
Electronic Journal of Differential Equations, Vol. 2003(2003), No. 30, pp. 1–17.

ISSN: 1072-6691. URL: http://ejde.math.swt.edu or http://ejde.math.unt.edu

ftp ejde.math.swt.edu (login: ftp)

A NONLOCAL MIXED SEMILINEAR PROBLEM FOR
SECOND-ORDER HYPERBOLIC EQUATIONS

SAID MESLOUB & SALIM A. MESSAOUDI

Abstract. In this work we study a nonlinear hyperbolic one-dimensional

problem with a nonlocal condition. We establish a blow up result for large
initial data and a decay result for small initial data.

1. Introduction

In the region Q = (0, a)× (0, T ), with a <∞, T <∞, we consider the following
one-dimensional semilinear hyperbolic nonlocal problem

utt + ut −
1
x

(xux)x = |u|p−2u

u(a, t) = 0,
∫ a

0

xu(x, t)dx = 0

u(x, 0) = φ(x), ut(x, 0) = ψ(x),

(1.1)

for p > 2. The mathematical modelling by evolution problems with a nonlocal
constraint of the form

∫ a

0
ξ(x)u(x, t)dx = γ(t) is encountered in heat transmission

theory, thermoelasticity, chemical engineering, underground water flow, and plasma
physics. See for example Cahlon [2], Cannon [3], Ionkin [8], Kamynin [9], Shi and
Shilor [16], Choi and chan [4], Samarskii [15], and Ewing [5]. The first paper that
discussed second-order partial differential equations with nonlocal integral condi-
tions goes back to Cannon et al [3]. In fact most of the research by then was devoted
to the classical solutions ( see [3] and the references therein for more information
regarding this matter). Later, mixed problems with integral conditions for both
parabolic and hyperbolic equations were studied by Gordeziani and Avalishvili [7],
Ionkin [8], Kamynin [9], Mesloub and Bouziani [10, 11], Mesloub and Messaoudi
[12], Pulkina [13,14], Volkodavov and Zhukov [17], and Yurchuk [18]. We should
mention here that the presence of the integral term in the boundary condition can
greatly complicate the application of standard functional techniques.

This paper is organized as follows: In section 2, we state the related linear
problem, introduce appropriate function spaces to be used and present an abstract
formulation of the posed linear problem. In section 3, we establish a priori bound,
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from which we deduce the uniqueness and continuous dependence of a solution on
the data. Section 4 is devoted to the solvability of the linear problem. In section
5, we state and prove the local existence result for the semilinear problem (1.1). In
section 6, we show that the solution of (1.1) blows up in finite time if the initial
energy is negative. Finally, in section 7 we show that the solution of (1.1) decays
exponentially for positive but sufficiently small initial energy.

2. The linear Problem

In this section we study a linear problem related to (1.1) and establish a strong
solution. Thus we consider

Lu = utt + ut −
1
x

(xux)x = f(x, t), (2.1)

`1u = u(x, 0) = ϕ1(x), (2.2)

`2u = ut(x, 0) = ϕ2(x), (2.3)

u(a, t) = 0, (2.4)∫ a

0

xu(x, t)dx = 0. (2.5)

To study our problem, we introduce appropriate function spaces. Let L2
ρ(Q) be the

weighted L2−space with the norm

‖u‖2L2
ρ(Q) =

∫
Q

xu2dxdt

and the scalar product (u, v)L2
ρ(Q) = (xu, v)L2(Q). Let V 1,0

ρ (Q) and V 1,1
ρ (Q) be the

Hilbert spaces with scalar products respectively

(u, v)V 1,0
ρ (Q) = (u, v)L2

ρ(Q) + (ux, vx)L2
ρ(Q),

(u, v)V 1,1
ρ (Q) = (u, v)L2

ρ(Q) + (ux, vx)L2
ρ(Q) + (ut, vt)L2

ρ(Q),

and with associated norms:

‖u‖2
V 1,0

ρ (Q)
= ‖u‖2L2

ρ(Q) + ‖ux‖2L2
ρ(Q),

‖u‖2
V 1,1

ρ (Q)
= ‖u‖2L2

ρ(Q) + ‖ux‖2L2
ρ(Q) + ‖ut‖2L2

ρ(Q).

The problem (2.1)-(2.5) can be considered as solving the operator equation

Lu = (Lu, `1u, `2u) = (f, ϕ1, ϕ2) = F ,

where L is an operator defined on E into F . E is the Banach space of functions
u ∈ L2

ρ(Q), satisfying conditions (2.4) and (2.5) with the norm

‖u‖2E = sup
0≤τ≤T

‖u(., τ‖2
V 1,1

ρ ((0,a))

and F is the Hilbert space L2
ρ(Q)× V 1,0

ρ (0, a)×L2
ρ(0, a) which consists of elements

F = (f, ϕ1, ϕ2) with the norm

‖F‖2F = ‖ϕ1‖2V 1,0
ρ ((0,a))

+ ‖ϕ2‖2L2
ρ((0,a)) + ‖f‖2L2

ρ(Q).

Let D(L) be the set of all functions u ∈ L2(Q), for which ut, utt, ux, uxx, uxt ∈
L2(Q) and satisfying conditions (2.4) and (2.5).
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3. A priori bound

Theorem 3.1. There exists a positive constant c, such that for each function u ∈
D(L) we have

‖u‖E ≤ c‖Lu‖F . (3.1)

Proof. Taking the scalar product in L2(Qτ ) of equation (2.1) and the integro-
differential operator

Mu = −x(τ − t)
∫ t

0

(=x(ξut))(ξ, s)ds+ xut,

where Qτ = (0, a)× (0, τ) and =x(ζv) =
∫ x

0
ζv(ζ, t)dζ, we obtain

−
(
(τ − t)utt,

∫ t

0

(=x(ξut))(x, s)ds
)
L2

ρ(Qτ )

+
(
(τ − t)(xux)x,

∫ t

0

(=x(ξut))(x, s)ds
)
L2(Qτ )

+ (utt, ut)L2
ρ(Qτ ) −

(
ut, (xux)x

)
L2(Qτ )

+ ‖ut‖2L2
ρ(Qτ )

−
(
(τ − t)ut,

∫ t

0

(=x(ξut))(x, s)ds
)
L2

ρ(Qτ )

= (Lu,Mu)L2(Qτ ).

(3.2)

Successive integration by parts of integrals on the left-hand side of (3.2) are straight-
forward but somewhat tedious. We give only their results

−((τ − t)utt,

∫ t

0

(=x(ξut))(x, s)ds)L2
ρ(Qτ ) = −(

∫ t

0

=x(ξut)ds, ut)L2
ρ(Qτ ) , (3.3)

((τ − t)(xux)x,

∫ t

0

(=x(ξut))(x, s)ds)L2(Qτ )

= −(x(τ − t)ux, u)L2
ρ(Qτ ) + (x(τ − t)ux, ϕ)L2

ρ(Qτ ),

(3.4)

(utt, ut)L2
ρ(Qτ ) =

1
2
‖ut(x.τ)‖2L2

ρ(0,a) −
1
2
‖ϕ2‖2L2

ρ(0,a), (3.5)

−(ut, (xux)x)L2(Qτ ) =
1
2
‖ux(x.τ)‖2L2

ρ(0,a) −
1
2
‖∂ϕ1/∂x‖2L2

ρ(0,a).

By substituting (3.3)-(3.5) in (3.2), we obtain

‖ut(x.τ)‖2L2
ρ((0,a)) + ‖ux(x.τ)‖2L2

ρ((0,a)) + 2‖ut‖2L2
ρ(Qτ )

= ‖ϕ2‖2L2
ρ((0,a)) + ‖∂ϕ1/∂x‖2L2

ρ((0,a))

+ 2(x(τ − t)ux, u)L2
ρ(Qτ ) − 2(x(τ − t)ux, ϕ1)L2

ρ(Qτ ),

+ 2((τ − t)ut,

∫ t

0

(=x(ξut))(x, s)ds)L2
ρ(Qτ )

− 2((τ − t)
∫ t

0

(=x(ξut))(ξ, s)ds,Lu)L2
ρ(Qτ )

+ 2(ut,Lu)L2
ρ(Qτ ) + 2(ut,

∫ t

0

(=x(ξut))(x, s)ds)L2
ρ(Qτ ).

(3.6)
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Estimates for the last six terms on the right-hand side of (3.6) are as follows:

2(x(τ − t)ux, u)L2
ρ(Qτ ) ≤ Ta‖ux‖2L2

ρ(Qτ ) + Ta‖u‖2L2
ρ(Qτ ), (3.7)

−2(x(τ − t)ux, ϕ1) ≤ Ta‖ux‖2L2
ρ(Qτ ) + T 2a‖ϕ1‖2L2

ρ((0,a)), (3.8)

2((τ − t)ut,

∫ t

0

(=x(ξut))(x, s)ds)L2
ρ(Qτ )

= 2((τ − t)ut,=x(ξu))L2
ρ(Qτ ) − 2((τ − t)ut,=x(ξϕ1))L2

ρ(Qτ )

≤ 2aT‖ut‖2L2
ρ(Qτ ) +

Ta3

2
‖u‖2L2

ρ(Qτ ) +
T 2a3

2
‖ϕ1‖2L2

ρ((0,a)) ,

(3.9)

− 2((τ − t)
∫ t

0

(=x(ξut))(ξ, s)ds,Lu)L2
ρ(Qτ )

= −2((τ − t)Lu,=x(ξu))L2
ρ(Qτ ) + 2((τ − t)Lu,=x(ξϕ1))L2

ρ(Qτ )

≤ 2Ta‖Lu‖2L2
ρ(Qτ ) +

Ta3

2
‖u‖2L2

ρ(Qτ ) +
T 2a3

2
‖ϕ1‖2L2

ρ((0,a)) ,

(3.10)

2(ut,

∫ t

0

(=x(ξut))(x, s)ds)L2
ρ(Qτ )

= 2(ut,=x(ξu))L2
ρ(Qτ ) − 2(ut,=x(ξϕ1))L2

ρ(Qτ )

≤ 2a‖ut‖2L2
ρ(Qτ ) +

a3

2
‖u‖2L2

ρ(Qτ ) +
Ta3

2
‖ϕ1‖2L2

ρ((0,a)) ,

(3.11)

2(ut,Lu)L2
ρ(Qτ ) ≤ ‖ut‖2L2

ρ(Qτ ) + ‖Lu‖2L2
ρ(Qτ ), (3.12)

thanks to Young’s inequality and to the inequality of poincare type

‖=x(ξut)‖2L2(Q) ≤
a3

2
‖ut‖2L2

ρ(Q). (3.13)

We also have, by straight forward calculations,

‖u(., τ)‖2L2
ρ(0,a) ≤ ‖u‖2L2

ρ(Qτ ) + ‖ut‖2L2
ρ(Qτ ) + ‖ϕ1‖2L2

ρ((0,a)). (3.14)

The combination of (3.6)-(3.12) and (3.14) yields

‖u(., τ)‖2
V 1,1

ρ ((0,a))
≤ k

{
‖u‖2

V 1,1
ρ (Qτ )

+ ‖ϕ1‖2V 1,0
ρ (0,a)

+ ‖ϕ2‖2L2
ρ(0,a) + ‖Lu‖2L2

ρ(Qτ )

}
,

(3.15)
where

k = max
{

1 + Ta3 +
a3

2
+ Ta, T 2a+

3T 2a3

2
+ 1, 2aT + 2a, 2aT + 1

}
.

�

Lemma 3.2. Let f(t), g(t) and h(t) be nonnegative functions on the interval [0, T ],
such that f(t) and g(t) are integrable and h(t) is nondecreasing. Then∫ τ

0

f(t)dt+ g(τ) ≤ h(τ) +m

∫ τ

0

g(t)dt

implies ∫ τ

0

f(t)dt+ g(τ) ≤ emτh(τ).
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The proof of this lemma is similar to lemma 7.1 in [6].
Now, applying the above lemma to the estimate (3.15), we obtain

‖u(., τ)‖2
V 1,1

ρ (0,a)
≤ kekT

{
‖ϕ1‖2V 1,0

ρ (0,a)
+ ‖ϕ2‖2L2

ρ(0,a) + ‖Lu‖2L2
ρ(Qτ )

}
. (3.16)

The right-hand side of (3.16) is independent of τ . By taking the least upper bound
of the left side with respect to τ from 0 to T , we get the desired estimate (3.1) with
c = k1/2ekT/2. It can be proved in a standard way that the operator L is closable
(see, e.g., [10]).
Definition Let L be the closure of the operator L with domain of definition D(L).
A solution of the operator equation Lu = F is called a strong solution of problem
(2.1)-(2.5).

By passing to the limit, the estimate (3.1) can be extended to strong solutions,
that is we have the inequality

‖u‖E ≤ c‖Lu‖F ∀u ∈ D(L).

From this inequality, we deduce the following statements.

Corollary 3.3. If a strong solution of (2.1)-(2.5) exists, it is unique and depends
continuously on the elements F = (f, ϕ1, ϕ2) ∈ F .

Corollary 3.4. The range R(L) of the operator L is closed in F and R(L) = R(L).

Hence, to prove that a strong solution of problem (2.1)-(2.5) exists for any ele-
ment (f, ϕ1, ϕ2) ∈ F , it remains to prove that R(L) = F .

4. Solvability of the linear problem

To prove that the range of L is dense in F , we need first to prove the following
theorem.

Theorem 4.1. If for some function Ψ ∈ L2(Q) and all u ∈ D(L), such that
`1u = `2u = 0, we have

(Lu,Ψ)L2
ρ(Q) = 0, (4.1)

then Ψ vanishes almost everywhere in the domain Q.

Note that (4.1) holds for any function in D(L) such that `1u = `2u = 0, so it
can be expressed in a particular form. We consider the equation

utt = h(x, t)−=x(ξut) + u (4.2)

where

h(x, t) =
∫ T

t

Ψ(x, s)ds (4.3)

and

u(x, t) =

{
0 0 ≤ t ≤ s∫ t

s
(t− τ) · uττdτ s ≤ t ≤ T .

(4.4)

It follows from (4.2)-(4.4) that

Ψ = −uttt −=x(ξut) + ut (4.5)

Lemma 4.2. The function Ψ defined above is in L2
ρ(Q).
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Proof. Using the domain of definition D(L) of the operator L and the inequality
(3.13), we see that −=x(ξut) and ut are in L2

ρ(Q). To prove that −uttt ∈ L2
ρ(Q),

we use the t-averaging operators ρε introduced in [5]. Applying the operators ρε

and ∂/∂t to equation (4.2), we obtain

‖ ∂
∂t
ρεutt‖2L2

ρ(Q) ≤ 3‖ ∂
∂t

(u−=x(ξut))‖2L2
ρ(Q) + 3‖ ∂

∂t
ρεh‖2L2

ρ(Q)

+ 3‖ ∂
∂t

[(u−=x(ξut))− ρε(u−=x(ξut))] ‖2L2
ρ(Q).

From this last inequality, it follows that

‖ ∂
∂t
ρεutt‖2L2

ρ(Q) ≤ 6‖ut‖2L2
ρ(Q) + 3‖ ∂

∂t
ρεh‖2L2

ρ(Q) + 6‖=x(ξutt)‖2L2
ρ(Q)

+ 3‖ ∂
∂t

[(u−=x(ξut))− ρε(u−=x(ξut))] ‖2L2
ρ(Q).

(4.6)

Using the properties of the operators ρε introduced in [5], we deduce from (4.6)
that

‖ ∂
∂t
ρεutt‖2L2

ρ(Q) ≤ 6‖ut‖2L2
ρ(Q) + 3‖ ∂

∂t
ρεh‖2L2

ρ(Q) + 6‖=x(ξutt)‖2L2
ρ(Q).

Since ρεv →
ε→0

v in L2(Q), and ‖ ∂
∂tρεutt‖2L2

ρ(Q) is bounded, we conclude that Ψ is in

L2
ρ(Q). �

Proof of Theorem 4.1. First, we replace Ψ in (4.1) by its representation (4.5); thus
we have

‖ut‖2L2
ρ(Q) + (ut, utt)L2

ρ(Q) − ((xux)x, ut)L2(Q)

− (utt, uttt)L2
ρ(Q) − (uttt, ut))L2

ρ(Q)

+ ((xux)x, uttt)L2(Q) − (ut,=x(utt))L2
ρ(Q)

− (utt,=x(utt))L2
ρ(Q) + ((xux)x,=x(utt))L2(Q) = 0.

(4.7)

Using conditions (2.4), (2.5) the particular form of u given by the relations (4.2)
and (4.4) and integrating by parts each term of (4.7), we obtain

(ut, utt)L2
ρ(Q) =

1
2
‖ut(., T )‖2L2

ρ((0,a)), (4.8)

−((xux)x, ut)L2(Q) =
1
2
‖ux(., T )‖2L2

ρ((0,a)), (4.9)

−(utt, uttt)L2
ρ(Q) =

1
2
‖utt(., s)‖2L2

ρ((0,a)), (4.10)

−(uttt, ut))L2
ρ(Q) = ‖utt‖2L2

ρ(Qs), (4.11)

((xux)x, uttt)L2(Q) =
1
2
‖uxt(., T )‖2L2

ρ((0,a)), (4.12)

−(utt,=x(utt))L2
ρ(Q) = 0, (4.13)

((xux)x,=x(utt))L2(Q) = −(xutt, ux)L2
ρ(Qs). (4.14)
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Combining equalities (4.7)-(4.14), we get

1
2
‖ux(., T )‖2L2

ρ((0,a)) +
1
2
‖ut(., T )‖2L2

ρ((0,a)) +
1
2
‖utt(., s)‖2L2

ρ((0,a))

+ ‖utt‖2L2
ρ(Qs) + ‖ut‖2L2

ρ(Q) +
1
2
‖uxt(., T )‖2L2

ρ((0,a))

≤ (xutt, ux)L2
ρ(Qs) + (ut,=x(utt))L2

ρ(Q).

(4.15)

We then use Young’s inequality and (3.13) to estimate the right-hand side of (4.15):

(xutt, ux)L2
ρ(Qs) ≤ 2‖utt‖2L2

ρ(Qs) +
a2

8
‖ux‖2L2

ρ(Qs), (4.16)

(ut,=x(utt))L2
ρ(Q) ≤ 2‖ut‖2L2

ρ(Qs) +
a3

16
‖utt‖2L2

ρ(Qs). (4.17)

Hence, inequalities (4.15)-(4.17) yield

‖ux(., T )‖2L2
ρ((0,a)) + ‖ut(., T )‖2L2

ρ((0,a)) + ‖utt(., s)‖2L2
ρ((0,a)) + ‖uxt(., T )‖2L2

ρ((0,a))

≤ a2

4
‖ux‖2L2

ρ(Qs) + 2‖ut‖2L2
ρ(Qs) + (

a3

8
+ 2)‖utt‖2L2

ρ(Qs)

≤ d
a2

4
‖uxt‖2L2

ρ(Qs) + 2‖ut‖2L2
ρ(Qs) + (

a3

8
+ 2)‖utt‖2L2

ρ(Qs)

≤ δ
(
‖uxt‖2L2

ρ(Qs) + ‖ut‖2L2
ρ(Qs) + ‖utt‖2L2

ρ(Qs)

)
,

(4.18)
where d = 4(T − s)2 is a Poincare constant and δ = max

{
da2

4 ,
a3

8 + 2
}

. If we drop
the first term on the left-hand side of (4.18), we obtain

‖ut(., T )‖2L2
ρ((0,a)) + ‖utt(., s)‖2L2

ρ((0,a)) + ‖uxt(., T )‖2L2
ρ((0,a))

≤ δ
(
‖uxt‖2L2

ρ(Qs) + ‖ut‖2L2
ρ(Qs) + ‖utt‖2L2

ρ(Qs)

)
.

(4.19)

Now we define a new unknown function θ(x, t) by θt(x, t) = −utt, such that
θ(x, T ) = 0; that is,

θ(x, t) =
∫ T

t

ussds.

Then we have

ut(x, t) = θ(x, s)− θ(x, t) and ut(x, T ) = θ(x, s).

Thus inequality (4.19) can be written as

‖utt(., s)‖2L2
ρ((0,a)) + ‖θx(x, s)‖2L2

ρ((0,a)) + ‖θ(x, s)‖2L2
ρ((0,a))

≤ δ

∫ T

s

{∫ a

0

x(θ(x, s)− θ(x, t))2dx+
∫ a

0

xu2
ttdx

+
∫ a

0

x(θx(x, s)− θx(x, t))2dx
}
dt.

(4.20)

It follows from (4.20) that

(1− 2δ(T − s)
(
‖θx(x, s)‖2L2

ρ((0,a)) + ‖θ(x, s)‖2L2
ρ((0,a))

)
+ ‖utt(., s)‖2L2

ρ((0,a))

≤ 2δ
(
‖utt‖2L2

ρ(Qs) + ‖θx‖2L2
ρ(Qs) + ‖θ‖2L2

ρ(Qs)

)
.

(4.21)
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If s0 > 0 satisfies T − s0 = 1/4, then (4.21) implies

‖utt(., s)‖2L2
ρ((0,a)) + ‖θx(x, s)‖2L2

ρ((0,a)) + ‖θ(x, s)‖2L2
ρ((0,a))

≤ 4δ
(
‖utt‖2L2

ρ(Qs) + ‖θx‖2L2
ρ(Qs) + ‖θ‖2L2

ρ(Qs)

)
,

(4.22)

for all s ∈ [T − s0, T ]. Inequality (4.22) in turns implies that

−σ′(s) ≤ 4δσ(s), (4.23)

where
σ(s) = ‖utt‖2L2

ρ(Qs) + ‖θx‖2L2
ρ(Qs) + ‖θ‖2L2

ρ(Qs).

Since σ(T ) = 0, then an integration of (4.23) over [s, T ] gives

σ(s)e4δs ≤ 0, ∀s ∈ [T − s0, T ].

It follows from the above inequality that Ψ ≡ 0 almost everywhere on the domain
QT−s0 = (0, a)× [T − s0, T ]. The length s does not depend on the origin, so we can
proceed in the same way a finite number of times to show that Ψ ≡ 0 in Q. �

Theorem 4.3. The range of R(L) of the operator L coincides with F .

Proof. Suppose that for some W = (Ψ,Ψ1,Ψ2) ∈ R(L)⊥,

(Lu,Ψ)L2
ρ(Q) + (`1u,Ψ1)V 1,0

ρ ((0,a)) + (`2u,Ψ2)L2
ρ((0,a)) = 0 (4.24)

We must prove that W = 0. Let D0(L) = {u/u ∈ D(L) : `1u = `2u = 0}, and put
u ∈ D0(L) in (4.24),we get

(Lu,Ψ)L2
ρ(Q) = 0, ∀u ∈ D(L).

Hence, by theorem 4.1 it follows that Ψ = 0. Thus (4.24) becomes

(`1u,Ψ1)V 1,0
ρ ((0,a)) + (`2u,Ψ2)L2

ρ((0,a)) = 0. (4.25)

Since `1u and `2u are independent and the ranges of the operators `1 and `2 are
everywhere dense in the spaces V 1,0

ρ ((0, a)) and L2
ρ((0, a)) respectively. Hence the

inequality (4.25) implies that Ψ1 = Ψ2 = 0. Consequently W = 0. This completes
the proof. �

5. The semilinear problem

In this section we state and prove the existence of a local solution to problem
(1.1). First, we state some lemmas.

Lemma 5.1. For any v in V 1,0
ρ ((0, a)) satisfying the boundary condition (2.4), we

have ∫ a

0

xv2(x)dx ≤ 4a2

∫ a

0

x(vx(x))2dx. (5.1)

Proof. It is easy to see that for each smooth function v satisfying the boundary
condition (2.4), we have

0 =
∫ a

0

(xv2)xdx =
∫ a

0

(v2 + 2xvvx)dx;

hence, ∫ a

0

xv2dx ≤ a

∫ a

0

v2dx = −2
∫ a

0

xvvxdx.
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Using Young’s inequality we obtain∫ a

0

xv2dx ≤ |2
∫ a

0

xvvxdx| ≤ 2a2

∫ a

0

xv2
xdx+

1
2

∫ a

0

xv2dx.

Therefore (5.1) is established for any smooth function v. This inequality remains
valid for v in V 1,0

ρ ((0, a)) by a density argument. �

Lemma 5.2. For v in V 1,0
ρ ((0, a)) satisfying the boundary condition (2.4) and

2 < p < 3, we have |v|p−2v ∈ L2
ρ((0, a)).

Proof. First we note that by virtue of lemma 5.42 of [1] and by using a density
argument we have

sup
0≤x≤a

x(v(x))2 ≤ 4
∫ a

0

xv2(x)dx+ 4
∫ a

0

x|v(x)‖v′(x)|dx. (5.2)

Using the Schwarz inequality and lemma 5.1, estimate (5.2) yields

sup
0≤x≤a

x(v(x))2 ≤ C

∫ a

0

x|v′(x)|2dx. (5.3)

Evaluating the L2
ρ-norm of |v|p−2v we have∫ a

0

x|v(x)|2p−2dx =
∫ a

0

xp−1|v(x)|2(p−1)x2−pdx

≤
(

sup
0≤x≤a

x(v(x))2
)p−1 ∫ a

0

x2−pdx

≤ C

3− p

(
‖v‖V 1,0

ρ ((0,a))

)2p−2

<∞,

(5.4)

by virtue of (5.3). This completes the proof. �

Theorem 5.3. If 2 < p < 3 then for any φ in V 1,0
ρ ((0, a)) and ψ in L2

ρ((0, a)),
problem (1.1) has a unique local solution u ∈ E.

Proof. We prove this theorem by using a fixed point argument. For T > 0 and
M > 0, we define the class of functions W = W (M,T ), which consists of all
functions w ∈ E satisfying conditions (2.3)-(2.5) and for which we have ‖w‖E

≤ M . We then define a map h : W → E which associates to each v ∈ W the
solution u of the linear problem

utt + ut −
1
x

(xux)x = |v|p−2v

u(a, t) = 0,
∫ a

0

xu(x, t)dx = 0

u(x, 0) = φ(x), ut(x, 0) = ψ(x).

(5.5)

It follows from theorem 3.1 and theorem 4.3 that (5.5) has a unique solution u
satisfying

‖u‖2E ≤ C
{
‖φ‖2

V 1,0
ρ ((0,a))

+ ‖ψ‖2L2
ρ((0,a)) + ‖|v|p−2v‖2L2

ρ((Q)

}
.
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This, in turn, implies by (5.4) that

‖u‖2E ≤ C
{
‖φ‖2

V 1,0
ρ ((0,a))

+ ‖ψ‖2L2
ρ((0,a)) +

∫ T

0

(‖v‖V 1,0
ρ ((0,a)))

2p−2dt
}

≤ C
{
‖φ‖2

V 1,0
ρ ((0,a))

+ ‖ψ‖2L2
ρ((0,a)) + CT‖v‖2p−2

E

}
≤ C

{
‖φ‖2

V 1,0
ρ ((0,a))

+ ‖ψ‖2L2
ρ((0,a)) + CTM2p−2

} (5.6)

Taking M so large that C{‖φ‖2
V 1,0

ρ ((0,a))
+ ‖ψ‖2L2

ρ((0,a))} ≤ M2/2 and T so small

that CTM2p−2 ≤M2/2, estimate (5.6) yields

‖u‖2E ≤M2;

hence h maps W into itself. To show that h is a contraction for T small enough, we
consider v1, v2 ∈W and the corresponding images u1 and u2. It is straightforward
to see that U = u1 − u2 satisfies

Utt + Ut −
1
x

(xUx)x = |v1|p−2v1 − |v2|p−2v2

U(a, t) = 0,
∫ a

0

xU(x, t)dx = 0

U(x, 0) = 0, Ut(x, 0) = 0.

(5.7)

We multiply (5.7) by xUt and integrate over Q to get

1
2

∫ a

0

xUt
2(x, t)dx+

1
2

∫ a

0

xUx
2(x, t)dx+

∫ t

0

∫ a

0

xU2
t (x, s) dx ds

≤
∫ t

0

∫ a

0

x|Ut‖|v1|p−2v1 − |v2|p−2v2|(x, s) dx ds .

Schwarz inequality then leads to∫ a

0

xUt
2(x, t)dx+

∫ a

0

xUx
2(x, t)dx+

∫ t

0

∫ a

0

xU2
t (x, s) dx ds

≤
∫ t

0

∫ a

0

x{|v1|p−2v1 − |v2|p−2v2}2(x, s) dx ds.
(5.8)

We now estimate the right-hand-side of (5.8) as follows. Taking V = v1 − v2, we
obtain∫ a

0

x{|v1|p−2v1 − |v2|p−2v2}2dx ≤ C1

∫ a

0

x|V |2{|v1|2p−4 + |v2|2p−4}, (5.9)

where C1 is a constant independent of v1, v2 and t. Thus we have, by virtue of
(5.3),∫ a

0

x{|v1|p−2v1 − |v2|p−2v2}2dx ≤ C1 sup
0≤x≤a

x(V (x))2
∫ a

0

{|v1|2p−4 + |v2|2p−4}dx

≤ C
( ∫ a

0

x|Vx|2dx
) ∫ a

0

{|v1|2p−4 + |v2|2p−4}dx.
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Next we evaluate∫ a

0

|v1|2p−4dx =
∫ a

0

xp−2|v1|2p−4x2−pdx

≤
(

sup
0≤x≤a

x|v1|2
)p−2

∫ a

0

x2−pdx

≤ C

3− p

[ ∫ 1

0

x(
∂v1
∂x

)2dx
]p−2

≤ CM2(p−2).

By combining (5.8),(5.9), we arrive at∫ T∗

0

∫ a

0

x{|v1|p−2v1 − |v2|p−2v2}2dxds ≤ CTM2(p−2)‖V ‖2E . (5.10)

Therefore (5.8) and (5.10) give

‖U‖2E ≤ CTM2(p−2)‖V ‖2E . (5.11)

Choosing T small enough that CTM2(p−2) < 1, makes the map h a contraction from
W into itself. The Contraction Mapping Theorem then guarantees the existence of a
fixed point u, which is the desired solution of (1.1). The proof is then completed. �

6. Finite time blow up

In this section we show that the solution of (1.1) blows up in finite time if

E0 :=
1
2

∫ a

0

x(ψ(x))2dx+
1
2

∫ a

0

x(φx(x))2dx− 1
p

∫ a

0

x|φ(x)|pdx < 0. (6.1)

Theorem 6.1. If 2 < p < 3 then for any φ in V 1,0
ρ ((0, a)) and ψ in L2

ρ((0, a))
satisfying (2.4), (2.5), and (6.1), the solution of problem (1.1) blows up in finite
time.

Proof. We define the functional

E(t) :=
1
2

∫ a

0

x(ut(x, t))2dx+
1
2

∫ a

0

x(ux(x, t))2dx− 1
p

∫ a

0

x|u(x, t)|pdx. (6.2)

Multiplying (1.1) by xut and integrating over (0, a) yields

E
′
(t) = −

∫ a

0

xu2
t (x, t)dx ≤ 0; (6.3)

hence E (t) ≤ E0 (0) < 0, for all t ≥ 0. By setting H(t) = −E(t), we get

0 < H (0) ≤ H (t) ≤ 1
p

∫ a

0

x |u(x, t)|p dx, ∀t ≥ 0. (6.4)

Then we define

L (t) := H2/p (t) + ε

∫ a

0

xuut(x, t)dx+
ε

2

∫ a

0

xu2(x, t)dx (6.5)

for ε small enough so that

L (0) = H2/p (0) + ε

∫ a

0

xφψ(x)dx+
ε

2

∫ a

0

xφ2(x)dx > 0
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By differentiating (6.5) and using (1.1) and (6.2), we obtain

L′ (t) =
2
p
H−1+2/p (t)H

′
(t) + ε

∫ a

0

xu2
t (x, t)dx

+ ε

∫ a

0

xuutt(x, t)dx+ ε

∫ a

0

xuut(x, t)dx

=
2
p
H−1+2/p (t)H

′
(t) + ε

∫ a

0

xu2
t (x, t)dx+ ε

∫ a

0

xuut(x, t)dx

+ ε

∫ a

0

xu[−ut +
1
x

(xux)x + |u|p−2u]dx

≥ ε

∫ a

0

xu2
t (x, t)dx− ε

∫ a

0

x(ux(x, t))2dx+ ε

∫ a

0

x|u(x, t)|pdx

= ε

∫ a

0

xu2
t (x, t)dx− ε

∫ a

0

x(ux(x, t))2dx

+ ε(1− 2
p
)
∫ a

0

x|u(x, t)|pdx

+
2ε
p

[pH(t) +
p

2

∫ a

0

xu2
t (x, t)dx+

p

2

∫ a

0

x(ux(x, t))2dx]

= 2ε
∫ a

0

xu2
t (x, t)dx+ 2εH(t) + ε(1− 2

p
)
∫ a

0

x|u(x, t)|pdx

= ε(1− 2
p
)
(
H(t) +

∫ a

0

x|u(x, t)|pdx+
∫ a

0

xu2
t (x, t)dx

)
.

(6.6)

The next estimate reads[ ∫ a

0

xu2dx
]p/2

≤
[
(
∫ a

0

x|u|pdx)2/p(
∫ a

0

xdx)(p−2)/p
]p/2

≤
(a2

2
)(p−2)/2

∫ a

0

x|u|pdx

(6.7)
and ∣∣ ∫ a

0

xuutdx
∣∣ ≤ ( ∫ a

0

xu2dx
)1/2( ∫ a

0

xu2
tdx

)1/2

≤
(a2

2
)(p−2)/2p

( ∫ a

0

x|u|pdx
)1/p( ∫ a

0

xu2
tdx

)1/2

,

which implies∣∣∣ ∫ a

0

xuutdx
∣∣∣p/2

≤
(a2

2
)(p−2)/4

( ∫ a

0

x|u|pdx
)1/2( ∫ a

0

xu2
tdx

)p/4

.

Also Young’s inequality gives∣∣∣ ∫ a

0

xuutdx
∣∣∣p/2

≤ C
[( ∫ a

0

x|u|pdx
)µ/2

+
( ∫ a

0

xu2
tdx

)θp/4]
for 1/µ+ 1/θ = 1. We take θ = 8/p, (hence µ = 8/(8− p)) to get∣∣∣ ∫ a

0

xuutdx
∣∣∣p/2

≤ C
[( ∫ a

0

x|u|pdx
)4/(8−p)

+
∫ a

0

xu2
tdx

]
.
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Using that zν ≤ z + 1 ≤ (1 + 1
a )(z + a) for all z ≥ 0, 0 < ν ≤ 1, a ≥ 0, we have the

following estimate( ∫ a

0

x|u|pdx
)4/(8−p)

≤
(
1 +

1
H(t)

)( ∫ a

0

x|u|pdx+H(t)
)

≤
(
1 +

1
H(0)

)( ∫ a

0

x|u|pdx+H(t)
) (6.8)

Consequently,∣∣∣ ∫ a

0

xuutdx
∣∣∣p/2

≤ C
[ ∫ a

0

x|u|pdx+H(t) +
∫ a

0

xu2
tdx

]
. (6.9)

A combination of (6.5), (6.7), and (6.9) leads to

Lp/2(t) ≤ C
[ ∫ a

0

x|u|pdx+H(t) +
∫ a

0

xu2
tdx

]
. (6.10)

Therefore, using (6.6) and (6.10), we obtain

L′(t) ≥ λLp/2(t) (6.11)

where λ is a constant depending only on ε, H(0), and a. Integration of (6.11) over
(0, t) gives

L(p/2)−1 (t) ≥ 1
L1−(p/2) (0)− λ(p/2− 1)t

;

hence L (t) blows up in a time

T ∗ ≤ 1
λ(p/2− 1)L1−(p/2) (0)

. (6.12)

�

Remark The time estimate (6.12) shows that the larger L(0) is the quicker the
blow up takes place.

7. Decay of Solutions

In this section we show that any solution of (1.1) is global and decays exponen-
tially provided that E0 is positive and small enough. In order to state and prove
our results we introduce the following:

I(t) = I(u(t)) =
∫ a

0

xu2
xdx−

∫ a

0

x|u|pdx

J(t) = J(u(t)) =
1
2

∫ a

0

xu2
xdx−

1
p

∫ a

0

x|u|pdx

H = {w ∈ V 1,0
ρ ((0, a)) : I(w) > 0} ∪ {0}

Remark Note that E(t) = J(t) + 1
2

∫ a

0
xu2

tdx.

Lemma 7.1. For v in V 1,0
ρ ((0, a)) satisfying the boundary condition (2.4) and for

2 ≤ p < 4, we have ∫ a

0

x|v|pdx ≤ C∗‖vx‖p
L2

ρ((0,a)), (7.1)

where C∗ is a constant depending on a and p only.
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Proof. A direct calculation, using (5.3), gives∫ a

0

x|v|pdx =
∫ a

0

(
x|v|2

)p/2
x1−p/2dx

≤
(

sup
0≤x≤a

x|v|2
)p/2

∫ a

0

x1−p/2dx

≤
(
C

∫ a

0

x|v′(x)|2dx
)p/2

∫ a

0

x1−p/2dx

= C∗‖vx‖p
L2

ρ((0,a)).

(7.2)

�

Lemma 7.2. Suppose that 2 < p < 3 and φ ∈ H, ψ ∈ L2
ρ((0, a)) satisfying (2.4),

(2.5), and

β = C∗
( 2p
p− 2

E0

)(p−2)/2
< 1. (7.3)

Then u(t) ∈ H for each t ∈ [0, T ).

Proof. Since I(u0) > 0 then there exists Tm ≤ T such that I(u(t)) ≥ 0 for all
t ∈ [0, Tm). This implies

J(t) =
1
2

∫ a

0

xu2
xdx−

1
p

∫ a

0

x|u|pdx

=
p− 2
2p

∫ a

0

xu2
xdx+

1
p
I(u(t))

≥ p− 2
2p

∫ a

0

xu2
xdx, ∀t ∈ [0, Tm);

(7.4)

hence ∫ a

0

xu2
xdx ≤

2p
p− 2

J(t) ≤ 2p
p− 2

E(t) ≤ 2p
p− 2

E0, ∀t ∈ [0, Tm). (7.5)

Using (7.1), (7.3), and (7.5), we easily arrive at∫ a

0

x|u|pdx ≤ C∗‖ux‖p
L2

ρ((0,a)) = C∗‖ux‖p−2
L2

ρ((0,a))‖ux‖2L2
ρ((0,a))

≤ C∗

(
2p
p− 2

E0

)(p−2)/2

‖ux‖2L2
ρ((0,a)) = β‖ux‖2L2

ρ((0,a))

< ‖ux‖2L2
ρ((0,a)), ∀t ∈ [0, Tm);

(7.6)

hence

‖ux‖2L2
ρ((0,a)) −

∫ a

0

x|u|pdx > 0,∀t ∈ [0, Tm).

This shows that u(t) ∈ H,∀t ∈ [0, Tm). By repeating the procedure, Tm is extended
to T . �

Theorem 7.3. Suppose that 2 < p < 3 and φ ∈ H, ψ ∈ L2
ρ((0, a)) satisfying (2.4),

(2.5), and (7.3). Then the solution of problem (1.1) is a global solution.
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Proof. It suffices to show that ‖ux‖2L2
ρ((0,a))+‖ut‖2L2

ρ((0,a)) is bounded independently
of t. To achieve this we use (6.3); so we have

E0 ≥ E(t) =
1
2
‖ux‖2L2

ρ((0,a)) −
1
p

∫ a

0

x|u|pdx+
1
2
‖ut‖2L2

ρ((0,a))

=
p− 2
2p

‖ux‖2L2
ρ((0,a)) +

1
p
I(u(t)) +

1
2
‖ut‖2L2

ρ((0,a))

≥ p− 2
2p

‖ux‖2L2
ρ((0,a)) +

1
2
‖ut‖2L2

ρ((0,a))

(7.7)

since I(u(t)) ≥ 0. Therefore,

‖ux‖2L2
ρ((0,a)) + ‖ut‖2L2

ρ((0,a)) ≤
2p
p− 2

E0.

�

Theorem 7.4. Suppose that 2 < p < 3 and φ ∈ H, ψ ∈ L2
ρ((0, a)) satisfying (2.4),

(2.5), and (7.3). Then there exist positive constants K and k such that the global
solution of problem (1.1) satisfies

E(t) ≤ Ke−kt, ∀t ≥ 0. (7.8)

Proof. We define

F(t) := E(t) + ε

∫ a

0

x
(
uut +

1
2
u2

)
dx, (7.9)

for ε small such that

a1F(t) ≤ E(t) ≤ a2F(t), (7.10)

holds for two positive constants a1 and a2. This is, of course possible by (5.1) and
(7.5). We differentiate (7.9) and use equation (1.1) to obtain

F ′(t) = −
∫ a

0

x|ut|2dx+ ε

∫ a

0

x[u2
t − |ux|2 + |u(t)|p]dx

≤ −[1− ε]
∫ a

0

x|ut|2dx− ε

∫ a

0

x|ux|2dx+ ε

∫ a

0

x|u(t)|pdx.
(7.11)

We then use (6.2) and (7.6) to get∫ a

0

x|u|pdx = α

∫ a

0

x|u|pdx+ (1− α)
∫ a

0

x|u|pdx

≤ α
(p

2

∫ a

0

xu2
tdx+

p

2

∫ a

0

xu2
xdx− pE(t)

)
+ (1− α)β

∫ a

0

xu2
xdx, 0 < α < 1

(7.12)

Therefore, a combination of (7.11) and (7.12) gives

F ′(t) ≤ −[1−ε(αp
2

+1)]
∫

Ω

u2
t (t)dx−αpE(t)+ε[α(

p

2
−1)−η(1−α)]

∫ a

0

xu2
xdx (7.13)
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where η = 1−β. By using (7.5) and choosing α close to 1 so that α(p
2−1)−η(1−α) ≥

0, estimate (7.13) takes the form

F ′(t) ≤ −[1− ε(
αp

2
+ 1)]

∫
Ω

u2
t (t)dx− αpE(t)

+ ε[α(
p

2
− 1)− η(1− α)]

2p
p− 2

E(t)

≤ −[1− ε(
αp

2
+ 1)]

∫
Ω

u2
t (t)dx− ηε(1− α)

2p
p− 2

E(t).

(7.14)

At this point we choose ε so small that 1− ε(αp
2 +1) ≥ 0, and (7.10) remains valid.

Consequently (7.14) yields

F ′(t) ≤ −ηε(1− α)
2p
p− 2

E(t) ≤ −εa2η(1− α)
2p
p− 2

F(t) (7.15)

by virtue of (7.10). A simple integration of (7.15) leads to

F(t) ≤ F(0)e−kt,

where k = εa2[η(1 − α) 2p
p−2 ]. Again using (7.10), we obtain (7.8). This completes

the proof. �
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