31.3 Generalized Exponential Function

Definition

(v,a) =t”

ZFI/—i—k—i—l'

Properties

Iye™ = Ey(v,a).

Dge™ = Ei(—v,a).

D{Ey(w,c) = Ey(w — p,c).

Ei(0,a) = ™.

Ei(v,a) = t"e™ v*(v, at), where v*(v, at) is the incomplete gamma function.

Relation to Miettag-Leffler function.

Eyjga(ct 1/a) chEt (k/q,c), q €N,

where
x

Zfak—i—ﬁ t,0€C,Rea > 0.

k=0
Also,
Et(l/, G,) = tVELV_H (at)

Laplace transform

E{Et(u,a)}:ﬁ, Rev > —1.
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Theorem 379 (Initial value theorem of Laplace transform)
Dy—r—1y<0> =0

r=0,....m-15% — D”y(O):lim[s”ly(s)]

§—00

m = —[—v]
Proof. The result follows from the initial value theorem of the Laplace transform

f(07) = lim [sF(s)].

§—00

To see this we have

D'y(0) = lim [sﬁ{D”y(t)}} = lim s

§—00 §—00

m—1
s"Y(s)— Z s" D"y (0)
r=0

= lim [s”+1 Y(s)}

§—00
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32 Linear FDE of Order (n,q)

32.1 Definition

Notation 380 Let

2

P(x) =a2"+a2" '+ agr" 2+ -+ ay.

Then

P(DV) — D" 4 alD(n—l)V + ot ay, = P(D”) = Za”_k DkV7 ag = 1.
k=0

Definition 381 The equation
P(D")y(t) =0, v =

is called homogeneous fractional differential equation of order (n,q).
The polynomial P(z) is call the corresponding indicial polynomial.

Lemma 382

w(t)zﬁ_l{Péy)} — D" 'w0)=0, r=0,....m—1, m=—[-v.

Proof. Since w(t) is a linear combination of the function E(rv,-).
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32.2 Laplace transform of the solution of the IVP

From Laplace transformation formula we have

mg—1

ﬁ{Dku y(t)} — " Y (s) — Z s" DF=r=1y(0),

kv > 0, mg — 1 < kv < my, my € N.

Thus the transformation of the equation gives

£{P(D”)y(t)} = {Z an-k D" y(t } Zan kﬁ{DkV ()}
= Y(s)+ Z Ak {sk” Y(s) — mkzl s" Dk”_r_ly(O)}

= P(s")Y(s) — Z An—k Z_ s" DR =1y(0)
= P Y=Y By o

where B, (y) is a linear combination of the terms
DF==14(0), k=1,....n, r=0,...,N—1, N = —[—nv].

Therefore the transform of the solution is

Note 383
3" s D y(0) = Y any D Iy(0) = [P(D”) . an} Iy(0)
S anp s DV 2y(0) = s Z ank D 72y(0) = s [ P(D") = a,| 12y(0) = sBo(Iy)
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32.3 Special Solution

Lemma 384

Proof. We have

c{PD) )} = P Yils) = > Bily) s = 1= Y Bl) 5™
r=0 r=0
Note that
1 1, k= n,
lim [sk”Yl(s)} = lim —; =
5—00 5—00 Z e U k) 0, k=0,1, ,n—1,

since for k < n we have a positive power of s in the denominator. This implies that

Bo(y1) = > ans Dy (0)
k=1

=l 3 s Vi) =3 e lim [ <1,
k=1 k=1

and similarly

Consequently,

Therefore
c{P) v} =o,

and thus P(D") y1(t) = 0. Thus y;(t) is a solution.
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32.4 Linearly Independent Solutions

Theorem 385 Let
P(D")y(t) =0

be a fractional differential equation of order (n,q). If

w0~ £ {7}

Y1 (t) = Diyi(t), j=0,1,....,.N—1, N=—[-nv,

then

are N linearly independent solutions of the equation.

Proof. We already proved that y;(¢) is a solution. From initial value theorem,

DFy1(0) =0, k=0,1,...,N —2. (8)
Thus ‘
D“Diy(t) = D’ D"y, (t), j=0,1,...,N—1, u>0.
Hence ‘ ‘
P(D") yj(t) = P(D")Dyi(t) = D' P(D”) yu(t) = 0.
Therefore

yj+1(t):Djy1(t), j:O,l,...,N—l,

are solutions. Next we show they are linearly independent.

By (8)
, sJ
LAyjr1(t)} =L Dyi(t); = =—= =0,1,...,N =2
{yj+1( >} { yl( )} P(SV)’ J s Ly 5 5
and thus y1,ye, ..., yn—1 are linearly independent (since this shows that non of them is a
linear combination of the others.) Moreover,

y1(0) = 2(0) = - - = yn-1(0) = 0.
On the other hand,
yn(0) = lim sL{yn(t)} = lim sﬁ{DN_lyl(t)} = lim sV {y1(t)}
1 N = nv,

’ { SN } )
et 1m et
smoo | P(s%) 00, N > nv.

Therefore, yy(t) is linearly independent of yy,...,yn—1. M
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Example 386 Solve the equation of order (2,q), ¢ =2,3,...,
[D* — D¥ — 2] y(t) =0, v=1/q.

Solution. In this case N = —[—2v] = 1 and we have the solution

u = £ g} = o) =5 {wrie)

1 1 1
- o1 _
3 {SV—Q s”—i—l}

We have the formula

k=0
Therefore,
q—1 q—1
yi(t) = A > 2 By(—kv,27) + 3 (=1 Ey(—kw, ( ))]
k=0 k=0

In particular, if ¢ =2 (v = 1/2) then

1

> 2" E(—k/2,4 +§1: 1) By( k/2,1)]

k=0

yi(t) = A

— A[2E(0,4) + Ef(—1/2,4) + E,(0,1) — Ey(~1/2,1)]

is a solution of
[D — D'? 2] y(t) = 0.
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33 Integration by Parts

Lemma 387 (Samko, cor p. 667)

pelP, pelLl )
0<ax<l

—
%—l—%gl—l—a, p>1,qg>1
p#FLa#1 if ;+;=1+a

/qﬁ Iy (x /w ) Iy oz

Proof. Interchange the order of integration by Dirichlet formula. W

Lemma 388 (Samko, cor 2, p. 46.)
ferr),  geli(L9)
O<a<l1 _—

+-<l+a«a

D =
Q=

/abf(:c)Dgg(:c)d:c _ /Q”g@) De f(a) do

Proof.
=1, g=1I1, pell, yel! =

[ 160 D000 e = [ vt 10t 2 [ o) vt do = [ ota) D150
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34 Inequalities

34.1 Triangle Inequalities

|a +b] < |af +[b]

Inverse triangle inequality

ol = bl <fa=0] = [la[=[b] [ <]a—0b]

34.2 Convex/Concave Functions

Definition 389 A real valued function f defined on an interval 2 is convex if
fltz+ (1 —t)y) <tf(t)+ (1 —t)fly), Va,yeQ,te(o1].
f is concave if —f is convex. i.e.
fltx+ (1 —=t)y) >tf(t)+ (1 —1t)f(y), Ve, y € Q,t €[0,1].
Remark 51 The definition states that the graph is above the secant line.
Property 390

o A differentiable function of one wvariable is convex on an interval if and only if its
deriwative is monotonically non-decreasing on that interval.

o A twice differentiable function of one variable is convexr on an interval if and only
if its second derivative is non-negative there.

convex, p>1.
¢(x) = [z is
concave, 0 <p<1.
Lemma 391
0<a<hb, 0<g<1 — bt —a? < (b—a)l.

Proof. Follows from the concavity of the function f(z) =29, 0< ¢ < 1.
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34.3 Jensen’s inequality

See http://en.wikipedia.org/wiki/Jensen_inequality.
Lemma 392 (Jensen’s inequality)

¢ convex

a; postive weights

. & Zf:l @il < Zf:l a;9(z:)
Zf:l a; a Zf:l a
x; € Dom(9)

Inequality is reversed if ¢ is concave.

Corollary 393

¢ convex koo k A
— ¢ (szl x2> < 22‘1;5(5”2).
x; € Dom(9)
Proof. Let a; = 1. |
Corollary 394 For x; > 0,
< Rl (a4 2 - ), p=1,
(1 + 22+ -+ ay)P
> kPt (a + ah + -+ ah), 0<p<l.

Proof. Take ¢(x) = xP.
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1 Application 2

D*Mu(t) = F (t,{D%u(t)}i,)
D [Du(t)? = 2D%u(t) DD%u(t) = 2D%u(t) D** u(t) = 2D%u(t) F (t, {D%u(t)}r))

[Du(t)]” — [D*u(0)]* = 2/0 D®u(s)F (s,{D"u(s)},)

2 Future
Repeat the Fractional differential inequality but using Ou-lang inequlaity and not Bihari-
Type inequality
3 Summar of results in [Furati-Tatar 06]
Proposition 395

0<ac<l, ueCy Ja,b] = wueSa,b)
Theorem 396 u € C{_ [0, h] is a solution of (39), then

u=u, "+ I*D%

Now Suppose D%u < O(t). If t1=21*O(t) is bounded then u(t) = O(t**) as t — 0
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