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ABSTRACT problem, where the damping induced by the viscosity is acting
on the domain and a part of the boundary, was also discussed by
Cavalcantiet al [5] and existence and uniform decay rate results

t were established. In the same direction, Cavalostrdi [6] have
U — Au + / g(t — 7)Au(r)dr =0, also studied, in a bounded domain, the following equation
0

In this paper we consider the viscoelastic equation

in a bounded domain. We show that the damping caused by the [ue|Pure — Au— Auge + [y g(t — 7)Au(r)dr
integral term is strong enough to control and stabilise the solution. —yAu, =0, reQ, t>0,
Precisely, we establish an exponential decay result.
p > 0, and proved a global existence result fo> 0 and an ex-

1. INTRODUCTION ponential decay foty > 0. This last result has been extended to a
' situation, where a source term is competing with the strong mecha-
In [1], Cavalcantiet al. studied nism damping and the one induced by the viscosity, by Messaoudi

and Tatar [7]. In their work, Messaoudi and Tatar combined the
well depth method with the perturbation techniques to show that

t
u — Au+ [ g(t —7)Au(r)dr solution with positive, but small, energy exist globally and decay

+a(x)u; + |2Pu =0, inQx (0,00) (1) to the rest exponentially. Also, Messaoudi [8] considered
u(z,t) =0, z€0Q,t>0
t
u($70) = UO(x), ut(;r,O) = ul(x)7 ugt — Au + fg(t _ T)Au(T)dT
where(2 is a bounded domain dR" (n > 1) with a smooth Fau ™ :0 blu[Yu, inQ x (0,00)

boundaryoQ, v > 0, g is a positive function, and : Q — R is

a function, which may be null on a part & Under the condition  and showed, under suitable conditions grthat solutions with
thata(z) > a0 > 0 onw C £, with w satisfying some geometry  negative energy blow up in finite time 4f > m and continue to

restrictions and existifm > ~.We also should mention the work of Kavashima and
, Shibata [9], in which a global existence and exponential stability
—&19(t) < g'(t) = —&29(1), t 20, of small solutions to a nonlinear viscoelastic problem has been
established.

such thati|g|| .1 ((,00)) iS sSmall enough, the authors obtained an
exponential rate of decay. This work extended the result of Zuazua
[2], in which he considered (1) withh = 0 and the linear damping

In the present work, we are concerned with

h . L . . . t
is Iocallzed. Ber_rlml an_d Messaoud_l [3] |mproved Cavalcanti’s u — Au+ [ g(t — 7)Au(r)dr =0,

result by introducing a different functional, which allows them to 0 @)
weaken the conditions on bothandg. In particular, the function u(z,t) =0, z € 00

can vanish on the whole domaihand consequently the geometry u(z,0) = uo(x), ui(z,0) = ui(z),

condition has disappeared. In [4], Cavalcagital considered
(z,t) € Q x (0,00). We will show that the damping caused by

t N . . .
. the integral term is enough to obtain an exponential decay result
— koA d t—1)V d
v — oA+ ({ wla(@)g(t = 7)Vu(r)ldr under weaker conditions on the relaxation functiorOur choice
+b(x)h(ut) + f(u) =0, InQ x (0,00), of the 'Lyaponov’ functional made our proof easier than the one in
[1] and [4].

under similar conditions on the relaxation functipmnda(z) +

b(z) > 6 > 0, for all x € Q. They improved the result in [1] by

establishing exponential stability fgrdecaying exponentially and 2. PRELIMINARIES

h linear and polynomial stability fog decaying polynomially and

h nonlinear. Their proof, based on the use of piecewise multipliers, In this section, we present the conditions on the control fungtion
is similar to the one in [1]. Though both results in [3] and [4] and state, without proof, a global existence result, which may be
improve the earlier one in [1], the approaches are different Another proved by repeating the argument of [1]. So we assume
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g: R, — R, is abounded’ function such that It is straightforward to see that fe ands2 so small, we have
i ar F(t) < E(t) < aaF (1), (10)
g(0) > o, f/g<)ds:z>o, 0= “
0 holds for two positive constants; andas.
gt < —€g(t), t>0, () By using equation (2), we easily see that
for a positive constarg. V' (t) = [(uuge +ui)de = [uide — [|Vul*dz
Proposition 2.1Let (uo,u1) € Hg (Q) x L*(Q) be given. As- e Q Q (11)
sume thay satisfiesl — [ g(s)ds = [ > 0. Then problen{2) has + [ Vu(t). [ g(t — 7)Vu(r)drdx

0 Q 0
a unique global solution
We now estimate the third term in the right-hand side of (11) as

u € C([0, 00);Hy () follow
t
uw, € C([0, 00);L*(9)). 4 I Vu(®). [ gt — 7)Vu(r)drdz
Q 0
1 (12)
Next, we introduce < 5§£|V“(t [Fdes f fg t=7)
, (IVu(r) =V ()|+|Vu( ))dr]*dz
Et)y : = 1 1— /g(s)ds |\Vu(t)||§ We then use Cauchy-Schwarz inequality, Young'’s inequality, and
2 ) the fact that
1 2 1 t [e'e)
+3luel3 + 5 (g 0 V) (1), (5)
/g(T)dT < /g(T)dT =1-1,
where 0 0
t to obtain, for anyy > 0,
(gov)(t) = /g(t = 7)|[v(t) = v(7)|[3dr. (6) .
0 JU 9t = 7)(IVu(r) = Vu(t)| + |Vu(t)])dr]*dz
Q0
t
< J1J 9t = )(IVu(r) = Vu(t)|dr]*dz
Q0
t
3. EXPONENTIAL DECAY + [1f g(t = 7)|Vu(t)|dr]
Q0
In this section, we state and prove our main result. We start with £
: P +2 [[J g(t = 7)(IVu(r) - Vu(t)ldr]x
the following a0
Lemma 3.1The "modified” energy satisfies t (13)
| [J 9(t = 7)|Vu(t)|dr]dz
0
E't) = Z(¢d oVu)(t @) t
1 O R < (1) 1] glt = DIVu(Oldrdo+
’ Q0
—S9OIVu®|* < (g o Vu)(t) <0. t
2 2 (1+1) S{[fga — 1) (IVu(r) — Vu(t)|dr)*dz
For the proof of this lemma, see [1] or [8] for instance. < 0 2
Theorem 3.2 Let (uo,u1) € Hj () x L?(Q) be given. As- (14m( = ffzwu B de
sume that satisfies(3). Then for anyt, > 0 there exist positive +(1+ %)(1 —1)(g o Vu)(t)
constants: and K such that the solution given lfy) satisfies
By combining (11) - (13), we have
E(t) < Ke * Yt >to>0. (8)
/ 2 1 1y\(1 —
Proof We define wt) < gfzut do+3(1+ )1 =1
(g0 Vu)(t) — {1f (A +n) (14)

F(t) = E(t) + e1¥(t) + e2x(2) ©) x(1—1) }f|w )|?dx

wheree; ande, are positive constants to be specified later and

By choosingy = 1/(1 — ), (14) becomes

) : = /uutd:c,
Q ') < /ut dx — / |Vu|*da (15)

N

) (g0 vu)®)
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Next we estimate
t
=— [uw [ gt — 7)(u(t) — u(r))drdz
Q 0

g’ (t — 7)(u(t) — u(r))drdz

Ut

D,
O —«

—(

(fg (t — 7)(Vu(t) — Vu(r))dr)dz

O —«

g(s)ds j uidr = [ Vu(t)x
Q

(16)
g] g(t — 7)Vu(r)dr)x

Jg t — 7)(Vu(t) — Vu(r))dr)dx

g’ (t — 7)(u(t) — u(r))drdz

Ut

D,
O —«

—(

O —

g(s)ds) 5{ uida

In a similar way, we estimate the right-hand side terms of (16). So

for 5§ > 0, we have :
The first term

/Vu(t). (/ g(t — ) (Vu(t) — Vu(T))dT) dx
Q 0

< 5/\Vu|2d:c+(1T;l)(goVu)(t). a7

The second term
—f f (t — s)Vu(s)ds)x

([ g(t —s) (Vu(t) — Vu(s)) ds)dz

<sf

Q

)

Q

C%»

2

¢
J gt —s)Vu(s)ds| dz

0

2
dx

t

J gt —s) (Vu(t) — Vu(s)) ds

0

+
IS

t

[f 9

]l
Q0
+ |Vu(t
<25 [

Qo
¢
+25f f (t — s)Vu(t)ds]*dz

t—s)(|Vu(t) — Vu(s)| (18)
Nds]*dx + U2 (g 0 Vu) (b)
g(t — 8) |Vu(t) — Vu(s)|ds]*dz

[ /\
=

~—

%e»

+U20 (00 Vu)(t) < +26(1 -1 ) [ 1Vul’ d
(20 + 35)(1 = (g o Vu)(t)
The third term

—S{utfg'(t —7)(u(t) — u(r))drdx

0
t !’
< 6f|ut|2dac—|—$(f —g (t — s)ds)x
o

Oftfg’@fs) fu(t) — u(s)? dsda (19)
)

t
[luel® dz+ E2C, [ [ g (t - 5)x
Q Q0
(t) — Vu(s)|? dsdz,

whereC), is the embedding constant. A combination of (16) - (19)
then yields

X' (t) < 6{142(1 —1)*}|Vul3
+{26 + 511 — 1)(g o Vu)(t)
+LDC,(~ (g’ © Vu)(t)) (20)

- jg<s>ds} [ utds,

Sinceg(0) > 0 then there exist& > 0 such that

t to

[oto)is = [ g(s)ds =g0 >0, (21)

0 0
Vt > to. By using (7), (9), (3.9), (20) and (21) we obtain
F'(t) < —[e2{go — 0} — &1] [uidz
Q
—[5 = e26{1 +2(1 — 1)*}][|Vul3
+{3 - 240 - e 220,
+U2225+ ) (o 0 Tu)(e).

(22)

At this point we choosé so small that
1 1 1
go— 0 > 290 75{1+2(1—l)2}< 390

Whence) is fixed, the choice of any two positive constantsand
e satisfying

1 1
19052 <er < 59062 (23)
will make
ki = e2{go— 9} —e1 >0,
l
ke = S —ead{1+2(1-0% >0,

We then picks; andes so small that (10) and (23) remain valid
and
1=l {9(0) Cpt

%1 (22§l+ )} >0 @4)
Therefore (24) becomes
F'(t) < —BE(t) < —Bar F(t),¥t > to. (25)
by virtue of (10). A simple integration of (25) leads to
F(t) < F(to)eP™1toe=Pot -y > 4. (26)
Again by(10), estimate (26) yields
E(t) < agF(tg)el*rtoe= ot Yt > to. (27)

This completes the proof.
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