Theorem 73 (Natanson [12], p. 133)

1
Df exists at every t € [a,b] Df € L'(a,b) &

Df bounded on [a b] f(t) = ]an<t) + f(a’>7 t e [a’7 b]
’ = feACa,b)
Note: Df exists at every t € [a,b] = f € Cla,b].
Theorem 74
frla, bl — R f(t) = 1.Df(t) + f(a), a<t<b,
Df exists at every t € [a,b] — ¢
Df € L'(a,b) f € AC[a,b].

See Rudin [15], Theorem 7.21 p. 149, and Natanson [12], p. 266.

Example 75

Find f :[0,1] — R which is differentiable at every point of [0, 1] with

3.3 i1 -1 1

stzsin s — 172 cos 7, t € (0,1],
Df(t) =

d, t=0.

Solution.

Since f is differentiable at every point, f € C[0,1]. Moreover,

Df exists everywhere on [0, 1],

Df € L'(0,1), unbounded

since |Df(t)| < 3+ %
Therefore, by Theorem 74,

f@)-f@):Lﬁv@yzﬁsm%, te 0]

Since,
I (0 e A )R 1
DI0) = iy S = g Vi =0
It 1s necessary to let d =0, otherwise there is no solution.
Accordingly, f € ACI0,1] is of the form
t3 sin 3, te(0,1],

0, t=0.
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1.12.2 Sufficient condition: D f € C]a, b]

Theorem 76 (FTC)

Df € Cla,b] =  fe€(Cla}] & f=1.Df +f(a) in [a,]
DfeCla,b] ~~
cAC
f €Ca,b] C H'a,b] C ACla,b]. (Lemma 55).
Proof. Follows as a special case from Theorem 74. [ |

Corollary 77

thm 76

D"f e Cla,b feC"a,bl.

induction
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1.12.3 Sufficient condition: Df € CL'(a,b)

Lemma 78

flat) :=1imy_.+ f(t) exists.

Df € CLYa,b) — f@t)=L.Df(t)+ f(a*), te (a,b)

thus f € C(a,b) and bounded in (a,b).

Proof.

For any sufficiently small € > 0, and a + ¢ < b_ < b, we have Df € Cla + €,b_]. Thus

b_

Df(s)ds — f(b-).

a+te

FTC
thm 76

fla+e)

Since Df € L*(a,b), the limit of the RHS exists as € — 0.
Now, Given sufficiently small € > 0, Df € Ca + €,b] and thus

ft) t:%; L Df(t) + fla+e€), t>a+e

By taking e — 0 we obtain

f0) PEYLDr@ + fat),  te(ab)

Cor 41

Clearly f € C(a,b) since I,Df € AC[a,b] and f is bounded since f(a™) exists. W

Remark 9 Note that the right-hand side in Lemma 78 satisfies:

LDf(t) + f(a®), t € (a,b),
9(t) =
f(a™), t=a.

and thus g € ACla,b].
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1.12.4 Sufficient Condition: f € Cl[a,b] and Df € CL'(a,b) / Df defined

n.e.

Definition 81 A statement is true nearly everywhere (n.e.) in S C R if it is true in S
except for a countable subset of S.

Theorem 82
f e Cla,b]
Df exists n.e. in |a,b] — f € ACla,b].
Kolihal9)
Df € L'(a,b)
Corollary 83
f € Cla,b]

— f € AC|a, b

Df € CL'(a,b)

Proof. Follows from Theorem 76. Also it follows from Lemma 78, since

f(t) = LDf(t) + f(a), telab. m
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3.4 Zero Derivative, Df =0

Theorem 104

Jump function KOZ%OI)S has a zero derivative a.e.
P
Theorem 105
f € AC|a, b o
olm. 339 f is constant ¥t € |a,b].

Royden p110

Df = 0 inla,b

Proof.
feACla,b) = f(t)=1.Df(t)+c=¢c, Vtela,b]. W

Theorem 106

f € Cla,b]
— f is constant on |a, b].
Df =0 in [a,b]
Proof.
f € Cla,b] & Df € L'(a,b) exists n.e. in [a, b] = f e AC[a,b]. W

Theorem 107

ft)=¢, Vte(a,b).
Df(t)=0 Vte (a,b) —

fla®) :=limy_ .+ f(t) =c exists

Proof. The result follows from MVT, Theorem 67 or from Lemma 78 since Df €
CLYa,b).

Remark 12

Df =0 in [a,b] #= [ is constant on [a,b],

since Cantor function is monotone on [0,1] with Df =0 a.e. on [0, 1].

f € Cla,b]
= f is constant on [a,b],
Df 0 in [a,b]

since Cantor function is continuous and non constant on [0,1] with Df “= 0 but not
n.e.
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3.5 Zero nth Derivative, D" f = 0

Lemma 108
f € ACn[a, b] n—1
= f(t) = e, (t—a)*, Vtela,b].
Drf = 0 inla,b] k=0
where ¢, are arbitraries.
Proof.
feACa,b] = f)=1"'D"ft)+Tr'(t)=T"t), Vte€[a,b. H

Lemma 109

f c C’”_l[a, b] n—1

= f)=) e (t—a)l, Vte]lab.

DMf "= 0 inla,b k=0

Proof.
D" 'feCla,b) & D"f=DD"'fe L'a,b) exists n.e. in [a, b] =
D" 'f e ACla,b) = f€ AC™a,b] = result. M
Lemma 110
fO) =g en (t—a)k, Vte(a,b),
D'"f=0 Vte(a,b) =
fla™) :=limy_q+ f(t) = co.
Consequently,
n—1
D'f=0 Vtelab = f{t)=> a(t—a) Vtela,b].
k=0

Proof.
By Lemma 78, for t € (a,b),

D" f(t) = I,D"f(t) + 1.

D" 2f(t) = I,D" 7 f(t) + cno = coi1(t — a) + cua.

The result follows by induction.
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