Theorem. Let u € LP(Q), 1< p < 400, the following properties are equivalent:
(i) ue WhP(Q)

(ii) There ezists a constant ¢ > 0 such that

0¢ -
2] < Cllolgy o€ CR(O)
. 1 1

(iii) There exists a constant C' > 0, such that for any open w CC  and any
h € RN, with dis(w, Q) > |h|, we have ||m,u — ul|1r() < C|h]

Remarks:

1. In (ii) and (iii), C' can be taken to be equal to ||V,||rr @)

2. When p = 1, (4i) does not imply necessarily (i), since functions satisfying (i7)
and (7it) are functions of bounded variations, for which the derivatives, in the
distributional sens, may be bounded measures. This class of functions is larger
that WH(Q).

3. The proof of this theorem goes exactly like the one in dimension N = 1.

4. If © is an open and convex. Then for u € WHT°(Q) we have for almost every
(z,y) € Q:
u(z) = u(y)] < |[Vullodist(z,y); (1)

hence u has a continuous representative satisfying (1) for all (z,y) € Q.

5. If © is connected and Vu = Oon (2, then u is constant in 2.

Theorem (derivative of a product)
Suppose that u,v € WP(Q)NL>®(Q), 1< p < +oo. Then uv € WHP(Q) N

L>(Q) such that
0 ov ou

Proof. We only repeat the proof of a similar theorem in the case of N = 1 by
considering 1 < p < +oo first. In this case we have (u,), (v,) in C§°(IRY) such that

1. u, — u and v, — v in LP(§2) and hence a.e. in
2. Vu, — Vu and Vv, — Vu in LP(w), Yw CC Q

3. [lunlloo < fulloo;  [lvnlloe < [[0]]oc-



So

0o v, ou,, - .
/Qun'l}na—xl——/ﬂ<una—xl+vna—xl>¢, \V/QSECO (Q), \V/Z—I,Q,...,N.

By letting n — oo and noting that supp ¢ CC 2 we easily see that

Aunvng—i _ —/Q <u§;’i +v§—;> 6, VoeCX(Q), Vi=1,2,...,N.
hence uv € W?(Q) N L>(Q).

For p = +o00, wu,v € W'P(w), Vp<oo, w CC N and hence we repeat the same
calculations.

Remark. It is necessary that u and v are in L>(2). So that uv € L*>(Q), since u,v
in W12(Q) are not necesarily bounded in higher dimension spaces.

Example. Let

T

<y>{<+y+> ) 0,00

0 ) (x,y,z): (0,0,0)
Y
v = x2+y2+z2 ) (x7yaz)7é(0,0,0)
0 ’ (:L’,y,z) = (0,0,0)
One can easily verify that u,v € Wh(Q), where Q = {(u,y, 2) /2> + y* + 2% < 1}.
However o
? x, Y,z 0,0,0
UV = (x2+y2_'_z2)2 ( Yy )7£< )
0 ’ (i,y,z) = (0,0,0)

is not in L*°(Q). In fact uv ¢ WHH(Q).
Theorem. (Derivative of a composition)

Suppose that G € C'(IR) such that G(0) = 0 and |G'(s)] < M Vs € R. Let
u € WHP(Q), then Gou € WhHP(Q) with

0 , L ou
o (Gou) = (G ou)&gi,

Proof. Since |G'(s)] < M and G(0) = 0, Vs € IR, then |Gou| < M|u]. this implies
that Gou € LP(Q). and

1<i<N, (i)

ou ou
ox; ox;

with (Glou) 9% € LP(Q), Vi=1,2,...,N.

To verify (i7) in the weak sense, we first take 1 < p < 0o. So we know that there
exists a sequence (u,) in C°(IRY) such that wu, — u in LP(Q) and Vu,, — Vu in
LP(w), Yw CC Q. So for ¢ € CA(Q) we have

0] , duy, .
/Q(GOUn)a—xz——/;z(GO'un)Qsa—xz, VZ—1,2,...,N.

2

<M

. 1<i<N

o




By taking n to oo and using the Dominated Convergence Theorem, we obtain

do , Ou o
/Q(Gou)ﬁxi ——/Q(Gou)a—xi¢, Vi=1,2,...,N.

Thus we have Gou € WP(Q) and (ii) holds.

For p = 400, we use the fact that v € L>(Q) thenv € LP(), Vp <oo, VQ CC
2. We then repeat the above "usual” analysis.
Remark. If Q is bounded then G(0) = 0 is not necessary. Also if p = +o0, we
repeat the same analysis for €' = €.

1 The Space W™P(2)

Notation: Let a = (v, ..., an) with o; € IN,Vi = 1,2, ... N, be a multi-index. We
denote by

olely
©0xtt .0

Definition. We define the Sobolev space, for m > 2,

D%y where |a| = a1 + ...+ ay.
WmP(Q) = {u € LP(Q2) such that D% € LP(€2), Va:|a| <m}.
This is the set of all LP functions, whose derivatives up to order m are LP functions.

It is easy to see that

WmP(Q) = {u e 17(0) : L

: mmP(Q), Vi=1,2,...,N
P WD), V=12, N

Remark. Du is a weak derivative of u; that is
/uD% - (—1)‘@'/ 6D,
Q Q
Proposition. W™?(Q) equipped with the norm

lllmp = Ml + > [1D%ull,

1<|a|<m

is a Banach space.

Proposition. W™P(() is separable, for 1 < p < oo, and reflexive, for 1 < p < oc.
If we denote by H™(Q) = W™2(Q), then we have

Proposition. H™(Q)) equipped with the scalar product

<u,v):/ﬂuv+ > /QDauDO‘U

1<]a|<m

is a Hilbert space.



Remark. (Adams) For Q2 sufficiently regular with a bounded boundary 952, we have,
Ve > 0and 1 < |a| <m — 1 there exists C' > 0 such that

ID%ull, <& > |ID%ull, + Cllull,,  Vu € W™?(Q)

|laj=m

Consequently, we have in this case,

lllmp = llull, + 3= [1D*ull,

lajl=m

is an equivalent norm for W™»().

2 Extension Operator

Suppose that u € W1P(Q). Sometimes it is more convenient to establish some prop-
erties by extending u to RY by a W'P(IRY) function. This is, unfortunately, not
always possible. However if €2 is regular this is may be possible.

Notations: Let = = (21,2, ..., 2y_1,2y) € RY. We write

= (2 xy) with o’ = (21,...,2y_1) € RV !

| = (NZ )

We put

and denote by

RY = {z=(2,2n): oy >0}, the upper hyperplane

Q = {z=(2,zn): |2/| <1 and |zy| <1}, A square or cylinder
R+ = QN ]Rf

Qo = {z=(2,zy): 2| <1 and zy =0} unit disk

Definition. An open subset Q@ C IRY is said to be of class C if for each z € T' = 9%,
there exists a neighbourhood U of z in IRY and a bijection H : Q — U such that

HelY(Q), H'eC'(U), H(Q:)=UnQ, and H(Q)=UNT.
Notations. Let f: Q)+ — IR, we denote by f* the extension by reflexion of f on @

fl@' zy), Ny >0
fl@',—zn), Ny <O

f* (.Z'/,:L'N) — {

and
fl@' zn), zy >0

—f(2',—xyn), xny <0
4

(2 zy) = {



Lemma. Let u € W'P(Q,). Then the extension u* is in WHP(Q) with

[l < 2ffullp,  [lu*lwir@) < 2[[ullwirg,)

Proof. We have to verify that

ou* ou\"
= =12 ... N—1
8@- <8LE2> ) Vi ) 4y ;

ou_ (ou\"
0:):N N al’N

Let n be a C*°(IR) function such that

1
O, t<§

t) =
i) 1, t>1

Define the sequence ni(t) = n(kt), k = 1,2,3,....Let ¢ € C}(Q); so for i =
1,2,...,N — 1 we have

/u* 0¢ —/ W22 i)

Q O, Joo Ox;

¢ (LU/, xN) = ¢ (LU/, J;N) + ¢ (LU/, _IN>
1 is not necessarily in C}(Q.) but n(zy)w (2, zx) is in CF(Q4) and

where

9 o

o () =M=y ¥i=1,2.. N—1
Hence 9 5

N U wz—/ unkw, Vi=1,2,...,N—1

Q+ Oz Q4 Ox;
By using the dominated convergence theorem we get, as k — 00,
oY ou ,
~/Q+ uaxz T Q+ axz¢ (ZU)

By combining (iii) and (iv) we arrive at
L 00 ou\"
/Qu 0z; B /Q <a§fz> ¢

ou\"
<1< —
(8xi>,1_z_N 1

are the derivatives of u*. Also, for ¢ € C}(Q), we have

u*a—¢:/ ua—x
Q

Q Oy . Oxy’

Therefore

>



where
X(x/u J;N) = ¢($l, J;N) - ¢($l, _IN)
It is clear that x(z’,0) = 0, so there exists M > 0 such that

(', 2n) < Mlzy], V(2! 2y) € Q.

Since n;, x € CH(Q,), we have

0 ou
/ UG (Mex) = — M X

TN 8LL’N

but
0

_Ox /
- (M X) = Mk Fr. + kn'(kxy)x

/ ukn'(kxy)xde| < MCEk
Q+

ryudr
0<IEN<l

MC lulde — 0 as k — oo
0<IEN<—

IN

Hence

/Q+u£: 8u X

Orn Q+ aSIJ’N

Q+ aSL’N _/ (81’]\/)
#
uﬁﬂz_/ Ou
ory o \Oxy
ou

Hence (%) is the weak derivative of u* with respect to xy.
Finally it is easy to verify that

By noting that

we arrive at

[ < 2lullrrgy)
[ lwirg) < 2lJullwirgy)

Remark. The above lemma holds if ) is replaced by ]R ; with no change in the
proof.



