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AbstractIn this work we consider an initial one-point boundary value problem to
the heat equation with the Bessel operator u; — (Uzq + Tuy) = |u[P~u.

We first prove a local existence result. Then we show that the solution blows up
in finite time.

1 Introduction

In [3] Denche and Marhoune considered the following linear problem

up — (Ugy + Luy) = fla,t), x€(0,0), 0< t<T,
ull,t) =0, [lu(z,t)de=0, 0<lL<L0< t<T
u(z,0) = ¢(z), el

and proved the existence of a strong solution. Their work relatively improves
earlier results by Benuar and Yurchuk [2]. Also a similar problem containing
Oz (a(z,t)u,) instead of the Bessel operator, has been investigated by Kartynnik
[4] and Yurchuk [5]. In these papers the methods of proof were essentially based
on operator techniques. The authors defined an operator L from a space E into
another space F, and then showed that L is a linear homeomophism. This allowed
them to prove their existence results.

In this paper we are concerned with the local existence and the finite time
blow up of weak solutions of a semilinear one-point boundary value problem for
the heat equation with the Bessel operator. So we consider the following problem,

up — (Ugy + %um) = |u[P~2u, xel=(0,1), t>0,
u(l,t) =0, t>0 (1.1)
U(QZ,O) = d)(x), T € Ia
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where ¢ € H. Here, H is the Banach space obtained by completing the space
F = {v e C[0,1]) / v(1) = 0} with respect to the norm

1
o]l = / wv®(z) + V' (2)[*]de. (1.2)
0
We also define the weighted Banach space E to contain all functions v satisfying

1
[[v][%4 = /0 rv?(2)dr < oco. (1.3)

Problem (1.1) is obtained from the study of the radial solutions of the following
two-dimensional heat problem

Ut — (uyy =+ uzz) = |u|p—2u7 (yv Z) € Da t> Oa
u=0, (y,2)€dD, t>0
u(y,z,0) = ¢(y, 2), (y,2) € D,

where D is the unit disk centered at the origin.
In order to establish our local existence result for (1.1), we first prove an
existence theorem of weak solutions for the related linear problem.

2 The linear Problem

In this section we consider the linear problem

up — (Ugy + Lug) = flz,t), zel, te(0,T),
u(l,t) =0, tel0,T] (2.1)
u(z,0) = ¢(x), rel,

where f € L?(0,T; E), ie fOT fol x(f(z,t))%dzdt < co. We start with a lemma that
gives an equivalent norm to (1.2).
Lemma 2.1. For v in H, we have

/01 20 (2)dz < 4/01 (va(2))2da. (2.2)

Proof. It is easy to see that for each v in F' we have

1 1
0= / (xv?)pdr = / (v* + 22vv,)da;
0 0

1 1 1
/ xvidr < / vide = 72/ VUL dT.
0 0 0

By using Young’s inequality we obtain

1 1 1 1
1
/ zvide < | 72/ zvvgde| < 2/ xvgderf/ zvida.
0 0 0 2 Jo

hence we get
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Therefore (2.2) is established for each v in F. This inequality remains valid for v
in H since F' is dense in H.
Remark This is Poincare’s inequality for the space H.
Theorem 2.2. Let f be in L?(0,T; E). Then problem (2.1) has a unique weak
solution

ue L0, T;H), wu € L*0,T;E). (2.3)

Moreover ¥V t € [0, T], we have

1 t 1
/ $Um2(x7t)dl'+/ / zul(z, s)drds <
0 0 Jo

C/O x(dz(2)) dx—l—C/O /0 x| f(z, )||ut(z, s)|dxds, (2.4)

where C'is a constant independent of u and t.
Proof. By multiplying equation (2.1) by « we obtain

(xu); — (2ug)e = xf(x,t). (2.5)

We then use Galerkin method to prove our theorem. For this purpose let (e;)$2,be
a basis of H {H is a Hilbert space}and H,, be the finite dimensional subspace
spanned by {e1, ea, ..., e, }. We would like to approximate the solution by functions
lying in these spaces, having the forms

m

U (2, t) == Zai(t)ei (2.6)

and satisfying

m 1 m 1
Za;(t)/ ree;dx + Zai(t)/ xe;e;dm =
i=1 0 i1 0
1
/ zf(z,t)ejde, 0<t<T, j=1,2,..m (2.7)
0

m 1 1
Zai(())/ zejejdr = / zo(x)ejdr, j=1,2,..m. (2.8)
i=1 0 0

The standard theory for the Ordinary Differential Equations guarantees the ex-
istence of functions a}s such that w,,, defined by (2.6), satisfies (2.7), (2.8). We
then substitute e; by du,,/0t in (2.7) and integrate over (0,t) to get

1 t o1 1
%/0 x(@xum(x,t))de—&—/o /0 (gt (1, 8)) drds < %/0 z(¢y(2))dx

+/t /1 x| f(x, 8)||0sum (x, s)|dxds, ¥t e [0, T). (2.9)
0 Jo
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By using the Schwarz inequality we conclude that (u,,) is bounded in L>°(0,T; H)
and (Oyu,,) is bounded in L?(0,T; E); so we can extract subsequences { still de-
noted by (un,) and (Opu.,)}such that w,, converges weakly * to a function u in
L>(0,T; H) and dyu,, converges weakly to u; in L?(0,T; E).

Since, by virtue of (2.7), we have

1

d [t 1
o:um(:c,t)ejder/ xaxum(z,t)e;-dx:/ xf(z,t)e;dz,
0 0

dt Jo

for each m > j then it is easy to see that, for each j > 1 and for almost every
t € [0,T], u satisfies

d [ 1 1
—/ zu(z,t)e;jdx —|—/ Uy (2, t)edr = / zf(x,t)e;dx. (2.10)
dt Jo 0 ! 0

Therefore, for each 1) € H and for almost every t € [0,T], we get

d 1

1 1
i ), xu(m,t)w(:n)der/O g (z, 1) (a:)d:c:/o xf(z, )(z)dz. (2.11)

The uniqueness can be established in the usual way by supposing the existence of
two solutions having for difference w which satisfies

(zw)e — (zwg)e =0,  w(z,0)=0. (2.12)
By multiplying (2.11) by w and integrating over I we get

d 1

1
— | 2w?(z,t)dx < —/ zw?(z,t)dz,

which yields
1 1
/ zw?(z,t)dx §/ zw?(x,0)dx =0
0 0

Therefore fol xw?(x,t)dz = 0; hence w = 0.
The estimate (2.4) is a direct result of (2.9) and the sequential lower semicontinuity
of the norm function.

3 The Semilinear Problem

In this section we state and prove the local existence result to problem (1.1). We
first start with the following

Lemma 3.1 If v € H and 2 < p < 3 then [v|P~%v € E.

Proof First we note that by virtue of lemma 5.42 of [1] and using a density
argument we have

1 1
sup{z(v(2))?,0 <z < 1} < 4/0 xv*(x)dx + 4/0 zlv(z)||v' (z)|dz.
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By using the Schwarz inequality and lemma 2.1, this yields
1
sup{z|v(z)|?,0 <z <1} < C’/ x| (z)]*d. (3.1)
0

By evaluating the E-norm of |v|P~2v we have

1 1
/ z|v(z) |~ 2ds = / 2P Ho(z) 2PV 2 Pdy
0 0

IN

1
(sup{z|v(z)[>,0 <z < 1})p71/ > Pdx
0
C
< ﬂ(Hvllﬂ)z""2 < 00,
by virtue of (3.1). This completes the proof.

Theorem 3.2 Let ¢ € H and 2 < p < 3, then for T* < T problem (1.1)
has a unique local solution u with the property

we L®0,T* H), u;€L*0,T%;E) (3.2)
Proof We prove this theorem by using a fixed point argument. For T' > 0 and

M > 0, we define the class of functions W = W(M,T) = {w € L*>°(0,T; H) with
w(z,0) = ¢} such that

T
N(w,wy, T) = sup{|jw(.,t)||3,0 < t < T}+/ / x|wy (z,t)|2dedt < M?. (3.3)
o Jo

We then define a map h : W — H which associates to each v € W the solution u
of the linear problem

ty — (Uge + Lug) = [v[P~20, zel, t>0
u(l,t) =0, t>0 (3.4)
u(z,0) = ¢(z), el

It follows from lemma 3.1 and theorem 2.2 that (3.4) has a unique solution u

satisfying
1 t 1
/ﬂfqu(l",t)dﬂc—I—/ / zui(z, s)drds <
0 0 Jo

1 t 1
c/ a:|¢’(x)|2dx+0/ / 2lo(z, $)[2P~2dzds, Vte o, T].
0 0 0

This, in turn, implies that

T 1
sup{||u(.,t)||%,0 <t < T} +/ / zul(z,t)dedt <T +CTM*~2  (3.5)
0 0
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where I' is a constant depending on the H-norm of ¢ only. By taking M large
enough and T small enough, (3.5) yields

N(u7utaT*) S MQ;

hence h maps W into itself. To show that h is a contraction for 7 small enough, we
consider vy, v9 € W and the corresponding images u; and us. It is straightforward
to see that U = u; — ug satisfies

Ut — (Umm + %Um) = |U1|p72’01 — |U2|p72’02, T e I, t>0
U(l,)=0, t>0 (3.6)
U(x,0) =0, zel

We multiply (3.6) by zU; and integrate over I x (0,t) to get

1 1 t 1
f/ waz(a:,t)dm—&—/ / 2UZ (x, s)dxds <
2.Jo o Jo

¢ 1
/ / z|Uy||[v1 P2 v1 — |va [P va(w, 5)dads.
o Jo

Schwarz inequality then leads to

1 t el
/ SEUIQ(IC,t)dx—f—/ / U2 (z,8)dxds <
0 o Jo

t 1
/ / a{|v1 P21 — |vo|P?ve}2 (z, 8)dads. (3.7)
o Jo

We now estimate the RHS of (3.7) as follows. Taking V' = v; — vs, we obtain

1 1
/ {201 — [oafPP0n}2de < Cy / £V {Jn PP+ [ugf2 1),
0 0

where C is a constant independent of vy,vs and ¢t. Thus we have, by virtue of
(3.1),

1
[ —
0
1
< Oy (sup{z|V[?0 <z < 1})/ (o[22 + a2~} dae
0

1 1
SC(/ $|Vxl2d$) / {Jva 7% + oo~ }da, (3.8)
0 0

Next we evaluate

1 1
/ o7 = / A U
0 0

1
(sup{z|v1]>,0 <z < 1})p_2/ > Pdx
0

IN
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<ol /1 (2032 p_2<CM2<P*2> (3.9)
SO T o T < . .

By combining (3.8) and (3.9) we arrive at

/o /01 z{|v1 P20 — |vo|P2vp Y2 dads < (3.10)
CT*M*P=D sup{||[V(.,,)||%,0 < t<T}
Therefore (3.7) and (3.10) give
N(U,U;, T*) < CT*M?*P=2IN(V, V;, T*). (3.11)

Choosing T* small enough that CT*M?®~2) < 1, makes the map h a contraction
from W into itself. The Contraction Mapping Theorem then guarantees the exis-
tence of a fixed point u, which is the desired solution of (1.1). The proof is then
complete.

4 The Finite Time Blow Up

In this section we show that the solution (3.2) blows up in finite time if

1

== 137 x2z71 1x z)|Pdx
Boi=g | ate@)ae = [ alo@paz <o (4.1)

Theorem 4.1. Let 2 < p < 3 then for any nonzero ¢ € H satisfying (4.1), the
solution, given in (3.2), blows up in finite time.
Proof.
If we set
I I
G(t) == ff/ x(ug (2, 1)) de + f/ z|u(z, t)|Pde,
2 Jo P Jo

multiply equation (1.1) by —zu; and integrate over I we get

1
G'(t) = / zu (@, t)dr > 0,
0

for any regular solution of (1.1). This identity remains valid for the solution (3.2)
by a simple density argument. So we have

0 < —FEp=G(0) <G(t). (4.2)
We then define Lo
L(t) := 5/0 xu?(z,t)dx (4.3)

and differentiate to obtain

1 1
1
L'(t)= / zuu(x, t)de = / 2u(tpe + —tug + |ulP7%u) (z, t)dz.
0 0 x
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1 1 1
= / z|ulPdx — / x(ug)?de = 2G(t) + (1 — 2)/ x|u|Pdx
0 0 0

p

>(1- %) {G(t) + /01 :c|u|Pda;} . (4.4)

Next we estimate

1 p/2 1 1 p/2
Lp/Q(t) < 97P/2 [/ qudx] <C [(/ x|u\pdx)2/p(/ xda:)(p_z)/p}
0 0 0

1 1
LP2(t) < 2/ z|ulPdx < 2 [G(t) +/ xu|pdsc] . (4.5)
0 0
A combination of (4.4) and (4.5) then yields
2p
LPI2(t) < = L/(t). 4.6
0 <2 (16)
We then integrate (4.6) over (0, t) to get
LP271(t) > (4.7)

= TUp2(0) — At

where v = (p? — 4)/4p.. Therefore (4.7) shows that L blows up in a time
T* < L'~?/2(0)/~. This completes the proof.

From the previous result we have the following
Corollary 4.2. If there exists to > 0, for which

e e

7/ z|ug (z,t)|>dx — 7/ z|u(x, to)|Pde =0 (4.8)
2 Jo P Jo

then the solution, given by (3.2), either remains equal to zero for all time t > t
or blows up in finite time t* > tg.
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