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In this paper we consider the nonlinearly damped semilinear Petrovsky equation
u, + Au+ au,|u,|"* = buju|P?

in a bounded domain, where a,b > 0. We prove the existence of a local weak
solution and show that this solution blows up in finite time if p > m and the energy
is negative. We also show that the solution is global if m > p. 0 2002 Elsevier Science
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1. INTRODUCTION

In [4], Guesmia considered the problem

utt(x’ t) + Azu(x7 t) + q(x)u(xa t) + g(ut(x7 t)) = 07 X € Q; > 0
u(x, t) =d,u(x,t) =0, xe€dQ, >0 (1.1)
u(x,0) = ug(x), u,x,0)=u(x), xeQ,

where () is a bounded domain of R"(n > 1), with a smooth boundary 94,
and v is the unit outer normal on d€). For g continuous, increasing, satisfy-
ing g(0) =0, and ¢: O — R*, a bounded function, Guesmia [4] proved a
global existence and a regularity result. He also established, under suitable
growth conditions on g, decay results for weak, as well as strong, solutions.
Precisely, the author showed that the solution decays exponentially if g
behaves like a linear function, whereas the decay is of a polynomial order
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otherwise. Results similar to the above system, coupled with a semilinear
wave equation, have been established by Guesmia [5]. Also the system com-
posed of the equation (1.1), with A%u,(x, t) + Ag(Au(x, t)) in the place of
q(x)u(x, t) + g(u,(x, t)), has been treated by Aassila and Guesmia [1], and
an exponential decay theorem, through the use of an important lemma of
Komornik [6], has been established.

In this paper we are concerned with the problem

U, + A%u+ auu,|"? = bululP2, xeQ, t>0
u(x, t) =du(x,t) =0, xe€dQ, t>=0 (1.2)
u(x,0) = ¢(x), u (x,0)=¢(x), xeQ,
where a,b > 0 and p,m > 2. This is a problem similar to (1.1), which
contains a nonlinear source term competing with the damping factor. We
will establish an existence result and show that the solution continues to
exist globally if m > p; however, it blows up in finite time if m < p. It is
worth mentioning that it is only for simplicity that g is taken to be zero,

g(u,(x,t)) = au,|u,|"2, and the source term has a power form. The same
theorems could be established for more general functions.

2. LOCAL EXISTENCE

In this section, we establish a local existence result for (1.2) under
suitable conditions on m and p. First we consider, for v given, the lin-
ear problem

U, + Au+ au,|u,|"? =bv|P v, xe€Q, t>0
u(x,t) =d,u(x,t) =0, xe€dQ, t>0 2.1)
u(x,0) = ¢(x), u/ (x,0)=¢(x), xeQ,
where u is the sought solution.
LeEmMMA 2.1.  Assume that
2 < p, n<4
2<p<2(n-2)/n—4, n>>5.

Then given any v in C([0, T]; C5°(Q2)) and ¢, ¢ in C5°(Q2), the problem (2.1)
has a unique solution u satisfying

ue L0, T); W), u, € L=((0, T); L2 ()
u, € L>((0, T); H5(Q)) N L™(Q x (0, T)).

Here H3(Q) = {w € H*(Q): w = d,w = 0 on dQ} and W = {w € H*(Q) N
H(Q) : Aw = 3,Aw = 0 on dQ}.

2.2)

(2.3)
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This lemma is a direct result of [7, Theorem 3.1, Chap. 1] (see also [2]
and [4, Theorem 1.2]).

LEMMA 2.2.  Assume that (2.2) holds. Assume further that
m <2n/(n—4), n>5. (2.4)

Then given any ¢ in H5(Q), ¢ in L*(Q), and v in C([0, T]; H3(Y)), the
problem (2.1) has a unique weak solution,

u e C([0, T]; H2(Q))

(2.5)
u, € C([0, T, L)) N L™(Q x (0, T)).
Moreover, we have
% /Q[”? +(Au)’)(x, ) dx +a /Ot /Q |lu,(x, s)|" dx ds
= 3 [ 16+ @I+ b [ [ ol Py dwds,
Vtel0,T]. (2.6)

Proof. 'We approximate ¢, ¢ by sequences (¢*), (¢*) in C;°(2), and v
by a sequence (v*) in C([0, T']; C5°(£2)). We then consider the set of linear
problems

uly + Au* + aul' |ul "2 = bt PR, xeQ, t>0
ub(x, t) =d ut(x,t) =0, x€dQ, t>0 2.7)
ut(x,0) = p*(x), ul(x,0)=o*(x), xeQ.

Lemma 2.1 guarantees the existence of a sequence of unique solutions
(u*) satisfying (2.3). Now we proceed to show that the sequence (u*, u})
is Cauchy in

Y :={w:w e C([0, T]; H}(Q)), w, € C([0, T]; L*(Q)) N L™(Q x (0, T))}.
For this aim, we set
U:=u"*—-u", Vo=v* =,
It is straightforward to see that U satisfies
Uy + AU + a(ult [l "2 — |l |"=2) = b(|o]P 20" — [o"]720")
U(x,t)=0, xe€dQ, t>0 (2.8)
U(x,0) = Up(x) = ¢*(x) = ¢"(x),  U(x,0) = Ui(x) = ¢*(x) — ¢"(x).
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We multiply Eq. (2.8) by U, and integrate over () x (0, ¢) to get
1 t
5 L1027 + QU dx +a [ [ "2 = uf "YU . 5) dx ds
_ 1 2 2 ! w|p—2,,u vip—2,v
= 5 |02+ @0 Yw)dx +b [ [ [l — o))
xU,(x, s)dx ds. (2.9)
We then estimate the last term in (2.9) as follows:
[ w720 = 20U ()| dx
Q
< CLU 0V Nl2nycn- 4)[||U“||n(p 2yt [[v ||n(p 2)/2] (2.10)
The Sobolev embedding and condition (2.2) give
IV l2n/n—2) = ClIAV |2,
v yP—2
0“1 2 + 10 Iy < CIAVIE ™ + Av" 572,
where C is a constant depending on () only. Therefore (2.10) takes the form
[ |72 = 0172010 G, )|
Q
-2 L1 P2
< CIUILIAV LI Av )15~ + A" 137
Since (uf|uf’|™? — u?|u?|"2)(u} — u?) > 0 then (2.9) yields
1 2 2 2 2
(U7 + (AU))(x, 1) dx < | [Uf + (AUy)")(x) dx
2Ja Q
t
T [0 LIAV (. 9] ds.
where I' is a generic positive constant depending on C and the radius of
the ball in C([0, T]; H3()) containing v* and v”. Young’s inequality then

gives

max / [U? + (AUY*)(x, t) dx < F/Q[Uf+ |AU*1(x) dx

0<t<T JQ

+T'T max [ [V?+ (AV)*](x, t) dx.
0<t<T JQ

Since (¢*) is Cauchy in HZ(Q),(¢*) is Cauchy in LZ(Q) and (v*)
is Cauchy in C([0, T]; H3(Q)), we conclude that (u*,u}) is Cauchy
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in C([0, T]; H3(Q)) x C([0, T]; L*(Q)). To show that u, is Cauchy in
L™(Q x (0,T)), we use

t
1oy < € [ [ Qa1 1" =l )U,x, ) deds, - (2.11)
which yields, by (2.9),
10y < T [UF + (AU ))(x)
T
T [0 LIAV )] ds.

Therefore (u}') is Cauchy in L™(Q x (0, T)) and hence (u*) is Cauchy in
Y. We now show that the limit u is a weak solution of (2.1) in the sense of
[7]. That is for each 6 in H3(Q2) we must show that

jt[ u,(x, t)0(x)dx+/ Au(x, 1)AO(x) dx
+a /Q ,|u "2 (x, £)0(x) dx = b /Q [P 2u(x, 0(x)dx, (2.12)

for almost all ¢ in [0, T']. To establish this, we multiply Eq. (2.7) by 6 and
integrate over (), so we obtain

% /Q u(x, 0)0(x) dx + [9 Au(x, 1)AO(x) dx
+a/ ul' |ul|"2(x, 1)6(x) dx = b/ [u P20k (x, 1)0(x) dx. (2.13)
) )
As uw — oo, we see that
f Aut(x, 1)AO(x) dx — / Au(x, t)AO(x) dx,
a 0
/ || P~2v* (x, 1)6(x) dx — / [v|P~2v(x, t)0(x) dx
Q Q
in C([0, T']) and
/ Bl m=2(x, 1)6(x) dx — f u,|u, "2 (x, £)6(x) dx
Q
in L'((0, T)). We thus have [, u,(x, )6(x) dx {=lim [, u;'(x, 1)0(x) dx} is
an absolutely continuous function on [0, T'], so (2.12) holds for almost all ¢

in [0, T']. For the energy equality (2.6), we start from the energy equality for
u* and proceed in the same way to establish it for u. To prove uniqueness,
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we take v* and v” and let u* and u” be the corresponding solutions of
(2.1). It is clear that U = u* — u” satisfies

1 t
5 U7+ QU dx +a [ f (a7 = wf "YU . 5) dx ds
t
- b/ /[|v"|p’2v“ — 0P U, (x, 5) dx ds. (2.14)
0J/Q

If v* = v” then (2.14) shows that U = 0, which implies uniqueness. This
completes the proof.

Remark 2.1. Note that the condition (2.4) on m is needed so that
Jo uiluy " 2(x, 1)6(x) dx and [, u,|u,|™*(x, t)6(x) dx make sense.

THEOREM 2.3. Assume that (2.2) and (2.4) hold. Then given any ¢ in
HX(Q), and ¢ in L*(Q), the problem (1.2) has a unique weak solution u €'Y,
for T small enough.

Proof. For M > 0 large and 7 > 0, we define a class of functions
Z(M, T) which consists of all functions w in Y satisfying the initial con-
ditions of (1.2) and

1 T

max [ﬂ[wf + (Aw)](x, £) dx + a/o /Q lw,(x, $)|"™ dx ds < M2. (2.15)
Z(M, T) is nonempty if M is large enough. This follows from the trace
theorem (see [8]). We also define the map f from Z(M, T) into Y by u :=
f(v), where u is the unique solution of the linear problem (2.1). We would
like to show, for M sufficiently large and T sufficiently small, that f is a
contraction from Z(M, T) into itself.

By using the energy equality (2.5) we get

t
/[uf+(Au)2](x, t)dx+2a/ f lu,(x, s)|" dx ds
Q 070
t
< /Q[uer(Auo)Z](x)derzb/O /Q|U|P—l|ut|(x, s)dxds, Vtel0,T]
t
< [ [ + Qug)’ ) de +2b [ o a0l5 ™, vee[o. 7] (216)
consequently
lully = € [} + (8u)*) ) de 4+ CMP ' Ty,

where C is independant of M. By choosing M large enough and T suffi-
ciently small, (2.15) is satisfied; hence u € Z(M, T'). This shows that f maps
Z(M, T) into itself.
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Next we verify that f is a contraction. For this aim we set U = u — & and
V =v— 1, where u = f(v) and & = f(v). It is straightforward to see that
U satisfies

U, + AU + alu,|" u, — alii,|™%i, = b|v|P~>v — b|p|P %0
U(x,1)=0, xe€dQ, t>0 (2.17)
U(x,0)=U;(x,0)=0, xe.
By multiplying Eq. (2.17) by U, and integrating over ) x (0, ¢), we arrive at

t
[ 102+ @UPI0x tydx+ [ [ ("2, = [, 2a,)U,(x, 5) dx ds
Q 0 JQ
! 2 —p-2~
< c/o ]Q I[v]P~2v — [3]P~28||U,|(x, 5) dx ds. (2.18)
By using (2.2), (2.10), and (2.11), we obtain
t
f[U,2+(AU)2](x, t)dx+/ / U,(x, s)|™ dx ds
Q 0 /0

! -2 _p=2
< F/O 1T LAV (A )15 + 1AB157)(., 5) ds.
Thus we have
IUI§ < CTMPZ?| V|5, (2.19)

By choosing T so small that TTM?~2 < 1, (2.19) shows that f is a con-
traction. The contraction mapping theorem then guarantees the existence
of a unique u satisfying u = f(u). Obviously it is a solution of (1.2). The
uniqueness of this solution follows from the energy inequality (2.18). The
proof is completed.

3. BLOW-UP RESULT

In this section we show that the solution (2.5) blows up in finite time if
p > m and E(0) < 0, where

E(t) == %/ﬂ[uf + (Au)](x, 1) dx — %fn u(x, )P dx.  (3.1)

LEMMA 3.1.  Suppose that (2.2) holds. Then there exists a positive constant
C > 1, depending on ) only, such that

lully, < CClAu]3 + [lullh) (32)

forany u e H3(Q) and 2 < s < p.



EXISTENCE IN A SYSTEM OF PETROVSKY 303

Proof. If |u]|, <1 then [[ul]}, < ||u||f, < C||Aulj5 by Sobolev embedding
theorems and the boundary conditions. If |u, > 1 then [lul, < ]| -
Therefore (3.2) follows.

We set

H(t):=—E(t) 3.3)

and use, throughout this section, C to denote a generic positive constant
depending on () only. As a result of (3.1)—(3.3), we have

COROLLARY 3.2. Let the assumptions of the lemma hold. Then we have
lull}, < CAH O]+ llugl3 + llullf) (34)
forany u e H}(Q) and 2 < s < p.

THEOREM 3.3. Let the conditions of the Theorem 2.3 be fulfilled. Assume
further that

E0) < 0. (3.5
Then the solution (2.5) blows up in finite time.
Proof. We multiply Eq. (1.2) by —u, and integrate over () to get
H'(1) = a/ |, (x, )" dx = 0,
Q

for almost every ¢ in [0, T') since H(¢) is absolutely continuous (see [2]);
hence

b
0 < H(0) < H(1) < —|ul?, (3.6)
p
for every ¢ in [0, T'), by virtue of (3.1) and (3.3). We then define
L(t):= H"(t) + & / uu,(x, t) dx (3.7)
Q
for &£ small to be chosen later and
. f(p—=2) (p—m) }
O<acx< mln{ , . 3.8
2p “p(m-—1) 3.58)

By taking a derivative of (3.7) and using Eq. (1.2) we obtain
L'(t) = (1 — o)H “()H'(f) + e[ (12 — (Au)?](x, 1) dx
Q

+8b/0 lu(x, t)|? dx — as/ﬂ |ut|m*2ulu(x, t)dx. (3.9
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We then exploit Young’s inequality,
o 671 1 1
XY <—X'+—YI X, Y>>0, 6>0, —-+—-=1,
r q roq
for r = m and g = m/(m — 1) to estimate the last term in (3.9) as

o m—1
—1 — -1
el o = a4 =D 7,

which yields, by substitution in (3.9),

M1 s | by
m

L= [(1—a>H-“<t>—

+e /Q [1? — (Au)?](x, t)dx+s|:pH(t)+ g /Q [12 +(Au)?](x, t)dx]

m

5
—ea"—|ul”, V&>0. (3.10)
m

Of course (3.10) remains valid even if 6 is time dependent, since the integral
is taken over the x variable. Therefore by taking & so that §"/(m~1) =
kH~2(t), for large k to be specified later, and substituting in (3.10) we
arrive at

L= [(1-o)-

+ s<§ + 1) /Q W2 (x, 1) dx + s<§ - 1) /Q(Au(x, 0))? dx
1-m

k
Hem=D(¢ . 3.11

m—1

sk]H“(t)H’(t)

+ s[pH(t) —
By exploiting (3.6) and the inequality |u||”} < C | u|’}, we obtain
a(m—1) |
Ol < (2) Tl
p

hence (3.11) yields

m-—1

L) = [(1 —a)-

+a(§ + 1>/Qu$(x, £)dx + s<§ - 1) /Q(Au(x, 1) dx

kl—m b a(mfl) n ( 71)
H (1) — — Clluly " 3.12
relpti -5 Za(2) T auap ] e

8k]H“(t)H’(t)
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We then use Corollary 3.2 and relation (3.8), for s = m+ap(m—1) < p,
to deduce from (3.12),

L= |-~

+e(§+1>/0u3(x, z)dx+s(§ —1)/Q|Vu|2(x, t) dx

m —

1sk]H“"(t)H/(t)

+e[pH (1) — k""" {H(t) + |3 + [|ull5}], (3.13)
where C; = a(b/p)*"~VC/m. By noting that
b 1 1
H(t) = ;||M||§ - z”%“% - §||Au||%
and writing p = (p 4+ 2)/2 + (p — 2)/2, the estimate (3.13) gives
-1 -2
L'(1) = [(1—a)— m sk}H‘“(t)H/(t)+sp4 1 Au2
p+ 2 —m pP—- 2 -m
+s[(T — k! )H(t) + <Tb — k! >||u||§
p+6 m
(250 - Y| (3.14)

At this point, we choose k large enough so that the coefficients of
H(t), |u,|3, and ||u|/5 in (3.14) are strictly positive; hence we get

m —

L) > [(1 —a)-

+eY[H(0) + llu 3 + ulf], (3.15)

where y > 0 is the minimum of these coefficients. Once k is fixed (hence
v), we pick e small enough so that (1 — «) — ek(m — 1)/m > 0 and

1ek]H‘“(t)H’(t)

L(0) = H'=%(0) + 8/0 ugtty (x) dx > 0.
Therefore (3.15) takes the form
L'(t) = ye[H(1) + llu 3 + llull}]. (3.16)
Consequently we have
L(t) > L(0) > 0, Vie>0.

Next we estimate the second term in (3.7) as follows:

'f uu,(x,t)dx
Q

< llulalludl < Cllull, llu -
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So we have
1/(1-a)
1/(1-a) 1/(1-a)
<Cllullp™ lul :

/ uu,(x, t)dx
Q

Again Young’s inequality gives
1/(1-a)

l/ uu,(x,t)dx
0

forl/u+1/0=1.Wetake 0 =2(1 —a)toget u/(1—a) =2/(1-2a) < p
by condition (3.8). Therefore (3.17) becomes
‘1/(1—01)

/(1—a 0/(1—a
= Il + a3, (3.17)

IAum@Jﬁhl < Clllull, + w21,

where s = 2/(1 — 2a) < p. By using Corollary 3.2 we obtain
1/(1-a)
< CIH(t) + |lullh + luw 3], Ye=0. (3.18)

/ uu,(x,t)dx
Q

Consequently we have

1/(1-ea)
LYO=0(p) = (Hla(t) + e / uu,(x, t) dX)
Q

1/<1a>>

< pl/(-a) (H(t) + I / uu,(x, t)dx
Q

< CCH () + ullh + llu3). (3.19)
We then combine (3.16) and (3.19), to arrive at
L'(t) = TLY(=9) (), (3.20)

where I' is a constant depending on C, vy, and ¢ only (and hence is inde-
pendent of the solution u). A simple integration of (3.20) over (0, ¢) then
yields

1
@/(1=0)(0) — Tte/(1 — )
Therefore L(t) blows up in a time

La/(lfa) £ >
0z

T < _ loa .
= Ta[L(0)]+/(0-
Remark 2.1. By following the steps of the proof of Theorem 3.3 closely,
one can easily see that the blow-up result holds even for 1 < m < p. There-
fore this method is a unified one for both linear and nonlinear damping
cases.

Remark 2.2. The estimate (3.21) shows that L(0) is larger when the
blow-up takes place more quickly.

(3.21)
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4. GLOBAL EXISTENCE

In this section, we show that the solution (2.5) is global if m > p.

THEOREM 4.1. Assume that (2.2) and (2.4) hold such that m > p. Then
for any ¢ in H3(Q) and ¢ in L*(Q), the problem (1.2) has a unique weak
solution u €'Y, for any T > 0.

Proof.  Similar to [3], we define the functional

1 b
F(t):= = | [u? + (Au)*|(x, t) dx + — 1)|? dx.
()= 5 [l + Qa1 v+ [ fut 01 dx
By taking a derivative and using Eq. (1.2), we obtain
F(1) = —alu,|” + Zb/ wulu(x, 1)|P~2 dx.
Q
By using Young’s inequality, we get
F'(1) = —allu, |5 + dllulf + Cslllul}-
By noting that m > p, we easily see that
F'(1) < —afu,|; + Colluly, + Csllull

where C is a constant depending on € only and C; is a constant depend-
ing on 8. At this point we distinguish two cases: either |u,|,, > 1, so
we choose 8 small enough so that —au,|” + C8||u,||/» < 0, and hence
F'(t) < Cs|u|/b. Or |u,|l,, < 1; in this case we have F'(t) < C8 + Cy|lul5.
Therefore, in either case, we have

F'(t) < ¢| + cF(1).
A simple integration then yields
F(t) < (F(0)+¢;/c)e”.

The last estimate, together with the continuation principle, completes the
proof.
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