1 Sobolev Spaces in RV

Definition: Let Q be an open domain of RY and 1 < p < 400. We define the
Sobolev space

WQ) ={uel’(Q) / 3 g9, ...9gv € L(Q)

satisfying
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we denote by H'(Q) = W2(Q2). We have, in this case, Vu = (g1, ..., gn).
We equip W?(Q) with the norm
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or equivalently with
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It is also clear that H'(2) equipped with scalar product
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is a inner product space. The associated norm, in this case, is
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Theorem: W'?(Q) equipped with the above norm is a Banach space.
Proof: Given a Cauchy sequence (u,) in W'P(Q) = (u,) is Cauchy in LP(2) and

<0un> is Cauchy in LP(Q) for 1 < ¢ < N. So u,, — u in LP(Q2) and Oun — g; in

P ().
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By letting n go to oo, we get
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Therefore u € WP(Q) with
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This shows that WP(Q) is a Banach space.

Corollary: H'(Q),equipped with the above scalar product, is a Hilbert space.

Theorem: W'P(Q),1 < p < oo is reflevive and W'P(Q),1 < p < oo is separable.
For the proof, we only repeat the argument of the one-dimensional case, taking

the operator
T Wh(Q) — (LA

u— T(u) = (u, Vu).

Exercise: Suppose u,, — u in L?(Q) and (Vu,) remains bounded in [L?(Q)]" . Then
u € WhHr(Q).

Example: Let Q = (—1,1) x (—1,1) be an open of IR? and w = (0,1) x (0,1) C Q.
We set u = zy Y., where Y, is the characteristic of w. So for ¢ € C3(Q),

we have o
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u€ WhHP(Q), V1<p< +oo,

Similarly we have

Thus

with V,, = (y¢u, x,) .

Example: Let
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0 , (z,9) =(0,0)

be defined on Q = {(z,y)|z* + y* < 1}.

It is easy to see that u € L>®(Q) so it is in LP(Q) Vp > 1. Next, for ¢ € C}(Q)
we have



//ngbxda:dy = /01/()27ru<¢r COSQ—QSQSH;G) rdrdf
= cos® | ur¢,drdd — (u sin @)y dO dr
/Ozw /01 /01 /Ozw
= —/027FCOS¢9/01 (7 u, ¢+ ug)dr] d
+/01 /02ﬂ¢(ugsin9+u cos 0) dfdr

2 rl 1 r2n
= —/ / r Uy @ cos@drd@—l—/ / Pug sin 0 do dr
o Jo 0o Jo

2r 1l
= —/ / <ur cost — uy )gbrdrd@z//uxqﬁdzdy
o Jo Q
We conclude that

v, = <8u @) _ <y(y2 — x2)7 o(z? — y2)>
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Let’s verify that Vu € [LP(Q)]*
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g—z dx dy. Therefore u € W'(Q),1 < p < 2.

Remark: This example shows that functions in W'?(Q) are not necessarily contin-
uous if the space dimension N > 2.
Theorem: Let u € W'P(Q). Then
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iff p < 2. Similarly we estimate [ [,
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2) If a € CH(Q) then au € W' (RY) and
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Proof.
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= /Qu [(O‘Cb)x@ - ¢axz]
= —/ (Ug, 0 + Uy, ) = —/ O (Ug, 0 + ucyy,)
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Since a -+ gj €Ly (]RN) then au € Whp (]RN) with
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Lemma: Let p € LY(RY) and u € W'"?(RY). Then p xu € W'*P(IRY) and
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pr (p*u)=px
The proof of this lemma goes exactly like the one in the one-dimensional case.
Theorem: (Friedrichs)

Suppose that v € WH(Q),1 < p < oo, then there exists a sequence (u,) C
Cs(RY) such that
1)

Uy — u in  LP(Q)

2)
%Lu — %,1 <i<N in L[Plw), YwcCC.
Proof. Let
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peCPMRY), p>0, supppccC B(0,1), / p=1

We define a regularizing sequence p,,(z) = n¥p(nz). It is clear that

1
suppp, C B (O, —) and / pn(x) =1, VYn=1,23, ..
n RY

We then set v, = p, * @i. So v, €C*® (RY) and v,, — @ in LP(RY).
For w CC Q, let a €C} () such that 0 < o < 1 and a = 1 on a neighborhood
U, of w, contained in 2.

Also for n so large, we have
pn*@|w:pn*a|wv (4)

since
supp (pp * Qt — py * @) = supp (pn * (Qu — @))
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1
- (B (o, g) + Q\U) C W,
for n large. From the above lemma, we have

0 (o5 G0) = po = (0 Ju N O
therefore - -
0 Ju Oa
- ) — in LP(IR)V.
o, (pn * Q) a@:ﬂi + u@xi in LP(IR)
In particular
0 ou
i ) —s in LP(w).
o (pn * Q) or, in LP(w)
Hence, by (i), we see that
0 ou
i 7)) s p
9 (pp * 00) . in LP(w)

Conclusion v, €C*® (R") and
Un lo — win LP(Q)
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Finally we put w, = &,v,, where &, is a truncation sequence. We then easily verify
that wu, has the properties required by the theorem.

Remark: In general, for v € W'?(Q)) we cannot always find a sequence (u,) in
C°(RY) such that ), — u in WP(Q).

in LP(w), wcc, 1<i<N.



