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1 Introduction

Timoshenko model for athick beam (1921):

pun = (K(uy — 9))s (-1)
Loy = (Elp,): + K(uz — @)

t : timevariable

x : gpace variable along the beam of length L

u : transverse displacement

@ : rotation angle of the filament of the beam

p : density (the mass per unit length)

I, : the polar moment of inertia of a cross section
FE :Young's modulus of elasticity

I : the moment of inertia of a cross section

K : the shear modulus.

Recent Literature
* Raposo et al. usedtwo linear frictional dampingsand
established an exponentia decay result



* Kim and Renardy considered (1) with two bound-
ary controls of the form

ou ou
K90<L7 t) T K§<L7 t) — OéE(La t)
0P 1 oy _ _g9%
Elax<L7t) T ﬁat (Lvt)

- established an exponential decay result
- provided numerical estimates to the eigenvalues of
the operator associated with system (1).

* Yan generalized the above result to nonlinear bound-

ary conditions

ou

K(p(L,) = L) = fi(HH(L,1)

0 0
~BIZE(L) = fal 5 (L),
f1, f» are functions with polynomia growth near the
origin



* Ammar-Khodja et al. studied

auy = (B(uzs +©))a
Yo = (6p,)r — K(ur + ), (.2)
u(0,t) = u(L,t) =0, ¢,(0,t) = c,(0, ),

p.(L,t) = —dpy(L,t)

a(z), B(x),v(x), §(x) are positive C*-functions.
They proved
- exponentia stability of (2) holdsif and only if

°o_#8
= on (0, L)

- otherwise only the asymptotic stability holds

* Soufyane and Wehbe considered

PUtt = <K<u$ - 90)):13 (.3)
Ly = (Elp,)e + K(uy — @) = b(z)p;

b(x): positive,continuous, satisfying

b(:l?) > by >0, Vz € [ao,al] C [O, L]



They proved
- exponential stability of (3) holdsif andonly if 2 = &
- otherwise only the asymptotic stability holds

* Riveraand Racke obtained sameresult, allowing b to
change sign

* Ammar-Khodjaet al. considered a Timoshenko-type
system with memory

pren — K(p, + w)
prtt bwazaz + fo t o S ( )dS T K(SDZE + w) — O

in(0, L)x (0, +00), together with homogeneous bound-
ary conditions. They proved, for 2 =2

- an exponential decay if ¢ decays |n an exponentia
rate

- polynomially if g decaysin apolynomial rate

- They aso required some extratechnical conditions
on both ¢’ and ¢"”

* Guesmia and Messaoudi obtained the same uniform
decay results without imposing those extra technical
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conditionson ¢’ and ¢”

* Recently, Messapudi and Mustafa:

- allowed more general relaxation functions

- obtained a more general decay result

- exponential and the polynomial decay results are
only special cases

* Rivera and Racke treated a nonlinear Timoshenko-
type system of the form

P1¥Pw — Ul(%ya w)az =0 (.4)
Poy — X(Vy)w + 02(0,, ) + dipy = 0

- gave an dternative proof for a necessary and suf-
ficient condition for exponential stability in the linear
case

- proved a polynomial stability in general

- investigated the global existence of small smooth
solutionsand exponential stability inthenonlinear case



* Recently, Fernandez Sare and Rivera considered
a Timoshenko-type system with a past history of the
form

prpw — Ko, + w) (
prtt bwazaz + fo t — 5, )dS .

p1, P2, K, b: positive constants
g. positive twice differentiable function satisfying, for
some constants kg, k1, ko > 0,

5)

g(t) > 0, —kog(t) <g'(t) < —kig(t), (.6)
b=t / g(s)ds >0, |g"| < kagl(t)

and showed

- the system is exponentially stable if and only if the
wave speeds are equal

- the solution decays polynomially for the case of dif-
ferent wave speeds.

More
- Riveraand Racke (Timoshenko systemsin thermoel as-
ticity)
- Fernandez Sare and Racke (nonexponentia decay
for Timoshenko systems in thermoelasticity with sec-
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ond sound)

- Messapudi et al. (Timoshenko systemsinthermoel as-
ticity with second sound)

- Messaoudi and Said-Houari (Timoshenko systems
In thermoelasticity type I11)

- Alabau-Boussouira(Timoshenko systemswith non-
linear boundary conditions)

- Messapudi and Mustafa (several results)

Present work System (5) with

90<Ovt) - 90<17t) :Qﬂ(O,t) - Qﬂ(l,t) =0
0 (-,0) = @0, @1 (,0) = 1, (:7)
¥ (,0) =1bg, 1 (.,0) =¥y

where ¢ is a differentiable function satisfying, for a
positive constant kg and 1 < p < 3/2, the following
conditions



Remark 1. Under condition (8): 1 <p < 3/2,

Go = / gt?(s)ds < oo, (.9
0

G, = / g* P (s)ds < 00
0

Objective: show that, for
PL_ P2

K b
- the energy decays exponentidly if p =1

- the energy decays polynomialy if p > 1

Pr 4 P2
K b
- thedecay isintherate of t~1/—1 if initial dataare
regular enough.

Set
' (z,8) =9 (z,t) =P (2,t—s), s 20; (10)
consequently
n' (x,0) =0, Vt >0
n'(0,s)=n"(1,8) =0, Vs,t >0 (.11)
770 (ZC, 3) = Tlo (ZC, S) , Vs > 0.
and



2 Uniform decay 2 =

Combining (5), (7), (11), (12), we obtain the following
system

proy — K (% T w)

pZ.wtt bwazaz + fo 77:13:13 (CE t— S) d<5( 13)

7713? (ZE,S) _'_772 (ZE,S) o wt (ZC,t) =0
in (0,1) x (0, 00), together with

@(Ovt) — gp(l,t) w(o t) Wlﬂf)zo
n'(0,s) = n'(1,8) =0, t >0 (.14)
©(-,0) = o, ¢ (-,0) = @1, ¥ (.,0) =y,
V1 (-,0) = wmt (2,0) =0

The first-order energy is

E(t) = El(%fi ) (.15)
= (pm + p? + K o, + 9P + by )d:c

/ / (s) |11. (s)|° dsdz.
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Theorem 2.1 Suppose that (8) and

P1 P2
K b (-16)
hold and let

po, o € Hy(0,1), mge L2 (IR, Hy(0,1)),
P11 € L2(0,1).
Then, there exist two positive constants C' and &, such
that

E(t) < Ce™, p=1 (.17)
C
E(t) < T 1, (19
Lemma 2.1.
dE(t) 1 1 o / ¢ 2
— = = dsdx (.19
i) [ 9@ dsde (19
< 0.
Lemma 2.2

2p—1

.(./1/00 (s) | (s)\zdsd:c) (.20)
< CO/ / (s) | (s)|* dsda.

for a constant Cy > 0.



Lemma2.3. For 1 < p < 3/2,

/01 ( /Ooog<s>n; <s>ds)2dx
= prol /OOng (s) |1, (s)* dsdz~ (.22)

1
Iy = / (P20 + prpyw) dex. (:22)
where w satisfies X
—Wyp = P, w(0)=w(l)=0

let

Lemma 2.4 For any €1, A\ > 0

dI; ()
dt

< (<b+x) /0 W2 (23)

1 1
+€1/?1/ gofd:r: + (Pz + ﬂ) Yide
0
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1 00
Li=—p [ wilat) [ o(s)(s)dsde2n

Lemma 2.5 For any ¢, > 0,

where go = [, g (s) ds
Introduce

J(t —P2/ by (o + ) da + 22 /wxsotd:c

/)1
K, SOff(lt)/o g (s)7, (s)dsdz  (.26)

Lemma 2.6. For £3 > 0, we conclude

S < o (ot [Cas) "2

x=0
13



1
—K/ (0, + ) dx

+p2/ wtd:ersg/l 2dx
C (e3 / / (s) |11. (s)|° dsdz.

Proof. Differentiating .J (¢) , using equations (13) , we
find

- a0 bt [ o) o5 s

1
—K/ gox+¢2d:v
(%)
— — P2 %%dfb‘ (.28
[oosr
b d d
+/11bx(%+w)x :c+p2/0w T
2 [ [ gtk (s) dsda
1 o0
" / (00 + 1), / g (s) 1. (s) dsdz

Exploiting (16) , we conclude
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1 1
I _ —K/ (%+w)2d~"€+pz/0 ide

dt
P1 . o t
[ [ g k) dsas
0

Young's inequality gives (27) .
Define

1 1
K@) : = _P1/0 prpds — py ) Yapd.
Lemma 2.8. For any 3 > 0, we get

d

1 1
ZIC() < —p / prdr —p, | Pide (-29)
0 0

1 1
- b+53 /wzd:erK/ (0, + ) dx
0

Tles / / (s) |0, (s)]° dsda
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Proof of Theorem 2.1
L et the Lyapunov functional L:

L) : =NE(t)+ N+ Nolp + J (t) (.3C
1
g
+?3 / P19 dx + piC (t)
0
1 1 - 0
i [ rarv (s [ontiss)a
f €3 J0 0
or

q(x)=2—4x, z€]|0,1]

and N, N1, N, i, €3 positive constants
Use of lemmas and careful chose of N, N1, Ny, i1, €3
lead to

CL() < o [/01 (W2 + 47+ 02+ (o, + ) da

dt
1 00
+/0 /0 g’ (s) ‘77; (s)‘zdsdx] (.31)

and, for NV large enough,
L(t) -~ E(t) (.32)
Two cases.
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Cael: p=1.(31) and (32) =
d
—L(t) < —EL(1) (:33)
dt
Simple integration —-

E(t) < Ce™™, p=1 (.34)

Case2. p > 1.

2p—1 2p—2 . 2 2 2 2
B0 < CEO [ (d+vi+ o+ 9+ v2) do

2p—1
+C [/ / ‘77:1; ‘zdsd:v] (.35

< OEOP [ (644 +lout ol +07)

+CCO/ / s) |, (s)‘zdsd:v.

(31), (32) and (35)—
L (t) < —cE*(t) < —eL?7L (1) (.36)
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Simple integration —-

C
L(t) < (t + 1)Y/@r-2) (:37)
To obtain
C
E(t) < i+ GD p>1, (.38)
observe Lo
/0 /0 g (s) |1t (s) | dsda (39)

and use 1)\, (z,s) = ¢, (x,t) — ¢, (x,t — s) to con-
clude that

t 1 t 1
[ [ i< [ [ o, op s
0 J0 0 J0

t ol
+2/ / [ (x,t — s)|° duds
0 Jo
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1 4 t
< 2t/ )., (:U,t)|2d:v+?/ E(t — s)ds
0 0

IA

C't t ds
(t n 1)1/(2]9—2) T C/O (t — 5+ 1)1/(2]9—2)
C 2p — 2 1
= (t + 1)@=2n)/(2p—2) i 3 — ZpC [1 C(t+1)6-2)/(@-2)
< II, p<3/2,
where II isa constant independent of ¢. Hence, we get

o0 1
/ / ‘77; (s)‘zd:vds <II
o Jo

Consequently:

/o1 /0009 (s) |t (5)|" dsda
= (/o1 /OOO g’ (s) |1, (s)\zdsdx) 1/p

([ [ oo doas)

00 1 )
<o [ gl (o
0 0

or

Similarly to (35), we obtain
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E” ()

IA

0/01 (W2 + vt + o, +off +92) da

+C [/01 /0009(8) 7, (s)‘zdsdx]p(Al)
1

C [ (eh+vitle P +i2)da

+C/01 /Ooogp (s) |nl, (s)‘zdsd:ﬁ.

A combination of (31), (32), and (41) yields

IA

L' (t) < —cEP(t) < —cLP (1) (.42)

Simple integration —-

L) < v

(.43)
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3 Polynomial decay 22 #

This is, in fact, more realistic from the view point of
physics
If theinitial dataare regular enough the solution energy
E(t)

- decays in the rate of 1/t when the relaxation func-
tion g decays exponentially

- decays in the rate of ¢t~1/(P~1) when the relaxation
function decays polynomially.

L et’s define the second-order energy by

E2 (t) — El(@ta wtv 77%) (44)

1 [t , -~
= 2 / (Pl%pft T Pzwft + K @, +|" + bwit) dx

2 Jo
1 1 (0. @) ; 2
+§ g (s) ‘%t (s)‘ dsdzx.
0o Jo

Theorem 3.1 Suppose that

P, P2
o7 (.45)
and let
%0, wo S H2 (Ov 1) M H(% (Ov 1) ) (46)

my € Ly (IRY, H*(0,1) N H (0,1))
21



@1»% S I{(:)L (07 1) .

Then there exists a positive constants C', such that,

vt > 0,

Et) < ct V@b p>1. (.47)

Need two lemmas.
Lemma 3.1. \é have

dE, (t)

dt

1 poo
— —%/0 /0 q (s) ‘nix (S)‘z dsdaf.48)
0.

<

Lemma 3.2. For 3 > 0, have

[% (b% + /0 g (s) 0, (@, 8))] :

~K | (p,+1) da (:49)



s0tes) [ [0 i (o) s

Proof. Similarly to proof of Lemma 2.7

dJ ()

— = /01(%+¢) waﬁfomg(smﬁm (5678)618] dx

1 1
K /0 (s + ) dz + p, / e (50)
1 b
+0 / Y, (@, + 1), dv + (& — Pz) / Yy opdx

a0 [ gtk (9 dsdo
t [t [ oot (s)dsda

Handle fol Y, p,dr asfollows

/ Uypdr = — / ( / Dt (s )ds) "
— [ ([T s )ds) ot

(51)
where go = [, g (s)ds
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Proof of Theorem 3.1.
Lyapunov functiona L:

[,(t) : ZN[El()+E2()]+N1]1+MIC()

+Nolp + J (t K/ P19 P Ax (.52
1 [l

i [ (b [T aioas)a

Use of lemmas and careful chose of N, N1, Ny, 1, €3
lead to

1
G0 < —or| [ (Brvirete o) do

+/01 /Ooogp (s) |7 (s)‘zdsd:v (.53)
[ [ <s>\2dsd:c]

Casel. p=1.

d
GE 0 < —aB() (54

Direct integration gives

Oz/tE(s)ds < LO)—=L(t) <L) (55
0
24



Using (52), one can find o3 > 0,
L(0) < o3(E1(0) + E2(0)). (.:56)

(55) and (56) —

[ B < 0m0)+ E0) (57
0

But

d d
- (tE(t)) = E(t) +t— E(t) < E(t

Simple integration gives
t
LE(t) < / E(s)ds < C (Ey(0) + E»(0))
0
So
¢
t

E(t) < — (E1(0) + E»(0))
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Case 2. p > 1. By using (36), we obtain

L

— < —cEP Y1
g = e

which implies

t
/ EZYs)ds < cL(0), Vi 0.
0

On the other hand

L (B Y1) = BP0+ (2p— DL

dt dt
< E?71).
Simple integration —-

t
tE1(t) < / E?7Y(s)ds < eL(0)
0
Thus

Et) < ct Y@
Remark 3.1. Notethat thisresult generalizestheresult

of Riveraand Fernandez to thecasep > 1. Moreove,
our result is established without any condition on ¢”.
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