in exactly one
word of weight 6. It is clear that, a:ff]bkc is only connected to x; ;, Tik, Tjk, Tap, Tae, a0 Tp .

Case (1) Suppose that M has two vertices z;; and x,;, with no common neighbor that

at distance 1 from x. Clearly, a,b,i,j are distinct. Since d(w;;,x,5) = 2 in H*, then
|H*(z; ;) N H*(x4p)| = ¢ = 2. Thus there are exactly two vertices a:f]bkc, mfjbck that are

adjacent to both z; ; and z,; and at distance three from z.
Subcase (i) If all the other elements of M are adjacent to x
then |M| <1+ 10 = 11, contradiction.

Subcase (ii) If there is z,; € M that has no common neighbor to both z,; and z; ;. Then
we have three possibilities of s, t.

.5,k
a,b,c

or to xfjb’ck (or to both),

1. s,t €{a,b,i,j}
2. sort (not both) in {a,b,1,5}

3. s,t¢{a,b,i,j}.
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(1). Without loss of generality, we can assume that s = a and ¢ = 4. Since d(zqp, Tai) = 2,
then |H*(x.p) N H*(x4,)| = ¢5 = 2. We already know one common neighbor, namely z,.
Hence there is only one vertex that is adjacent to both z,; and z,; and at distance three
from x. But a,b,i is located in only one word of weight 6, namely abcijk. Hence the only
possibility is :L'al” Since d(z;;,Za;) = 2, then |H*(z; ;) N H*(x,,)| = ¢5 = 2. We already
know one common neighbor, namely z;. Hence there is only one vertex that is adjacent to
both z;; and z,; and at distance three from x. But a,7,j is located in only one word of
weight 6, namely abcijk. Hence the only possibility is xb’ "7 Now, let x4, be any new element

1,7,m1 1,J,n2 a,b,ns a,b,ng a,i,ns azn5
of M and let @7 @/ 0 Ty 0 Ty s Ty e, and @ be its common neighbors with

Tijs Tap, and x,;, respectively. Then we must have ny = a, no = b, ng =1, ny = j, ns = j,
and ng = b. Hence the only possibility of g,his g =cand h =k (or g=kand h =c). But
then |M| <1+ 14 = 15, contradiction.

(2). Without loss of generality, we can assume that s = a. Since d(z;;,2,:) = 2, then

|H*(z; ;) N H*(244)| = ¢5 = 2. Let a:;]ty, a]tl; denote its common neighbors with z; ;. But

i,7,a is located in only one word of weight 6, namely abcijk. Hence t € {b, ¢, k}.
o If t = b, then (s,t) € {a,b, 1,7}, contradiction.

e If t = ¢, then (s,t) = (a,c). But x4, has z}’ b,f as a common neighbor to both z; ; and
Zq,p, contradiction.

o If t =k, then (s,t) = (a, k). But x,y has xf]bck as a common neighbor to both z; ; and
Zqp, contradiction.

(3). Since d(xsy, Tap) = d(xss, ;) = 2, then |H*(bxst) NH*(zqp)| = |H*(zs) N H*(z5)| =

a,by
orw and a3y of gy with x4, and another

c5 = 2. Thus there are two common neighbors z u

i?j7w i?j?y

s,ty and 'Is,t,w

two neighbors x with z; ;.

1. s, t,u,v,y,w ¢ {a,b,c,i,j,k}. Now, suppose that z,, € M. Since d(z;;,Tqu) = 2,
then |H *(x;;) " H*(244)| = ¢ = 2. Thus there are two common neighbors xzjuf}Q

and xzjusz of z;; with z,,. But a,i,j is located in only one word of weight 6,

namely abcijk. Hence u € {b,c,k}, contradiction. Hence z,, ¢ M. Likewise,

Lo, Taws Tovs Tiys Ljys Tiws Tiw ¢ M. Now, suppose x5, € M. Since d(x;;, s,) = 2,
then |H*(x; ;) N H*(zs,)| = ¢ = 2. Thus there are two common neighbors wiﬁfi

and :zrzjuf}?’ of x; ; with x,. But 4, j, s is located in only one word of weight 6, namely
ijwsty. Hence v € {y,w}. Similarly, z,, € M gives u € {y,w}. Without loss of
generality, we can assume that v = y and v = w. Now, if x4, is any other element of

M, then (g,h) = (a,b). Hence |M| <14 10+ 5 = 16, contradiction.

2. If any of these elements is in {a,b, ¢, i, j,k}, then all the others are in the same set.
Hence |M| <1+ 10 = 11, contradiction.
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Case (2) Every two vertices in M have common neighbor that is at distance 1 from z.
Now, suppose z; j, x;, € M. Let x5, be any new vertex of M. Then (s,t) has the following
possibilities:

1. (s,t) = (i,t) (or (i,s)). In this case, all vertices are adjacent to a common neighbor
that is at distance 1 from x. Using the distance diagram of H* given above, there are
1024 cliques of this kind.

2. (s,t) = (j,b). In this case, there is no other possibility to add as a new vertex. Hence
|M| =1+ 3 =4, contradiction.

Hence there are only 1024 maximal cliques in G each of size 22. On the other hand, since
G= %H , then for each y € Y, H(y) is a maximal clique in G. Thus a maximal clique M of
G must be of the form H(y) for some y € V(H)\ V(G). &

Proposition 6.3.4. The only bipartite distance-transitive double of the distance two graph
of truncated Golay graph G with 1024 vertices and intersection array {231,160, 6; 1,48,210}
1s the double coset graph H of truncated binary Golay code.

Proof. Let H be a bipartite distance-regular double of G. The maximal clique of G is
the neighborhood in the double coset graph of truncated binary Golay code of some vertex
y not in G (see lemma 6.3.3). There are just |V(G)| of these available, so all must be used.
That is, H must be isomorphic to the double coset graph of truncated binary Golay code.
This graph is distance-transitive (see 11.3F [17]). Moreover, since the distance two truncated
Golay graph G with 1024 vertices and intersection array {231,160, 6; 1,48,210} is uniquely
determined by its parameters as a distance-transitive graph (see theorem 3.2.7), then H is
uniquely determined by its parameter as a distance-transitive graph. B

D. Perfect Golay graph

Proposition 6.3.5. The perfect Golay graph G with 2048 vertices and intersection array
{23,22,21;1,2,3} has no bipartite distance-regular doubles.

Proof. Let H be a bipartite distance-regular double of G with parameters a;, b;, c;.
Then (6.1.1), with j = 2, gives ¢4 = 2¢o/c3. In view of 2.2.1(3) then, ¢4 < 2. Thus, the only
possibilities are: ¢y = ¢3 = w for w = 1,2 and ¢4 = 2. By 2.2.4(2), w = 1. (6.1.1) again, with
] =3 gives 3 = c5¢6. But ¢g > ¢5 > ¢4 = 2, a contradiction. Hence no such double exist. B

E. Distance two graph of perfect Golay graph

Proposition 6.3.6. The only bipartite distance-transitive double of distance two graph G of
perfect Golay graph with 2048 wvertices and intersection array {253,210, 3;1,30,231} is the
double coset graph of the binary Golay code.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 4096 and D = 6 or 7. The only feasible intersection array of bipartite DRGs
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with 4096 vertices and diameter D = 6 or 7 is {23, 22, 21,20, 3,2,1; 1,2, 3,20, 21, 22,23} (see
ch.14 [17]). This is the parameters of the double coset graph H of the binary Golay code.
It is distance-transitive and uniquely determined by its intersection array (see 11.3E [17]).
Moreover, H has G as its halved graph. Thus H is the only bipartite distance-transitive
double of G. W

6.3.2 Simple socle graphs of Lie type

In this subsection, we discuss in detail the bipartite distance-transitive doubles of the simple
socle graphs of Lie type given in Table 3.2 and Table 3.3 (with the exception of the gener-
alized 2d-gons).

A. Coxeter graph

Proposition 6.3.7. The Cozxeter graph G with 28 vertices and intersection array {3,2,2,1;
1,1,1,2} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 56 and D = 8 or 9. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 8 or 9 with at most 4096 vertices (given in
[17]) has 56 vertices. Hence no such doubles exist. W

B. Sylvester graph

Proposition 6.3.8. The Sylvester graph G with 36 vertices and intersection array {5,4,2;1,1
,4} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| =72 and D = 6 or 7. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 8 or 9 with at most 4096 vertices (given in
[17]) has 72 vertices. Hence no such doubles exist. W

C. Doro graph

Proposition 6.3.9. The Doro graph G with 68 vertices and intersection array {12,10,3;1, 3,
8} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 136 and D = 6 or 7. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 6 or 7 and at most 4096 vertices (given in
[17]) has 136 vertices. Hence no such doubles exist. W

D. Biggs-Smith graph

Proposition 6.3.10. The Biggs-Smith graph G with 102 vertices and intersection array
{3,2,2,2,1,1,1;1,1,1,1,1,1,3} has no bipartite distance-reqular doubles.
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Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| =204 and D = 14 or 15. However, none of the feasible intersection arrays of
bipartite distance-regular graphs with diameter 14 or 15 and at most 4096 vertices (given in
[17]) has 204 vertices exists. Hence no such doubles exist. H

E. Perkel graph

Proposition 6.3.11. The Perkel graph G with 57 vertices and intersection array {6,5,2;1,1
,3} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 114 and D = 6 or 7. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 6 or 7 and at most 4096 vertices (given in
[17]) has 114 vertices. Hence no such doubles exist. W

F. Locally Petersen graph

Proposition 6.3.12. The Locally Petersen graph G with 65 vertices and intersection array
{10,6,4;1,2,5} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, [V(H)| = 130 and D = 6 or 7. However, none of the feasible intersection arrays of
the bipartite distance-regular graphs with diameter 6 or 7 (given in [17]) has 130 vertices.
Hence no such doubles exist. B

G. The distance three graph of the Hermitian graph Her(3,4)

Proposition 6.3.13. The distance three graph G = (Her(3,4))s of the Hermitian graph
Her(3,4) with 280 vertices and intersection array i(G) = {9,8,6,3;1, 1, 3,8} has no bipartite
distance-regqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 560 and D = 8 or 9. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 8 or 9 and at most 4096 vertices (given in
[17]) has 560 vertices. Hence no such doubles exist. B

H. The Johnson graph J(8,3)
J(8,3) has no bipartite distance-regular doubles (See sec. 6.2.2).

I. Unitary nonisotropics graph on 208 points

Proposition 6.3.14. The unitary nonisotropics graph G with 208 vertices and intersection
array i(G) = {12,10,5;1,1,8} has no bipartite distance-reqular doubles.
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Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 416 and D = 6 or 7. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 6 or 7 and at most 4096 vertices (given in
[17]) has 416 vertices. Hence no such doubles exist. W

J. Line graph of the Hoffman-Singleton graph

Proposition 6.3.15. The line graph of the Hoffman-Singleton graph G with 175 vertices
and intersection array i(G) = {12,6,5;1,1,4} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 350 and D = 6 or 7. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 6 or 7 and at most 4096 vertices (given in
[17]) has 350 vertices. Hence no such doubles exist. W

K. E; Graphs

Proposition 6.3.16. The collinearity graph of the pomts n a ﬁmte building of type E7 de-
fined over B, with intersection array {q(¢®*+q¢* +1) =1 ¢(¢* +1)i= 1.q'7; 1, (¢ +1)i= =L (¢*+

¢t + 1)711} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of the collinearity graph G of the
points in a finite building of type E; over F,. Further, let a;, b; and ¢; denote the param-
eters of H, with k& = by being the valency. The corresponding parameters of G will be
a;, b, ¢, and k. The maximal cliques (maximal singular subspaces) of G are projective
spaces. Moreover, maxnnal singular subspaces should have rank equal 5 or 6. Hence lemma

6.1.2, gives k = q L (the size of the maximal cliques) with n € {5,6}. Since ¢; = 1 and
bi+c =k, we have b1 = k(k—1). Since ¥' = q(¢®+¢* +1)cr_1’ lemma 6.1.1 with ¢ = 0 gives
cy = MDD _ which is not an integer unless ¢ = 0. Hence no such a double exists. B

q(¢8+¢*+1)(¢%-1)

L. The affine £ Graph
12 1 q 71)
q*—1
LB+ (P —1),¢%(q—1);1,¢*(¢* + 1), ¢ q4_1 1\ has no bipartite distance-regular doubles.

Proposition 6.3.17. The affine Eg graph deﬁned over F, with intersection array {

Proof. Let H be a bipartite distance-regular double of the affine Fys graph G defined
over F,. Further, let a;, b; and ¢; denote the parameters of H, with k = by being the valency.
The correspondmg parameters of G will be al, b}, ¢, and k’. The maximal cliques (maximal
singular subspaces) of the parapolar space Eg1(q) are projective spaces of rank equal to that
of the maximal subdiagrams of type A,,. Thus, of rank 4 and 5. Further, the subgraph of the
affine Fg(q) graph induced on (Es(q))(x) (the neighbors of x) is a (¢ — 1)-clique extension of
the strongly regular graph of Lie type Eg1(q) (see remark after theorem 10.8.1 [17]). Hence
the maximal cliques of the affine F4(q) graph are affine spaces of order ¢ and rank n = 4 or

5. Lemma 6.1.2, gives k = ¢" (the size of the maximal cliques) with n € {4,5}. Since ¢; =1
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and b; + ¢, = k, we have by = ¢" — 1. Since k' = w

q*—1
co = % which is not an integer unless ¢ = 0. Hence no such a double exists. l

, lemma 6.1.1 with ¢« = 0 gives

6.3.3 Sporadic simple socle graphs

In this subsection we discuss in detail the bipartite distance-transitive doubles of the spo-
radic simple socle examples given in Table 3.4.

A. Livingstone graph

Proposition 6.3.18. The Livingstone graph G with 266 vertices and intersection array
{11,10,6,1;1,1,5,11} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, [V(H)| = 532 and D = 8 or 9. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 8 or 9 and at most 4096 vertices (given in
[17]) has 532 vertices. Hence no such doubles exist. W

B. Hall-Janko near octagon

Proposition 6.3.19. The Hall-Janko near octagon graph G with 315 vertices and intersec-
tion array {10,8,8,2;1,1,4,5} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 630 and D = 8 or 9. However, none of the feasible intersection arrays of
the bipartite distance-regular graphs with diameter 8 or 9 (given in [17]) has 630 vertices.
Hence no such doubles exist. W

C. Witt graph

Proposition 6.3.20. The large Witt graph with 759 vertices and intersection array {30, 28, 24;
1,3,15} has no bipartite distance-reqular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 1518 and D = 6 or 7. However, none of the feasible intersection arrays of
the bipartite distance-regular graphs with diameter 6 or 7 (given in [17]) has 1518 vertices.
Hence no such doubles exist. W

D. Truncated from Witt graph

Proposition 6.3.21. The truncated Witt graph with 506 vertices and intersection array
{15,14,12;1,1,9} has no bipartite distance-reqular doubles.

Proof Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 1012 and D = 6 or 7. However, none of the feasible intersection arrays of
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the bipartite distance-regular graphs with diameter 6 or 7 and at most 4096 vertices (given
in [17]) has 1012 vertices. Hence no such doubles exist. l

E. Doubly truncated from Witt graph

Proposition 6.3.22. The doubly truncated Witt graph with 330 wvertices and intersection
array {7,6,4,4;1,1,1,6} has no bipartite distance-regular doubles.

Proof. Let H be a bipartite distance-regular double of G with diameter D. Then by
6.1.1, |V(H)| = 660 and D = 8 or 9. However, none of the feasible intersection arrays of the
bipartite distance-regular graphs with diameter 8 or 9 and at most 4096 vertices (given in
[17]) has 660 vertices. Hence no such doubles exist. B

F. Patterson graph of Suz type

Proposition 6.3.23. The Patterson graph G of Suz type with 22880 vertices and intersection
array {280,243,144,10;1,8,90,280} has no bipartite distance-regular doubles.

Proof. Let H be a bipartite distance-regular double of G with parameters a;, b;, ¢;.
Then (6.1.1) with j = 2, gives ¢4 = 8¢y/c3. In view of 2.2.1(3) then, ¢4 < 8. Thus, we have
the following possibilities:

l.o=c3s=wforw=1,2,3,4,506,7,8 and ¢, = 8.
2. co=1,c3=2and ¢4, = 4.
3. ¢ =2,c3=4and ¢4 = 4.
4. ¢co =3, c3 =4 and ¢4 = 6.

Case (1): By (2.2.4(2)), w = 1. Now (6.1.1) with ¢ = 0,1 gives 280 = byb; and 243 = bybs.
But by > by > by > b3, a contradiction.

C&SG(Q) (611) with ¢ = 0,1 giVGS 280 = bobl and 243 = bgbg. But bo > b1 > bg > b3,
a contradiction.

Case(3): (6.1.1) with ¢ = 0,1 gives 560 = bob; and 486 = bybs. But by > by > by > bs,
a contradiction.

Case(4): (6.1.1) with i« = 0,1 gives 840 = byb; and 729 = bebs. But by > by > by > b,
a contradiction.

Hence no such double H exists. W
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6.4 (Generalized 2d gons

Here are our results are complete.

Theorem 6.4.1. Let G be the collinearity graph of a finite generalized 2d-gon with diameter
d > 2 and parameters (s,t). Then there is a bipartite, distance-reqular graph H with halved
graph G if and only if s =t. In that case, H is uniquely determined as the incidence graph
of G.

Proof. Let H be a bipartite distance-regular double of the generalized 2d-gon G of order
(s,t) and diameter d > 2. Further, let a;, b; and ¢; denote the parameters of H, with k = by
being the valency. The corresponding parameters of G will be a, b, ¢, and k’. Since the
maximal cliques of the generalized 2d-gons (s,t) are K1, lemma 6.1.2 gives k = s+ 1 (the
size of the maximal cliques). Since ¢; = 1 and by +c¢; = k, we have by = s. Since k' = s(t+1),
lemma 6.1.1 with ¢ = 0 gives ¢y = ((‘:[B (1). Since ¢, = 1, lemma 6.1.1 with j = 2 gives
¢y = 12, In view of 2.2.1(3) then, ¢4 < 1. Thus the only possibility is: ¢ = ¢3 = ¢4 = 1
(2). (1)&(2) implies that s = t. As in lemma 6.1.2, the point set of H has bipartition GUY
with |G| = Y| and each G(y), for y € Y, a maximal unique of G = $H. This can only be a
line of the generalized polygon G. As s = t, G has the same number of points and lines. So
for every line [ there is a unique y in Y with [ = G(y). Thus H is the incidence graph of G,

as claimed. W

Corollary 6.4.2. Let G be the collinearity graph of a finite distance-transitive generalized
2d-gon with d > 2. Then there is a bipartite, distance-transitive graph H with halved graph G
if and only if G is a generalized 4-gon of type Sp4(q) with ¢ a power of 2 or G is a generalized
hexagon of type Ga(q) with g a power of 3. In both cases, H is the incidence graph of G and
so is a generalized octagon (dodecagon) respectively.

Proof. The generalized octagon of order (1, ¢) and intersection array {¢+1,q,¢,¢; 1,1, 1, ¢+
1} is distance-transitive precisely when ¢ is a power of 2 (see sec. 6.5 [17]). The general-
ized dodecagon of order (1,¢q) and intersection array {q¢ + 1,q,¢,¢,4,¢;1,1,1,1,1,¢ + 1} is
distance-transitive precisely when ¢ is a power of 3 (see sec. 6.5 [17]). B
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