Corollary: Given m > 1 and 1 < p < co. Then

1. For % > m, we have

1
wmP(RY) € LY(IRY), rig

S
=] 3

2. For % = m, we have

WmP(IRY) C LY(RY), Vq € [p,+o0)

3. For % < m, we have
WmP(IRY) € L®(RY)

Moreover if

m—%:k‘jté’, for k:[m—%] and 0 <6 <1

thenVu € W™P(IRY) we have
1D%ul[oe < Cllullwie, Vo, o] <k

and
|D%u(x) — D*u(y)] < Cllullwipu —yl°

for almost every z,y in IR and all o, |a| = k. In particular,
wm™P(RN) ¢ C*(IRY)

Remark: To prove the above results, we only reiterate the results of the embedding

theorems for successive derivatives.
Corollary. For the special case p = 1 and m = N, we have WY1 (RY) c L*(R").
Proof. Let u € C°(IRY), so we have

1 w2 zN ONu
u([lfl,l'g,...,!lf]\[):/_oo/_oo.../_oo axlaxz 8;UN (tl,tg,...,tN)dtl,...dtN

hence

[lulloo < [lull

wN,1

For v € WNHIRY), we use the density of C5°(IRY) in WN1(IRM).
Corollary: Suppose that € is an open of class C! with bounded boundary 9 or
Q:]Rf. Let 1 < p < +o00; so



1. If 1 <p < N then

whr(Q) c L7 (Q), B

2. If p= N then
WP(Q) c L), Vq € [p, +0).

3. If p> N then
WhP(Q) C L>(Q).

Moreover, for p > N, we have for u € W1?(Q)
lu(z) — u(y)| < Cllullwip|z —y|®, for almost x,y €

where

N
azl—; and C' = C(Q,p, N).

In particular

Wie(Q) ¢ O(Q)

Proof. We extend u to IRY by the extension operator we then apply the above
corollary to Pu.

Corollary: For m > 2 and 1 < p < oo and ) of class C™ we have the same
embedding result for TW"P() as in the case of Q = RY.

Theorem (Rellich Kondrachov): Suppose that € is bounded and of class C'. So for

Lp<N, WW(Q)CLYQ), Ygel[l,p), =%
2.p=N, W(Q)C L1Q), Vq €]l,+o0)
3.p>N, WWY(Q)cCWQ)

with compact embedding
Remarks:

1. If © is not bounded, the embedding of W'?(Q) in LP() is not compact in
general.

Example. on [0, +00) let

r—(mn—-1), n—1l<z<n
folz)=| —z+(n+1), n<zr<n+1
0 otherwise

2



/Oo\fn|:1 and /°°|f;(x)|:2, Vn=1,2,...
0 0

So
[ fullwra =3

f(z) = lim f,(x) =0, Vz €]0,+00).

n—~o0

However, for any subsequence (f,,,)

L =t = [l =1,

which shows that no subsequence would converge in L'. Thus the embedding
is not compact.

2. The embedding of WP(Q) in LF"(£2) is never compact even if ) is bounded
and regular.

3. For the case p = N, the embedding of W1V (Q) in L>(Q) is not always true
even if Q is bounded and of class C.

Example: Let

1
Q= {(:L’,y) € R*/2* +4* < 5}

and
1

1 a
U(l’,y):<LlOgm> , O<Oé<§.

It is clear that u ¢ L>(Q) because of the singularity at (0,0). However, ue W1%(Q)

since
or i 1\ 2«
/ / (2Llog—> rdr df
o Jo r
2 12
= 27r/ 22 (log —) rdr
0 r

ST b
= C / (Llog—) rdr—i—/ (log —)
0 r e~ 1 r

The second integral is proper and has no problem. On [0, e™!], we have

/ lu|?dx dy
Q

2

r dr]

1 1\% 1 .
log - >1= <log —> <log — since 2a < 1.
r r r



Thus

e—1 1 2c e—1
/ (log —) dr < — / (+logr)rdr
0

0
2

r? o1 et r?]
— l§ 10g7’|0 —/0 5;d’fj|

< < + ¢ = 36_2 < 00
-2 4 4
Consequently
/ lu|*dx dy < oo
It is easy to see that
2z 9 gy a—1

Therefore
)201—2

2 1 _1
/ |um\2 = 2290&2/ 00829d9/2 —( 08T dr
Q 0 0 r

we make the change of variable ¢t = % to get

/% (—logr)*~* = _ /oo (log t)**~*
0 r 2 t
(log t)2a—1 t=00 B (log 2)2a—1
20 -1 |,_, 1—2a

since 2a — 1 < 0. Thus / lug|* < 0o and / |lu,|* < oo by similar computations.
0 Q



