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Abstract

In this note we generalize Scott’s result and give a way how to factorize
separable-variable functions.

1 Introduction

Scott [2] in 1985 gave a necessary and sufficient condition for a two-variable function
to be of separable variables. His result, of course, is very important; especially in
the area of differential equations. In this work we generalize Scott’s result to multi-
variable functions (n > 2) and give a way how to factorize such separable variable
functions. To make this note self contained we state the theorem by Scott. For the
proof we refer the reader to [1] and [2].
Proposition

1) Suppose that f is a separable variable function on a domain D of IR?; that is
f(z,y) = ¢(x)(y). If ¢ and 1 are differentiable then
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2) Suppose that f, df/0x, df /0y, and 9?f/Oxdy exist and are continuous on a
domain D. If f # 0 and (1.1) holds then f is a separable variable function.




2 Main Result.

In this section we state and prove our main result. We first begin with the
following
Lemma
Suppose that f, 0f /Ox;, and 9% f /Ox;0x,, Vi = 1,2, ..., n, exist and are continuous
on a domain D of R" (n > 2). If f is never zero on D and
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then there exist functions ¢ and ¢ such that
flz, .y xn) = o(xn)g(z1, oy Tp1) (2.2)

Proof. We prove this lemma by induction. For n = 2, the result is trivial by Scott’s
theorem.

Suppose that (2.2) holds for n — 1. To establish it for n, we first note that by
virtue of (2.1) we have
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So by integrating with respect to x,,, we get
af‘/aajn—l

=q(z1,..., Tp—2, Tn_1).
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Again an integration with respect to x,,_1, leads to
In|f(z1,....,2,)| = /q(ajlv...,xn,Q,xn,l)d:cn,l + (1, ey Tpg, Tp);
hence we have

fl1, o xn) = Q21 oy Tp—gy 1) R(21, ooy Tp—a, ).
By taking derivatives with respect to x;, 1 # n — 1, we obtain
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Since R is a (n — 1)-variable function, which never vanishes on D and satisfies (2.3)
then there exist functions ¢ and S such that

R(x1, .oy Tp_o,xn) = O(x,)S (21, ..., Tn_a).
Consequently

f(@1, ) = Q@10 Tnog, 1) p(200) S (21, oy T 9) 2.4
= ¢(xn)g($1,...,l’n71>. .

Theorem 1 .
Let f be such that f, df/0z;, and 8*f/Ox;0x;, Vi, j = 1,2,...,n, i # j, exist and

are continuous on a domain D of IR" (n > 2). If f is never zero on D and
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ij=1,2...n, i#j (2.5)
then there exist differentiable functions ¢4, ..., ¢, such that

flxy, ., xn) = O1(x1)Pa(2)...On (). (2.6)

Proof. We prove this theorem by induction. For n = 2, the result is trivial by Scott’s
theorem.
Suppose that (2.6) holds for n — 1. To prove it for n, we first note that

f(xh () In) = ¢n(xn)g(x17 ceey xn—l)a
by virtue of the lemma. As a consequence we have
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On(y), 4,j=1,2..n—1, i#j.

Therefore a substitution in (2.5) yields

g _ 99 9
gaxzﬁxj N 6% 8mj’

ij=1,2..,n—1, i#j. (2.7)

Since g is a (n — 1)-variable function, which never vanishes on D and sataifies (2.7)
then there exist functions ¢y, ..., ¢,_1 such that g(zq,...,2,-1) = ¢1(x1)...0n_1(Tn_1),
which implies (2.6).
Remark 1. It is easy to see that any separable-variable function satisfies (2.5)
provided that the relevant partial derivatives exist and are continuous.
Theorem 2.

Let f be a separable variable function satisfying f(£) = 1, for some point ¢ in the
domain D. Then f(x) = ¢1(x1)p2(x2)...¢n(x,), where

Gi(xi) = f(&rs &1, i, Eigts s &)
3



Proof.
Since f(§) =1 we can take ¢;(§) =1, Vi=1,...,n.
Therefore

€, &ty iy Sinny o &n) = 01(61) - 0i1(&m1)Di(@4) Pig 1 (§i1) - Dn(6n) = Di(i).

Remark 2. It is clear that the condition f(£) =1 can be replaced by f(£) # 0.
Example Let f(x,y) = [cos(x —y) —cos(x+7y)]/2. It is easy to verify that f satisfies
(2.5), for n =2 and f(mw/2,7/2) = 1. Therefore
o(z) = f(z,m/2) = [cos(x —7/2) — cos(x +7/2)]/2 = [sin(z) + sin(z)] /2 = sin(x)
U(y) = f(m/2,y) = [cos(m/2 —y) — cos(m/2 +y)]/2 = [sin(y) +sin(y)]/2 = sin(y)
By using the trigonometric identities, we easily see that ¢ and 1) are the right factors
of f.
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