Section 7.8 - Improper Integrals

Definition of Improper Integral of Type I:
t

(a) If / f(x)dx exists for every number ¢t >
a

o0 t

a, then/ f(z)dz = lim / f(z)dz provided
a t—o00 Ja

this limit exists.

b
(b) If/ f(x)dx exists for every number t < b,
t

this limit exists.

b b
then/ f(z)de = lim /f(x)dac provided
00 t——o00 Jt

00 b
The improper integrals/ f(x)dx and/ f(x)dx
— OO

a
are called convergent if the corresponding

limits exist and divergent if the limits do not
exist.
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Extension: If the improperintegrals/ f(x)dx

a

a
and / f(x)dx, then we define
— OO



/OO f(:c)da:=/aoof(a:)d:c—|—/_aoof(:v)dw.
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Definition of Improper Integral of Type II:

(a) If f(x) is continuous on [a,b) and is dis-

t
continuous at b, then/ fla)da = lim [ f(a)da

t—b—

if this limit exists.

(b) If f(x) is continuous on (a,b] and is dis-
b
continuous at a, then / f(x)dr = lim f(x)dx
t

t—a
if this limit exists.

The improper integral / f(x)dx is called con-

vergent if the corresponding limit exists and
divergent if the limit does not exist.

Extension: If f(x) has a discontinuity at c
C

where a < ¢ < b and both / f(x)dxz and
a

b
/ f(x)dx are convergent then we define
C



/abf(a:)dw = /acf(a:)da: + /be(a:)dx

2
dxr an improper inte-

Example: 1Is /
1 2¢x—1
gral? State why or why not.

Solution:
The asymptote for the integrand is at x =
1/2. For interval [1,2], the integrand has no
infinite discontinuity. In addition, the interval
is not infinite. Hence, it is not an improper
integral.

o Sing . .
Example: Is/ an improper inte-

—oo 1 —|— 332
gral? State why or why not.

Solution:
The integrand never becomes undefined within



the interval. Hence there is no infinite dis-
continuity. However, the interval is infinite.
Thus, it is an improper integral.
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oo
Example: Determine if/ 6da: IS con-

+ x
vergent or divergent. Evaluate the integral if

it is convergent.

Solution:
Let u = 23 — du = 3z2dx

B [tan L(z/3)
/9—|—:c /3(u2—|—9) 9

5 since the tangent function goes to oo at

x = +£x /2 (hence convergent).

]OO

Example: Determine |f/ dx IS conver-

00 ZU\/E
gent or divergent. Evaluate the integral if it



IS convergent.

Solution:
/ L 4 [_2]3 We see that the function
X = |—In-.
Nz N
=2

= diverges at x = 0.
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