
1 Sobolev Spaces in IRN

Definition: Let Ω be an open domain of IRN and 1 ≤ p ≤ +∞. We define the
Sobolev space

W 1,p(Ω) = {u ∈ Lp(Ω) / ∃ g1, g2, . . . gN ∈ Lp(Ω)

satisfying ∫

Ω
u
∂φ

∂xi

= −
∫

Ω
gi φ, ∀φ ∈ C∞

0 (Ω)

}

we denote by H1(Ω) = W 1,2(Ω). We have, in this case, ∇u = (g1, . . . , gN).
We equip W 1,p(Ω) with the norm

||u||1,p = ||u||p +
N∑

i=1

∣∣∣∣∣

∣∣∣∣∣
∂u

∂xi

∣∣∣∣∣

∣∣∣∣∣
p

or equivalently with

||u||1,p =


||u||pp +

N∑

i=1

∣∣∣∣∣

∣∣∣∣∣
∂u

∂xi

∣∣∣∣∣

∣∣∣∣∣

p

p




1
p

, 1 < p <∞.

It is also clear that H1(Ω) equipped with scalar product

〈u1v〉 = 〈u1v〉L2 +
N∑

i=1

〈 ∂u
∂xi

,
∂v

∂xi

〉L2

is a inner product space. The associated norm, in this case, is

||u||1,2 =


||u||2L2 +

N∑

i=1

∣∣∣∣∣

∣∣∣∣∣
∂u

∂xi

∣∣∣∣∣

∣∣∣∣∣

2

L2




1
2

.

Theorem: W 1,p(Ω) equipped with the above norm is a Banach space.
Proof: Given a Cauchy sequence (un) in W 1,p(Ω) ⇒ (un) is Cauchy in Lp(Ω) and(
∂un

∂xi

)
is Cauchy in Lp(Ω) for 1 ≤ i ≤ N. So un −→ u in Lp(Ω) and

∂un

∂xi

−→ gi in

Lp(Ω).
We have ∫

Ω
un
∂φ

∂xi
= −

∫

Ω

∂un

∂xi
φ, ∀φ ∈ C∞

0 (Ω)

By letting n go to ∞, we get

∫

Ω
u
∂φ

∂xi
= −

∫

Ω
gi φ, ∀ 1 ≤ i ≤ N
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Therefore u ∈ W 1,p(Ω) with

∂u

∂xi

= gi, ∀ 1 ≤ i ≤ N.

This shows that W 1,p(Ω) is a Banach space.
Corollary: H1(Ω),equipped with the above scalar product, is a Hilbert space.
Theorem: W 1,p(Ω), 1 < p <∞ is reflexive and W 1,p(Ω), 1 ≤ p <∞ is separable.

For the proof, we only repeat the argument of the one-dimensional case, taking
the operator

T : W 1,p(Ω) → [Lp(Ω)]N+1

u→ T (u) = (u,∇u).

Exercise: Suppose un → u in Lp(Ω) and (∇un) remains bounded in [Lp(Ω)]N . Then
u ∈ W 1,p(Ω).
Example: Let Ω = (−1, 1) × (−1, 1) be an open of IR2 and ω = (0, 1) × (0, 1) ⊂ Ω.
We set u = xy χw, where χw is the characteristic of ω. So for φ ∈ C1

0 (Ω),
we have ∫ ∫

Ω
uφx dx dy =

∫ 1

0

∫ 1

0
u φx dx dy

=
∫ 1

0
y
(∫ 1

0
x φx dx

)
dy =

∫ 1

0
y
[
x φ|x=1

x=0 −
∫ 1

0
φ dx

]
dy

= −
∫ 1

0

∫ 1

0
y φ(x, y)dx dy = −

∫ ∫

Ω
y χω φ dx dy

Similarly we have ∫ ∫

Ω
uφy dx dy = −

∫ ∫

Ω
xχω φ dx dy

Thus
u ∈ W 1,P (Ω), ∀ 1 ≤ p ≤ +∞,

with ∇u = (yψω, xψω) .
Example: Let

u(x, y) =





xy

x2 + y2
, (x, y) 6= (0, 0)

0 , (x, y) = (0, 0)

be defined on Ω = {(x, y)|x2 + y2 < 1} .

It is easy to see that u ∈ L∞(Ω) so it is in Lp(Ω) ∀p ≥ 1. Next, for φ ∈ C1
0(Ω)

we have
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∫ ∫

Ω
uφx dx dy =

∫ 1

0

∫ 2π

0
u

(
φr cos θ − φθ

sin θ

r

)
rdrdθ

=
∫ 2π

0
cos θ

∫ 1

0
ur φr dr dθ −

∫ 1

0

∫ 2π

0
(u sin θ)φθ dθ dr

= −
∫ 2π

0
cos θ

∫ 1

0
[(r ur φ+ uφ)dr] dθ

+
∫ 1

0

∫ 2π

0
φ (uθ sin θ + u cos θ) dθdr

= −
∫ 2π

0

∫ 1

0
r ur φ cos θ dr dθ +

∫ 1

0

∫ 2π

0
φuθ sin θ dθ dr

= −
∫ 2π

0

∫ 1

0

(
ur cos θ − uθ

sin θ

r

)
φ rdr dθ =

∫ ∫

Ω
ux φdx dy

We conclude that

∇u =

(
∂u

dx
,
∂u

∂y

)
=

(
y(y2 − x2)

(x2 + y2)2
,
x(x2 − y2)

(x2 + y2)2

)

Let’s verify that ∇u ∈ [Lp(Ω)]2 :

∫ ∫

Ω

∣∣∣∣∣
∂u

∂x

∣∣∣∣∣

p

dx dy =
∫ 2π

0

∫ 1

0

r3p
∣∣∣sin θ(sin2 θ − cos2 θ)

∣∣∣
p

r4p
r dr dθ

≤
∫ 2π

0

∫ 1

0
r1−pdr dθ <∞

iff p < 2. Similarly we estimate
∫ ∫

Ω

∣∣∣∂u
∂y

∣∣∣ dx dy. Therefore u ∈ W 1,p(Ω), 1 ≤ p < 2.

Remark: This example shows that functions in W 1,p(Ω) are not necessarily contin-
uous if the space dimension N ≥ 2.
Theorem: Let u ∈ W 1,p(Ω). Then
1)

ũ =




u on Ω

0 on IRN\Ω
∈ LP

(
IRN

)

2) If α ∈ C1
0(Ω) then α̃u ∈ W 1,p

(
IRN

)
and

∂

∂xi
(α̃u) =

∂̃α

∂xi
u+

˜
α
∂u

∂xi
.

Proof.
1) is trivial
2)

∫

IRN
α̃u φxi

=
∫

Ω
αuφxi

, ∀φ ∈ C1
0

(
IRN

)
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=
∫

Ω
u [(αφ)xi

− φαxi
]

= −
∫

Ω
(uxi

αφ+ uαxi
φ) = −

∫

Ω
φ (uxi

α + uαxi
)

= −
∫

IR
φ (α̃uxi

+ ũαxi
)

Since ˜α ∂u
∂xi

+ ∂̃α
∂xi

∈ Lp
(
IRN

)
then α̃u ∈ W 1,p

(
IRN

)
with

∂

∂xi
(α̃u) =

˜
α
∂u

∂xi
+

˜
u
∂α

∂xi
.

Lemma: Let ρ ∈ L1(IRN) and u ∈ W 1,p(IRN). Then ρ ∗ u ∈ W 1,p(IRN) and

∂

∂xi

(ρ ∗ u) = ρ ∗ ∂u

∂xi

.

The proof of this lemma goes exactly like the one in the one-dimensional case.
Theorem: (Friedrichs)

Suppose that u ∈ W 1,p(Ω), 1 ≤ p < ∞, then there exists a sequence (un) ⊂
C∞

0 (IRN) such that
1)

un|Ω −→ u in Lp(Ω)

2)
∂un

∂xi

|ω → ∂u

∂xi

, 1 ≤ i ≤ N in Lp(ω), ∀w ⊂⊂ Ω.

Proof. Let

ũ =

{
u on Ω
0 on IRN\Ω

and
ρ ∈ C∞

0 (IRN ), ρ ≥ 0, suppρ ⊂⊂ B(0, 1),
∫

IRN
ρ = 1.

We define a regularizing sequence ρn(x) = nNρ(nx). It is clear that

suppρn ⊂ B
(
0,

1

n

)
and

∫

IRN
ρn(x) = 1, ∀n = 1, 2, 3, ...

We then set vn = ρn ∗ ũ. So vn ∈⊂∞ (IRN) and vn −→ ũ in Lp(IRN).
For w ⊂⊂ Ω, let α ∈⊂1

0 (Ω) such that 0 ≤ α ≤ 1 and α ≡ 1 on a neighborhood⋃
, of w, contained in Ω.

Also for n so large, we have

ρn ∗ α̃u |ω = ρn ∗ ũ|ω , (i)

since
supp (ρn ∗ α̃u− ρn ∗ ũ) = supp (ρn ∗ (α̃u− ũ))
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⊂
(
B
(
0,

1

n

)
+ Ω\

⋃)
⊂ ωc,

for n large. From the above lemma, we have

∂

∂xi

(ρn ∗ α̃u) = ρn ∗
( ˜
α
∂u

∂xi

+
˜
u
∂α

∂xi

)

therefore
∂

∂xi
(ρn ∗ α̃u) −→

˜
α
∂u

∂xi
+

˜
u
∂α

∂xi
in Lp(IR)N .

In particular
∂

∂xi

(ρn ∗ α̃u) −→ ∂u

∂xi

in Lp(ω).

Hence, by (i), we see that

∂

∂xi

(ρn ∗ ũ) −→ ∂u

∂xi

in Lp(ω)

Conclusion vn ∈⊂∞ (IRN) and

vn |Ω → u in Lp(Ω)

∂

∂xi
vn −→ ∂u

∂xi
in Lp(ω), w ⊂⊂ Ω, 1 ≤ i ≤ N.

Finally we put un = ξnvn, where ξn is a truncation sequence. We then easily verify
that un has the properties required by the theorem.
Remark: In general, for u ∈ W 1,p(Ω) we cannot always find a sequence (un) in
C∞

0 (IRN) such that un|Ω −→ u in W 1,p(Ω).
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