
18 Caputo’s Derivative

Definition 336
cDα

a f = In−α
a Dnf, n − 1 < α < n.

Property 337
cDα

a [const] = 0.

Lemma 338

f ∈ Cn+1[a, b] =⇒ lim
α→n

cDα
a f = Dnf, n ∈ N

Proof.

cDα
a f

def
= In−α

a Dnf = In−α
a

[
IaD

n+1f + Dnf(a)
]

= In−α+1
a Dn+1f +

Dnf(a)

Γ(n − α + 1)
(t − a)n−α

−→ IaDf + f(a) = Dnf.

Lemma 339

f ∈ L1(a, b)

Dnf ∈ L1(a, b)

f
a.e.
= In

a Dnf + T n−1
a





=⇒





cDα
a f exists a.e. and

cDα
a f

a.e.
= Dα

a [ f − T n−1
a ] .

In particular,

f ∈ ACn[a, b] =⇒





cDα
a f exists a.e. and

cDα
a f

a.e.
= Dα

a [ f − T n−1
a f ] .

Proof.

cDα
a f

def
= In−α

a Dnf
a.e.
= Dα

a In
a Dnf = Dα

a

[
f − T n−1

a

]
.

Remark 46 Kilbas used the above relation as a definition for Caputo’s derivative. i.e.

cDα
a f := Dα

a

[
f − T n−1

a f
]
.
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Corollary 340

f ∈ L1(a, b)

Dn−α
a f

a.e
= DnIα

a f

∈ L1(a, b)

f
a.e.
= In−α

a Dn−α
a f + Dα

a T n−1
a

⇐⇒ Iα
a f

a.e
= In

a DnIα
a f+T n−1

a





=⇒





cDα
a Iα

a f exists a.e. and

cDα
a Iα

a f
a.e.
= f − Dα

a T n−1
a .

Proof. Apply Lemma 339 to Iα
a f .

Lemma 341

Dn−α
a f ∈ CL1(a, b) =⇒





DkIα
a f ∈ C(a, b) and bounded in (a, b),

with DkIα
a f(a+) exists, k = 0, . . . , n − 1. Also

Iα
a f(t)

a.e.
= In

a DnIα
a f(t) + T n−1

a+ Iα
a f(t), t ∈ (a, b).

equality holds if f ∈ CL1(a, b).

In particular,

Dn−αf ∈ CL1(a, b)

f ∈ L∞(a, b)



 =⇒





T n−1
a Iα

a f ≡ 0 in (a, b)

and thus

Iα
a f(t) = In

a DnIα
a f(t), t ∈ (a, b).

Proof.

Since Dn−α
a f = DnIα

a f , the firts part follows from Lemma 98 to Iα
a f . For the second part,

f ∈ L∞(a, b) =⇒ DkIα
a f(a) = Iα−k

a f(a) = 0, k = 0, . . . , n − 1 =⇒ T n−1
a Iα

a f = 0.
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Lemma 342

Dn−α
a f ∈ CL1(a, b) =⇒





cDα
a Iα

a f exists a.e. and

cDα
a Iα

a f
a.e.
= f − Dα

a T n−1
a+ Iα

a f(t).

In particular,

Dn−α
a f ∈ CL1(a, b)

f ∈ L∞(a, b)



 =⇒





cDα
a Iα

a f exists a.e. and

cDα
a Iα

a f
a.e.
= f.

Proof.

Dn−α
a f ∈ CL1(a, b)

341
=⇒ Iα

a f(t)
a.e.
= In

a DnIα
a f(t) + T n−1

a+ Iα
a f(t), t ∈ (a, b)

Dα
a=⇒

f
a.e.
= In−α

a Dn−α
a f + Dα

a T n−1
a Iα

a f(t) =⇒
cor 340

first part.

f ∈ L∞(a, b) =⇒ T n−1
a+ Iα

a f(t) = 0 =⇒ second part.

Lemma 343

Iα
a f ∈ ACn[a, b] =⇒





cDα
a Iα

a f exists a.e. and

cDα
a Iα

a f
a.e.
= f − Dα

a T n−1
a Iα

a f(t).

In particular

Iα
a f ∈ ACn[a, b]

f ∈ L∞(a, b)



 =⇒





cDα
a Iα

a f exists a.e. and

cDα
a Iα

a f
a.e.
= f.

Proof.

Iα
a f ∈ ACn[a, b] =⇒ Dn−α

a f = DnIα
a f ∈ L1(a, b) & Iα

a f = In
a DnIαf + T n−1

a Iα
a f.

The first part follows from Corollary 340.

Property 344 Let α > 0 and n = −[−α]. Then

cDα
a (t − a)β =

Γ(β + 1)

Γ(β − α + 1)
(t− a)β−α, β > n − 1.

and
cDα

a (t− a)k = 0, k = 0, . . . , n − 1

cDα
a T m

a ≡ 0, m = 0, . . . , n − 1

Note that cDα
a (t − a)β = Dα

a (t − a)β however it is valid only for β > n − 1 while Dα
a is

valid for β > −1.
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Lemma 345

f ∈ ACn[a, b] =⇒ Iα
a

cDα
a f = In

a Dnf = f − T n−1
a f.

Proof.

Iα
a

cDα
a f

lem 339
= Iα

a Dα
a

[
f − T n−1

a f
]

= Iα
a Dα

a In
a Dnf = Iα

a In−α
a Dnf = In

a Dnf.

Lemma 346

f ∈ L1(a, b)

cDα+m
a f exists



 =⇒ cDα

a Dmf
a.e.
= cDα+m

a f.

Proof.

cDα
a Dm def

= In−α
a DnDm = In−α

a Dm+n = In+m−(α+m)
a Dm+n def

= cDα+m
a .

Lemma 347

f ∈ L1(a, b)

cDα+m
a f exists

f
a.e.
= In

a Dnf + T n−1
a





=⇒ Dm cDα
a f

a.e.
= cDα+m

a f + Rn
a

where

Rn
a =

m+n−1∑

k=n

Dkf(a)

Γ(k − α −m + 1)
(t − a)k−α−m+1.

Proof.

Dm cDα
a f

def
= DmIn−α

a Dnf = Dα+m−n
a Dnf

lem 327
= Dα+m

a f − Dα+m
a T n−1

a

= Dα+m
a f −Dα+m

a

[
T m+n−1

a −
m+n−1∑

k=n

Dkf(a)

k!
(t− a)k

]

lem 339
= cDα+m

a f + Dα+m
a

m+n−1∑

k=n

Dkf(a)

k!
(t− a)k.
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