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DECAY AND GRADIENT ESTIMATE FOR SOLUTIONS OF A

QUASILINEAR HEAT EQUATION

Salim A. Messaoudi

Abstract. In this work we consider an initial boundary value problem

related to the equation

ut−div(|∇u|α−2∇u) = b|u|p−2u, p > α ≥ 2 , b > 0.
We give, under suitable conditions on the initial data, a precise estimate

on the gradient and prove that the energy of weak solutions decay expo-

nentially for α = 2 and in a polynomial rate for α > 2 as t→∞.

1. INTRODUCTION

Research of global existence and finite time blow up of solutions for the
initial boundary value problem

(1.1)
ut − div(|∇u|α−2∇u) + f(u) = 0, x ∈ Ω, t > 0

u(x, t) = 0, x ∈ ∂Ω , t ≥ 0
u(x, 0) = u0(x), x ∈ Ω,

where α ≥ 2 and Ω is a bounded domain of IRn (n ≥ 1), with a smooth
boundary ∂Ω, has attracted a great deal of people. The obtained results
show that global existence and nonexistence depend roughly on α, the degree
of nonlinearity in f, the dimension n, and the size of the initial data. In
the early 70’s, Levine [6] introduced the concavity method and showed that
solutions with negative energy blow up in finite time. Later, this method
had been improved by Kalantarov and Ladyzhenskaya [5] to accommodate
more situations. This type of results have been extensively generalized and
improved by Levine, Park, and Serrin in [7]. The authors, in these papers,
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proved several global and nonglobal existence theorems. On the other hand if
f has at most a linear growth then we can find global solutions.

Concerning the asymptotic behavior, Engler, Kawohl, and Luckhaus [2]
considered (1.1), with α = 2 and showed that for, f(0) = 0, f 0(u) ≥ a > 0,

and sufficiently small initial datum u0, the solution satisfies a gradient estimate
of the type ||∇u||p ≤ Ce−δt||∇u0||p. This result was also established, under
certain geometric conditions on ∂Ω, for an initial boundary problem for the
quasilinear equation of the form

(1.2) ut − div(σ(|∇u|2)∇u) + f(u) = 0.

Similar results concerning global existence and gradient estimates have been
proved by Nakao and Ohara [8] and Nakao and Chen [9]. It is also worth
mentioning that Pucci and Serrin [10] discussed the stability of the rest state
for a quasilinear heat system of the form

A(t)|ut|m−2ut = ∆u− f(x, u),

for m > 1 and the source satisfying (f(x, u), u) ≥ 0. They established a global
result of solutions and showed that these solutions tend to the rest state as
t→∞, however no rate of decay has been given.

In this work we consider

(1.3)
ut − div(|∇u|α−2∇u) = bu|u|p−2, x ∈ Ω, t > 0

u(x, t) = 0, x ∈ ∂Ω , t ≥ 0
u(x, 0) = u0(x), x ∈ Ω,

p > α ≥ 2 and show that for suitably chosen initial data, (1.3) possesses a
global weak solution, which decays exponentially for α = 2 and in a polynomial
rate if α > 2. We first state an existence result, which can be established by
repeating the same procedure of [4]. See also [1] and [3] for more standard
results concerning local existence.

Proposition Suppose that p ≥ 2, such that
2 ≤ p ≤ 1 + α

2

n

n− α
, n ≥ α(1.4)

p ≥ 2, n < α
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and let u0 ∈W 1,α
0 (Ω) be given. Then problem (1.3) has a unique solution

u ∈ C
³
[0, T ); W 1,α

0 (Ω)
´

(1.5)

ut ∈ L2 (Ω× (0, T )) .
for some T small.

2. MAIN RESULT

In order to state and prove our main result we remind that by the embedding
theorem there exists a constant C∗ depending on Ω, p and α only such that

(2.1) ||u||p ≤ C∗||∇u||α.
We also introduce the following

I(t) = I(u(t)) = ||∇u(t)||αα − b||u(t)||pp
E(t) = E(u(t)) =

1

α
||∇u(t)||αα −

b

p
||u(t)||pp(2.2)

W = {w ∈W 1,α
0 (Ω) : I(w) > 0} ∪ {0}.

Remark 2.1. By multiplying equation (1.3) by ut, integrating over Ω, and
using integration by parts, we get

(2.3) E0(t) = −||ut(t)||22 ≤ 0, ∀t ∈ [0, T ).
Lemma 2.1. Suppose that (1.4) holds. If u0 ∈W satisfies

(2.4) β = bCp
∗

µ
αp

p− α
E(u0)

¶(p−α)/α
< 1

then u(t) ∈W, for each t ∈ [0, T ).

Proof. Since u0 ∈ W then I(u0) > 0. This implies the existence of Tm ≤ T

such that I(u(t)) ≥ 0 for all t ∈ [0, Tm). This implies
E(t) =

1

α
||∇u(t)||αα −

b

p
||u(t)||pp

=
p− α

αp
||∇u(t)||αα +

1

p
I(u(t))(2.5)

≥ p− α

αp
||∇u(t)||αα, ∀t ∈ [0, Tm);
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hence

(2.6) ||∇u(t)||αα ≤
αp

p− α
E(t) ≤ αp

p− α
E(u0), ∀t ∈ [0, Tm).

By exploiting (2.1) and (2.6), we easily arrive at

b||u(t)||pp ≤ bCp
∗ ||∇u(t)||pα = bCp

∗ ||∇u(t)||p−αα ||∇u(t)||αα

≤ bCp
∗

µ
αp

p− α
E(u0)

¶(p−α)/α
||∇u(t)||αα = β||∇u(t)||αα(2.7)

< ||∇u(t)||αα, ∀t ∈ [0, Tm);
hence ||∇u(t)||αα − b||u(t)||pp > 0, ∀t ∈ [0, Tm). This shows that u(t) ∈ W ,
∀t ∈ [0, Tm). By repeating the procedure, Tm is extended to T .

Theorem 2.2. Suppose that (1.4) holds. If u0 ∈W satisfying (2.4) Then the
solution is global

Proof. It suffices to show that ||∇u(t)||αα is bounded independently of t. To
achieve this we use (2.2) and (2.3)

E(u0) ≥ E(t) =
1

α
||∇u(t)||αα −

b

p
||u(t)||pp(2.8)

=
p− α

αp
||∇u(t)||αα +

1

p
I(u(t)) ≥ p− α

αp
||∇u(t)||αα

since I(u(t)) ≥ 0. Therefore
(2.9) ||∇u(t)||αα ≤

αp

p− α
E(u0)

Theorem 2.3. Suppose that (1.4) holds. Then there exist positive constants
K and k such that, for all t ≥ 0, the global solution of (1.3) satisfies

E(t) ≤ Ke−kt, α = 2

E(t) ≤ (kt+K)−2/(α−2) , α > 2.(2.10)

Proof. We define

(2.11) H(t) := E(t) +
1

2

Z
Ω
u2(t)dx,
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hence we have E(t) ≤ H(t) and

H(t) ≤ E(t) +
1

2
C2∗ ||∇u(t)||2α(2.12)

≤ E(t) +
1

2
C2∗

µ
αp

p− α
E(t)

¶2/α
≤

Ã
E1−(2/α)(u0) +

1

2
C2∗

µ
αp

p− α

¶2/α!
E2/α(t)

= cE2/α(t).

We differentiate (2.11) and use equation (1.3) and (2.3) to obtain

(2.13) H 0(t) = −
Z
Ω
|ut(t)|2dx−

Z
Ω
|∇u(t)|αdx+ b

Z
Ω
|u(t)|pdx.

We then use (2.2) and (2.7) to get

b

Z
Ω
|u(t)|pdx = λb

Z
Ω
|u(t)|pdx+ (1− λ)b

Z
Ω
|u(t)|pdx

= λ

µ
p

α

Z
Ω
|∇u(t)|αdx− pE(t)

¶
+(1− λ)β

Z
Ω
|∇u(t)|αdx, 0 < λ < 1.(2.14)

Therefore a combination of (2.13) and (2.14) gives

H 0(t) ≤ −
Z
Ω
u2t (t)dx− λpE(t)(2.15)

+ε[λ(
p

α
− 1)− η(1− λ)]

Z
Ω
|∇u(t)|αdx,

where η = 1− β. By using (2.8) and choosing λ close to 1 so that

λ(
p

α
− 1)− η(1− λ) > 0,

we arrive at

H 0(t) ≤ −
Z
Ω
u2t (t)dx− λpE(t)

+[λ(
p

α
− 1)− η(1− λ)]

αp

p− α
E(t)(2.16)

≤ −
Z
Ω
u2t (t)dx− η(1− λ)

αp

p− α
E(t).
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We then recall (2.12) to obtain, from (2.16),

(2.17) H 0(t) ≤ −η(1− λ)
αp

p− α
c−α/2Hα/2(t).

We distinguish two cases.
i) α = 2, then a simple integration of (2.17) leads to

(2.18) E(t) ≤ H(t) ≤ H(0)e−kt, ∀t ≥ 0,
where k = η

c (1− λ) αp
p−α .

ii) α > 2, again a simple integration of (2.17) yields

(2.19) E(t) ≤ H(t) ≤
³
kt+H(2−α)/2(0)

´−2/(α−2)
,

where
k = (

α

2
− 1)η(1− λ)

αp

p− α
c−α/2.

This completes the proof.

Remark 2.2. By using (2.5), (2.8), (2.18), and (2.19), we easily obtain, for
all t ≥ 0,

||∇u(t)||α ≤ Ce−kt/2, α = 2(2.20)

||∇u(t)||α ≤ C (t+ 1)−2/(α−2)α , α > 2
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