18 Caputo’s Derivative

Definition 336

cDef =["°D"f npn—1l<a<n.

Property 337

“Dgconst] = 0.

Lemma 338
feC™a,b) = lim°D*f=D"f, neN
Proof.
pef Y opreprtf =12 [1,D" f 4+ D" f(a)]
- D" f(a) -
— I oc—l—an—f—l t — n—a
“ f+F(n—a—|—1)( 2
— I, Df + f(a) = D"f.
Lemma 339
f € LY(a,b)
D& f exists a.e. and
an c L' (CL, b) —

“Daf = Da[f - Tp.

D f 4 T

In particular,

D& f exists a.e. and
feAC"a,b] =

‘Dyf = Dylf —T77'f].

Proof.

“Dyf LD DR D = Dy [~ T

Remark 46 Kilbas used the above relation as a definition for Caputo’s derivative. i.e.

‘Dif = Dy [f-T;'f].
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Corollary 340

f € LY(a,b) )

D f € L'(a,b) DI f exists a.e. and
“pniof =

cDeISf = f — DTl
[ Dy f 4+ DTy

= Jof E mpryef4TR! )

Proof. Apply Lemma 339 to [Jf. W

Lemma 341

( D*If € C(a,b) and bounded in (a,b),

with D*I¢f(at) exists, k =0,...,n— 1. Also
D' f e CL'a,b) =
IOf(t) = 1D IS f(8) + TIH IS f(), t € (a,b).

\ equality holds if f € CL(a,b).

In particular,

T 1of =0 in (a,b)
D f e CL'a,b)
- and thus
f € L*(a,b)

I9f(t) = I"DMIf(t),  t€ (a,b).

Proof.

Since D" f = D"I2 f, the firts part follows from Lemma 98 to I f. For the second part,

feL®ab) = DFI®f(a)=1"f(a)=0, k=0,....n—1 = T 'I%f=0.
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Lemma 342

DI f exists a.e. and
D' f e CLYa,b) =
cDeISf = f — DOTINICF(1).

aat a

In particular,

Dr—f e CLa,b) ¢DICf exists a.e. and

f € L>(a,b) cpejof = f.

Proof.
Dief e CLiab) A I0f() S DI () < T ), te () 2
f a.e. ];—L—aDZ—ocf + DngL_ljgf(t) :320 first part.

feL®ab) = TH'If(t)=0 = second part.

Lemma 343

DI f exists a.e. and
IYf € AC"[a,b] =

‘DIsf = f — DyT~ I f(t).

In particular

I8 f € AC"[a, b DY f exists a.e. and

f € L>(a,b) cDYICf =

Proof.
ITf e AC"[a,b] = DI *f=D"IJf¢€ Ll(a,b) & INf= IQD”IO‘f—i—T;_lIgf.

The first part follows from Corollary 340.

Property 344 Let o >0 and n = —[—«a]. Then
I'B+1) -
Dt —a) = ——" " (t —q)P, >n—1.
=) = e e
and
DYt —a)* =0, k=0,...,n—1
‘DT =0, m=0,....,n—1

Note that “D%(t — a)® = D(t — a)? however it is valid only for 3 > n — 1 while DY is
valid for g > —1.
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Lemma 345

feACab] = I2°DYf=1I"D"f=f-T"'f.

Proof.

I eDsf =N I Dg [f — T f] = IDSIRD" f = ISI; D" f = I;D" .

Lemma 346

fe L a,b)
= °DID"f = cDpytTf.

cDX™ f exists

Proof.

cDchm déf ];z—ochDm — I;’L—ocDm—l—n — [;H—m—(oc—l—m) pmtn déf CDZH—m- ]

Lemma 347

f € LY(a,b)

epat™ f erists = D™°DYf = DML R

fE D T

where s
" Dkf(a) k
R" = t— —oc—m—i—l.
“ ; F(k—a—m—i—l)( @)
Proof.
D" cDgf déf Dm[;z—ochf _ Dg—l—m—nan lem:327 Dg_,_mf _ Dg_,_mT;-L_l
m—+n—1
a+m a+m m-+n— Dkf<a’)
= Da+ f_Da+ Ta+ t— Z k! (t_a’)k
k=n
m—+n—1 k
1em339 ¢ ~atm atm D f(a)
— Da+ f+Da+ Z T (t—a,)k [ |
k=n
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