1 Regularity of weak solutions

Definition. Let  be an open set of RY. We say that € is of class C™, if
for each x € T, there exists a neighborhood U of z in RY and a bijective
application H : () — U such that

H ¢ C™(Q), H?' ¢ c™U),
H(Qy) =UNQ, H(Qo)=UNT.

() is said to be of class C'*, if it is of class C™, Vm > 1.
Here are some regularity results.
Theorem 1. Suppose that f € L>(RY) and u € H'(RY) such that

/ (Vi -V + ug) = / 6, V6 € H'(RY), 1)
then
u € HQ(RN) and [Jul|g2 < ¢l f]|Lz.

Proof. For h € R™,h # 0, we set

Dpu = — (Thu — u),

Al
that is

u(z + h) — u(zx)
Id

Dpu(x) =

Let ¢ = D_,(Dyu). It is clear that ¢ € H'(RY). Since v € H'(RY) and
use it for (1) to obtain

[ V@ + [ 1wl = [ #(D-(Dw)
which implies
Dl < [1f |2l D= (D)2 (2)
In the other hand, we have
[D-n(Du)llz> < [|V(Du)| L2 (3)
since

HD—hUHLz(w) < HVUHLz(RN), Yo € H' and w CC R,
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Combining (2) and (3) we easily get

1Dl < [ flz,

In particular, we have

ou ]
‘|Dh6$"|L2 < HfHL27 VZ:1,2,... 7N-
S0,
M RN, Vie12,... N
a$z Y ) AR

Hence u € H*(RY).
More regularity
Corollary 1. If f € HY(RY) and u satisfies (1) then u € H3*(RY).

Proof. Let ¢ € C3°(RY); so % € C(RY), Vi=1,2,...N.Sinceu € H'
(in fact u e H?) then we have

0 dp dp .
/VU-V((%)%—/U(%% —/faxi,z—l,Q,...N.

By integrating we obtain

/V(Sj) Vo= [Gmo= [ 5o, veor®m),

which implies that 24 € H? Vi=1,2,...N ;henceu € H*(RY).
By repeating the same procedure we have the following:
Corollary 2. If f € H™(R") and u satisfies (1). Then u € H™(RY).

1.1 Case () = Rf.

Reminder. RY = {(z1,2,... ,2n_1 ZN), ry >0}

Definition. We say that h//T'if h € R¥ "' x{0}ie. h= (hy,...,hy_1,0).
Lemma. Suppose that u € H}(Q) and h//T then Dyu € H(Q).
Proposition. Let f € L?*(Q2) and suppose that u € Hj () satisfies,

/QVU-VQH—/QUQS:/]"QS, Vo € HL(Q) (4)



Then u € H?*(Q).
Proof. Let h//T" and use ¢ = D_(Du) in (4). Then

/Q V(Dyu)? + / Dyuf? = / D n(Dy)
So

IDullzn < | flle2l| D-n(Dpu) | 2 ()
We then use the fact that
[1Dwv[lz2) < [VOlli2(), Yo € H'Y(Q), Vh//T (6)
to obtain from (5)
[ Dull < [[fllz2, VR//T. (7)

Exercise. Establish (6).
Let 1 <j <N, 1<k<N—1 and take h = |h|ey. So, for ¢ € C§°(£2),

we have
ou B %
[ (5 ) o= foo-(52) )

Exercise. Show (8).
Combining (7) and (8) we have

[ (@ﬂ < fleellllze, VI<G<N, 1<k<N-1,
Q

a$j
/ :
axk(?g:j

62
\ gt | < Clrlalole, vo € c)

As h — 0, we obtain

< || fllz2l|@]l 2 (9)

Next, we show that

To do this, we use (4). So, we get

/ 20
Q 833?\7

N—-1

<> /ngf /Q(f—uw‘

< Ol fllz2l|@ll2, Vo € C5o(Q).

+
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We conclude that

U &¢
0z ;0xy,

‘ <O fllzzll@llr2, Vo € CF(Q) and V1 < j,k < N. (10)
Consequently, u € H?(Q).
Remark. In fact, (10) shows that there exist g;, € L*(Q) such that

%
Q “aa:jaxk

_ / g, Vo € CF(Q).

By using Hahn-Banach theorem, the desired result is established
More regularity
Lemma 2. Let u € H?*(Q) N H(Q) satisfy (4). Then

ou

— € H}Q), Vj=1,2,... ,N.

Moreover, we have

/v (‘9“> Vot / / 6, V6 € HYQ. (1)

Proof. Let h = |hle;, 1 < j < N —1; then Dyu € Hg(Q). Since Hy(R2) is
invariant under tangential translation.
From (6), we deduce that

[Drullm < [[ullgz < C| f]lz2- (12)
So there exists a sequence h,, — 0 such that
Dy, u — g; in Hy(S).

By using

/(Dhnu)¢: _/UD—h¢7 Vo € C°(Q)
Q

and letting h,, — 0, we arrive at

0
oo [uf. v e cre).

hence

ou

Ty e HY(Q).



To obtain (11), it suffices to use gf—, in (4) instead of ¢ € C§°(Q2).
Exercise. Verify (12) '

Corollary. Suppose that u € Hj () satisfies (4) and f € H™(Q2). Then
u € H™?2(Q).

Proof. From (11) and proposition 2, we obtain that

ou
aﬁl?i

€ H*(Q)NHQ), Vi=1,2,... ,N.

Consequently, v € H?*(Q).
By repeating the same procedure, se easily prove the corollary by induc-
tion.

1.2 General case

Theorem. Suppose that  is open and of class C?, with I" bounded. let
f € L*Q) and u € H(Q) satisfying

/QVU-VQH—/QUQS:/QJ"QS, Vo e H2(Q). (13)

Then v € H*(Q) and ||ulgz < C||f]|z2, where C is a constant depending
on ) only.
Moreover, if Q is of class C™™ and f € H™(Q). Then

w e H™Q),  andlullnsz < C|flln

In particular, if m > & then u € C?(().

Finally, if Q is of class C® and f € C®(Q) then u € C>®().
Proof. Involves the partition of unity, investigation of regularity in the
interior of €2 and near T'.



