
Eu ",",ol<u ",," ..... ,,«1'9TI..,'""" 0_'" _ ....... 
II .... " ,Of') 

On the K.ruII Dimension of Domains 
of Integer-Valued Polynomials 

Marco Fonlanll. Latll~ .. cl~ lulgue. 
Sa.lah·Eddlne Kabt..J. Fra"""5Cll Tartal"OM 

LeI A 1>0 ... ~ ........ ";<11 q_ Add " . n.."", 01 .. ..,.,....., .... 
,.,.. b_ A . _lor !aJ(A). io Ib< .. briqollho n",01"", .... "1.\1 
.w-d .. (" X) I "1Xl - 1(041 <; AI. A c:noc>ol ~ __ ~.~I " ... 
_1>0 iIo 1_ > opecUum ..... '" ,"""""",;" \(NIl iii Ia Ihdpp.-.l 
--.l .... .r '0«) I'MIIlb -.. .... ·ined lor D • I· .... -... ... 10.1 ..... C1.2j lor 

1>octboriu:I I "., 10.11. lor ......... atIo/ JII"Ndo-............ . ,,_ }CH~ ...ct 
I'0<0<I...,. lor ~""~"_ ' .;", 01 typo ft tTl- H_. 1M poobIom 01 ~ 
... uP!"O" ........... , ';0."" dim( A).1or Ib< Kndl d; .... 01 lallA ) " ..... ....,. I. _01. w • .....u \bel 5edoobo.-f 1511 pn...d w' dim(AIXII :!; 2<IimIA) + I. ,II;' 
...... lOOIi', ill _'i.tJJ, r<lotoc! to ' "" I><t , .... ,be ftbor io. AIXI oI"'r pri .......... 1 of 
A hu di",." .... 1. A ... joo- ohft' .. <n«I ""'_ ,1>0"", of ........... uocl poirt>«>l' ... . 

111'1041. ODd ,be poIr-iol ri .. <aM, AIXI, if lb., tbo 5 .... ;" lallA) of • ",.,,,,,0,) -



,d .. 1 or " .... r .. ""..". <10"""' ..... (<I. [0, !:x.ompl< U] Of E< .... pI< 1.1. {b l 0. ...... ). 
N.oertw.... . ... do __ """"pies or doocDai"" A _ "'i0f7i .. ,be i""luoli'r 

(0. 1) 

This I.." It:o<4 .. 10 <OCSider ,be q-'"'" .... , ..... ,be inoqU,,);'1 (0.1) bold> I ...... 

",1;O,rKy "<qnI ~ A. 
n. p~orthio _;'10 ~....,. I"""'" Lbo .. ...!y or <be primo "I"""mru of 

Int( AI ....,. 10 .. ,oI>lie/I -.. fut i,. Ktull dime<uioo 100- me-" ,louoos of """,om. 

LeI A <; 11 be atI ~ or ;"'evol .....,.;'" ....,. Id I(B ,A ) ,. (II X ) f S[X ] 

1( ,1) <; Al Lbo ri .. or ,t.. A·..Juod lI·po!ynomlaIo i~1rOdU«d ., IAA ZI. ~"'" ,ha, 
1(1'. A ) • lnt(AI. and AjX) <; [ (11. A ) <; A + .t S ]X I n. --. ..... '1 

(0.21 <IO""I(II • .'I1l S; dim(A]XII 

d.o.o _ bold m _01. A> .... ,,"" or !Art, ;" £,campi< I .i < (. ) .......... ,,", • 

.. pbe;~r'" ""'yol doo<oaln A....,. ... -m .. 11 of A ouch ,h. , 

dho(lnt(A)) " di""A.[X]) " dim( 1(1I , AI). 

K_, "'" moIi .. tiocI fut ~ ,be .. ..:Ir or~ 1(11 • .'1) ;' <ti>...t 10 ,ho. 
folIowio, """"HIoro,;',,,,, 101 A' • .'1\ (0). oil>« J-.' . au..(A[.-'] ,. f ,,' ) (; .• . /, 

i> ,ho.m.c, limit oC tb< mdu<ti .. familr oC ,ho q_i .. " ri ... .0[. -' 1, """,id""" .. 
• di=' .,....., b,- "''' ... S • i" A' if ~.). [, <OA ho. eoailr ..... , .... , I.'IA) • 
~(/[A[.-'],AI'. f A"J....,. bt=< 

dim(IDt(A)) . ",p(dim(f(A[.-'j, A)):. E A' J 

[On;. t..mt... 2.11. Tb .. , m otdoz- 10 Pfi"'" tho i:ooq.Wi'r lUI, i, -.lei ho. """"4h 
10 ahoY ,hoi, fut -=I:t .....-rriDc .0[.-' ] or A • .. ~ • E A', 

(0.3) 

1'1"" "';ot; ,be io>cl ....... AlX[ <; 1[.0[.-'). ,1) <; A ... XAj.-', X I ....,. ,ho io· 
........ ,i .... p{dim(A[.-' ,XIl.dim(A) .. 1) ~ dim( A .. X A[.-',X [) S dholA[Xj). in 

«>OIjun<'ioo<I ";,b ,he 1><1 di«t.(A(XlJ S; di"",(A .. X A[.", XU Id . [FK. Propoo;'ion 
3.1 ]), _ dod_ dim.(l(A(.-' [.A)) • dim,(A) .. I . dim.I"'-'(A IJ. Thw. ... .... 

'emp,«l '" """'" ... inoq.w;'y of ,be _", m" : 

(0.<) dim(A .. X A(.-'. X I} 2: dim(1(A].-' j, .-I )). 



Uulon~.bo.o io • ....--plt. Tob A :. K + tK IY llt],z, . ....... 
K io ... iDbI .. 5oId""" X. Y. Z ... iIIdeIcrmiaeI. _ K. rIO' ... Z _ ... 

AI--'] .. AIZ-'] .. KjZ- I) + ZK(Y)jZlmIZ- I) .. K(Y,t ) .. "I.( A ~ H ..... 
1(Aj.- 'I. A) .. I(""'(A), A) .. kIIl:A~ 101:_, __ AIM io ;"a,,; .. , "'I(AI .. A\X I 
ICC.~. Po 3C3I. It _Ib< dim(hoI(A)) .. dim(AjXJ) " t ... diml Al _ s 
IBB, n......_ Uj. o. .... .u... boac!., ~ (fli:, J>ro,ooj ... u l _ .. 
..... dioa(A + XA]. -' ,XII .. 1 + .b(A) .. 2 """ ....... cioo(A " XA/o- ' .. l'H < 
dioa(I(AI--I~A)) ... diBl(A]X)~ n....Itft (U) IIoWo " . (G.4) IaiIt. 

no. b oo<Ilo. ~ "';\1 • ~ <J jAA%. p" ',ioIo 7.Jl. Tbio...w. 
........ tMl, ,..; ............ <J ~.,.. _ "'" .. _ 8 ........ ~ <J A . 

d 'd A io _. twle5old. _ ... .- IMIIbt iKI ....... 118.A, <; [n'('(1 
01...,. boIdo, ..... \000 B io _ .., ....mn.c <J A. w • .t.loo _Ie .0.. ......... i ... 

dj., . 0I1(B.A) ... dIno(A)""" .... bIish~""" ........ _ di", ... b 
I ... U-* 01.1>0 JdI' ..... ~ "' .... rice I(B, A) (bmce,;" "".ioeulor. '" In'l A)). 
A.. • __ .... oh.... I:" .... ~'IIO.2) boIdo let .a ___ 01 domoino 

A I:: 8.1OCh Ih&t .... ~........." AlX] io. JoIIWd domoin, ;" no-- \.10 
...... oblio.b ..... """ __ ....... do let diItI(/(8 .A» iI .... 1fIW 01 10 . c-.u.. .. 
1.2""" Pn>POOiUOOO U ). "'- ... ,,0=1;· 10, n.e.::.u.. u""" p_,*, 
2.21 b)' ~ ...... ddlil(B. A)) .. dim(B]X)), _ A io w.· • """" B b)". 
PIIIIbod' 01 • opocioI '"" n.;..no.. ... 10 _ ...... <J ......... A C 8 ~ 
Ih&t diooC / (B, A))" ci.(~) "",, __ IO"';1Ot foiNroal (U)"~. rl1iaib'. 
_ .. ....,. I (B, A) ..... A I:: B io. ""'""'-'If~ .............. ai, ,.;-

III .... __ ....... _eo.!,.;,J, Ino(D) ..... D io. ,.JIboct0l • ..,.;.J 'TP"' . 
• mojo< aomploio .. _ D _ }I.r ...... I io. ____ a/. p...... .......... T 

.ad}l io .. iaaako .. \xioocal T ...nh ~}I) I:: Ttl w ........... io ~ -. .... 
• ~ oI 1ac(D) ... bcd.al'bod in ........ oI .... _oI'-'1R) """Ill< pn ... 

;d,ooIo i po-ohIo,.;,J, J _ ID,[X)"IIII{D). n;, .....,.I ... ia."'~' ...... ..", . 
.. ........... _ ..... _ dim(IIII(D)). Itt porli<ulo! ... CUI.,pI .... .-..1 .. 01 ,iii< 

l<Ctiolo .. Ibo .~ ............. T io ..... ~.'"'" -.... """ 1 .... """;"'01 idNl 

"' III SootOoo S _ pnroo ... .....,.... I .. Ioo{D) 01. wooII·-"'-'" ...-.:!." 
sa.ko""",. iel .... KtulJ m_ <J .... rice aI poIr-lol" .... " <: I, 
let ..... ~ . ,..;.k ft + 1 S ~ S 2w. + I . ........ to ... iMq:ool ......... D ",eb \hal 
dim(D) .. ft . 4iIo(ItoI(D)J .. ~ udlm(D) ~ DiX]. 

III .... "-'" oo<Ilo. _ or< ...d "';o.b iDlqa . ..t.o.! pull iolo ...... _ 

-. Lo< £' be • In<oioaoII .. _ 01 D. W. oloo-<o ...... D io • JdI'ard cIoo<noU> if 
oM ...,. if Iao( £'. DJ io • J~ """'"'" _ cbo(lIIo(£,. DIJ _ 1 .. dimI D~ nu. 
.... bI· ' • _ ._ 10 p. ~ U j. '" E .. pIo U ............... tho- ... 

.,....a;.,. 4iIo(DlX) ) - 1 ~ dim(1DI( £,.D)) "- _boW .. -"' ....... £' ~ D (b 

-



• 

<bo.,.. £ .. D, d. [C) , ,,-... uJ~ 1"10< .............. 01 tloio _ ... ",th 

6o(1oo(£,D)~ -. D •• opocioI .. briat; 01 a -., cIomaoo: .. ~. " 
<bo IoaI CM&, ......... "'" M ... .,pE ';"'" if D io. ~_ ........ 

..;th iaiai .. .-... &eId, ""..to l).~ E <Jl tlo< 50Id of ............ of D. 
di<o(Ioo(E .D)) S ob(D(X)~ 

!<I ,1Uo _"'" ... "v_ ...... A !; 8 io OR ..-...,.. of iDtq10l _ ... ...... 
,hoi A io _ a I!.o.i .. hid . ....t .. """'" b7 K ,ho ..-;.0.' IIold of A. 

Tho "'" t(B,A) " . {/(X) ( S[X) , f(A) '" A) cI II>< A-ooluotd B.~'" 
..... >In><!_ ill (AAII, h' .... 10 ....... __ II io..,;a"", 'hol/(B. A) " 
n.,A(A + (X _ o)B[X)) ud, ,_. 1(8 • .1) '" A " X BjX ]. 

If A _ I.,, '" ",,) io a bi .. Wd thoo. l (B,A) _ n:', {A + (X - .,)8[X )1 •• 
1!.o.i .......... MIa of _ . ; •• , ; ... "- puIlho<bcl ,1M"'" ... 'n .... 

A + (X - .. )BIXI" .,"( A) -

1 1 
"Xl • - ( BIX1/(X - o;)B[X)) . B 

n...-. thio '- .... 1M .......... to'. -.11 of....n_ ~cI • ....-I 
'n>< {flK1i. (fOOl . ....t [rlKJ). 

10 tbio _. _ ___ i, 1 It;"" 011 ..... 1riDd of';"" .pocioIIYLO om.. 
to enIi~"'" Ihej, ,..·' .... Mp witb ......... 01 I . i •• AJX), SIX] >Ad l~.( A ) . A 
opocio1 ... ul,;' tho •• ho ~'1 (0.2) '- _ b.oId;~ _01 (eI: tumplo 1.1' (0)1. 
0. tho O<W Iw:od. i. io -U iu>ow'!t ...... lot 0111 poI)"'>Q<tIioi leX ) € .... (t K- llQ, I )) 
of dop< n. nlf(X) l Z[X] . I'ropoo; .... 1.J of (AAZJ ... obliohoo. oiral1o:.--.I. lot 
Iot(D), wMt-o D io ... iaIqrol-.aa. w; .. ' .... , tho proof of ,ho o.bo<oo- .... "-d 
.-....II . ... ""'"' ';"!l1O tIM .......... t(B. A), thoo. ... poia. ou •• 1:docI 01-.. ....... . 
cl/(B. A) It<m> B . Ia 1Kt ................ I (B.A) io o1-.yo. "'btm.ccl t.~A ) ..... if 
Bio_..,-...:oIA. 

Lot"' ..... Ll. G; .............. A I:: B _~. b- _ n O!: 6. -. =-
a;. •• E A...;, ....... ,!( X ) I A{xl ... .011/(X) € l (B . A) ..;,.r, oIoJI/{X1J S . 

I'.-oor. 'L> • ...;.). tIM umoI <OM WI <&II _ n :i1 I. hooo .... loll ,! . ...... 
A .. _, Sai .. iWd, _ ............. u...-_ rEA _ ...... (r· _r' ) ;' 0 ""' 
, _ 0.1. __ .,,-1 __ , Jot 

f(X )". +.,.' + '" + .. X' E l (B, A) 

-



• .... .." __ j •• , 01 do:v- ~. I.;. ...... tIwoL 

.... ",X", ... ... ," .. X' _/('X) 11(8. A } 

.... ... ,".,X ... ... .. ," .. X' .. ,'/(X) E I(B.A ). _ .... ..., ,.,. 

{," - 1)00 .. (t" _ .)0, X ... . , . .. ( t " - ,'-I )0."., X··, .. 

.. t' f(X) -/(.X)., 11K) I/(B . A) 

hu o.v- .t moo. n _ 1. 

B, iad"""OII, .. ..... s"d 1._1 " 0, I •• , e A ... 111 ••• ,,(X) E ..tIX) ....... it " .,1'" _ 
,')0; E A 10< 0:5;:5 ~_l ODd, _,''"'0, + ... + ..... 'PI E A . 

So< I. , .. '.-,n .... ~ ,._II.· _")' A . II io dou ,hat: '.0; E AIo< G:S':S"-1 
~' . .. +! •• , + ... +t ...... 1./0) E ,(, _I ... E A oad ,bOlf./IX) ( 
AjXI. 0 

Pn:>pWi.io~ 1.2. Gi_ ....... _ A , B .. ~ , ................ 1oI/owiof; 
iDc/uoiau. 

J o4IX ) I: 1(8 , A) I: 101(04) I: A .. X .... jXj I: "IX). / 

Proof. 1M. I(.:q E J(B,A} be. pall it ' of oiev- _, 00 ..... <XI'" 0 .. . . E A 

_ ...... I./(X), AjXI (t-m. I.l~ IIIo11o:Jwo ...... ,(X) E (If •• IA/X ) <;; ''-IX\. 
SO-/{A l 'A._/{X ) '~A). n..=·;,;.,~ .... __ 0 

n.. 01 p~ \.J .... _ ...... if A io. bite 6eId 1_ Eumpl. 

I.l'~ 
no. ~ ,-".-. ...... tbooo io ... 1010 af~r by __ ...... 8 io 

""-t"""'''' s...... ...... 1{B .A) ..,; .• ..;do bot(A) iII --.1 .. .....a.. r... ;,"',_ ..
_Iat(A j, BIX\(ioo,....,....... ..... A I: B io,""..,lo ' io tlw_oICobeo 
1ClI)_.~.I(B. A) .. Im(A~ _ . 

CoooDary 1-10_ 1_) /..01 A !; B be .. _ '" ~ I 0;'" _ lbo, A 

-...... ... iD4ai .. a.u 1(, . no.. IIB. A) .. IDI(A) _ AIXI. 
(1)) II A !; B;" "" -no, '" A.;u, BoIX] -IDt(Bq). "'" ..... Q E $pocIB ~ 

u..., I (B.A) - Iat(A) 

p ..... r. (_) l.o< u to.. ",.;-.' lrIooI of A, "'"" K.n u _ (0) ODd.!No ,,-, .... to. 
'O=<o.lI, _ .... "'" io. AI"' . h'-llowo Lbor. AIM ;' mhiIO to. -" mui=,];.;..J 

-



01. A, ,1><t""'Im( A) .. A{XI [CC .~. p. 3031 ud. from ,II< p,..,..;.,.., .... "j,. 

(b) So.:. B ;" .!101 ~ ol A. U-Ior .... poi_ ideal Q ol B, AOo'" .. 8" 

(R., n.-... Zj . ~, "'«A) I: n" •• .-l.~AQ....)" ~._.\Int(B,,) .. 
r'IO._ ,. )(B,,{X)) .. SIX{ ud bmoo l i B. A) .. InI(A). 0 

By propooi .... 1.2 ... "'- m pOrtioulM ,bat A{X) r;; l i B. A) s: IlIX]. bon" 
by [AAZ, 121 , lh< wol_ ol ...... " olIIB, A) .. X .. 0 'Po, ..... ri.,;",'" '''' 
,......,b.bJo por .. ' 

M, ''' {f(X ) ~ t( 8,A) ' f (O) . O) 

.. rum ;' • prime ideo! 01. I ( B, A ), u>d 

So , .. (fIX) £ l (B .A): f (O) " 0) 

.. rum ;' • multiplitati ...... _ oIl(B, A). 
M"",~, from [Ad, ~7], it k>Ilc..n ...... A .. {frO) . f I X ) £ (( B. AI) 111 

I (B,A)fM. oM I (B, A) " A .. M._ 
Wi,b ,\>0 p_ tIO\&tioo. .... h .... : 

P .... pooit .. n I... Gi ... 'II< ... ~ A s: B 0I1bc 'n>< dcoai l><d aI til. ~ 
of ,bo -00.., iliac 

(a ) S,' I (B. A) _ [ (B , A) ... .. Il[X~xl' 

(h) M, ;" a boifb' ...., prim< ideal of [ (B. A). 
(.) M • .. maxitnal ;! .. d <JaJr if A .. a /MhJ. /a uu. tal< I (B, AJ .. AI)'l_ 

P.oof. (a) By hopooili<c 1.2. A[X [ r;; {(B, A) I: K{Xj . 0.. ,b< o<h<t hand. i, .. 
eMily ~ , .... M ... XKjXjn I (B . A), .... d So .. I (B,A)\ M , .. ( A \ IOn .. M,I: 
IljX] \ x Il[Xj. n..r.ion, 

5,- ' 1( .11 . A) .. t (B, A) .. , r;; KIX],x \. 

N_ , '"' H(X ):_ (f (X l/fl X )) £ KIXI, x). wi,h fi X ). rlX ) E Alx l ... d 1101,. 0 
It rou-a that f (X ) ..... fiX ) beIoD.s to I (B, A) ..... .eX) ~ M,. Rot>« H{X ) E 
[ (B, A ) .. , ..... ohm K[X kr, r;; {(B,A) .. , . 

(b) W. -x. .ho, 5 .. A \ (0) it • mwtipliati .. . u ..... 01. both A ..... l i B. AI 
~~, 

S-' AIX ) .. KIX') r;; S-: l i B. A) I: K{XI. 

Si=o At, n S .. t .... 1 £ b'II . ... ,{M.) :$ diID(K{XIl_ I. 
(.) Tbo tn, par< IoIIcwo _11 from tho /.." ,hat t( B, A)/M, 111 A. r"" ,ho oe«>od 

por •• bt- hypo' besj' ~ A io. 5eld, it io ;awl< .... !rom Corollary I-l (a). i, roUow. 

thai I(B . A) .. A[X I. 0 



,",muk 1.1. ho-_.EA, ... "",_ 

11, :_ (/(.1 ) E I (B. A): J(_) .. 0). 5, :. I (B .A)\II, 

Ihao i. io ..,. ... _ Ib.o II, .. (.I - .)I>l X1 1'\ Il B. A) ;. .. primo WootI '" I/B . .... j. 
A II t (B, A )III. _/(B ..... ) .. A +11, oad . ............. Wu, """""" .... U Iddo 
if -..,&a<o ",...t 5, "" II. _ So. 

n. .. " ( 1) "'~UIoa.cla ...... oroll1 ... ..-.pIO ......... _ 

'" I (B . .... ) ........ ' ... 'i ... ;.. no. ....... ~ p. .. __ III ",",,..-. 

loom .... I .'. 1.0< .... , 8 100 ............ 01;....,..01..........,.,111 .... _.-, 
60ld K aDd 5 .. m,J1ip&o1i ........ 01 A. no..: 

(oj $-' I(B .A ) " 1(5-' B. $-' .... ). ";111 'be oqualit>' ~ ... "", A io N~ ... 

(b) Lo<, 100 a priaM idooI of 04";111 04 /, """' ... 1'11 .. 1( 11 . ..... ) .. A.!X~ .. 
["I(A,)). 

P .."of. II;' -.p '" _ tlw I (B . .... ) .. ""I(A)" 8).I~ _ botlI "_It 
~!>oId'" t...{A) (CC. C= " . ... p. 3(1::1). 0 

,",,,,arI! I . f . (oj A.o...... !.-. .......... E A, 1(8 ..... ) .. A + II,. W • 
..... _IM< _ primo ..... of I (B . A) _ _ ...... II, .. 01 ......... , "'101 .. 
..... ,;.. primo ~ of A. For _ , E $poc(A) oad. t A, _ ... ,. -I/(X ) E 

I {B . .... ' : 1(. ) E , ). 10 io _ '" _!hat,. ;. .. primo .... '" I rB. A) __ If 
, C , io ... iDd .......... prime ....... of A. u- ,. c ... n....w.:n.. .. ~. 
I + <il;o(A ) S dim(1(8 . A)~ 

(b) Siaco S _ A \ (0) io .. ~i ... "' ..... of t( 8. A~ ~ io....,il, ..... th! 
""" ..... ~bIt pol, ... 1(.1 ) E X IX). Ihao P :_ (1(.1)1>'1.1» n I (B .. 4) io 
• boi&bo I ~ IOoo! ill r(B. A~ ODd I(B ..... ), .. r.·(.1~/1X Il io .. _ dbmrioe.1 
N_bori ... ...u....;.. .......... , 

dim.(A) : • .,.p(dUo(V): V io .. ..!u&tiooo~ot A). 

A J08 • .J --. io ............ A ouch tho.: dim,.{A) .. dOm(A) < .... r"" ... dO
~~.~.~.~, Noetbofto.o oIomaiIo. .. PriilOt · 'in. on _ I ' 01 JoIfM-d -.0,," 
(AIIDf"K) . 

III ... _ ..-__ Ie tI.o oahooti .. <Ii '" I (B. A) rOOM! _ . ito par_ 
tiaoIor . '" Iao(A)) """ _ 001.0bIi0I> -->' __ * . , ___ ... Ibt ....... 

"'_ JohnI .. _" ... ...,100( .... ) ... /(B, A~ 

-



• 

M"", __ , I ... tzotpo, ___ "*"i, " __ _ 

P""pooitM;.m l..s, Gi_ .. _ A " B .. dotaib.J .. </10 ,,",,0" ,"1 oI!.1!.o 

~~ 

(&) dim,,(l(B , All .. dim..{bII(.t)) .. I + cWa.(A~ 
fb) no. -..........!iUoao ...... wi 1m" 

I i) A ... J.,OLd ~ 

(ii) Iao(A) it. Jo&.nI ...... _cUo(In1(A)) .. I + dia!(A ); 

(;;;) I(B.A) '" J"~""" _dim(I(B.A)l_ I +di=o(A ). 

Pnoof. (a ) FNm 1'Topooi1Ml1.l ... "" .. "'" foIIowiDt; u.c/wioou: 

A!X! " I{B .A) " boI( A) " A +XK!X )" K[X ), 

.1>«0 K _ ql.(A). ~ 

I + dim.(A) .. dim.{A + X K )XIl S dim,,(IAc( A)) s: 
S dim..{l(B,A)) S <Iio>.(A(Xll - I + dim.(A~ 

(b) (il" (ii) W. oIW011_" -.. .............. (a...:-\: l_r (.)~ 

, + di8!(A) S cIioo( l (B , A)) S ..... ' , (B ,Al) _ I 1" dim.(A~ 

~ if A io a J_ """"""" I(B, A) io a JoII..-.! obmai"....:1 clilll( /tB, AII .. 
I + .m.(A~ 

(i) .. {'Ii) .11. .. , .... 010 ..... "",..."tio ,110 __ .. lor (i) ... (iii~ C 

Aa .. im "'" oppOao;'" 01 .... ............ Pf"POI!i ........ <oUt ... 01, .-. , "'" 
.110 ~IJ (C,2) IooIdo .... !bo ialOf!'OJ' ' ;A' A (paaib\:r DOC! Jo/I' ..... ) .. t-. 
~u....- AlXl _ .J ....... ........u.. 

For ... ,_. if ~ _"1 hi .. &oI4."d X, Y..,d Z ... "' .................... ~, ,hom 
,. :.....n __ .hat A _ t + n (Y'IIZI_' l.dicwoD<"",""" JolIo:d ~ ...... 
<lim.(A) _ 2. \' it,.,..~ ...... ,hat Alx] it . ')'di 'ion" JoLtd ......... 
(llII, n.-... 2oS). 

Cot-oIIary I .'. Lo< A .. B M ........... 01 ia..,-.I' .;". _ ...... Ib« 
AfXI io. JJlMtI-. at AIM it iohito lot -'" ml';"" i<jooJ II 01 A. no.. 
dim(1(B. An s diorI(A(XJ~ 
P ..... t If A!XJ io. J .................... oIiIII(A(Xll - dim,,(A!XJ ) _1 + cIda.l A)_ 
dim.{l(B ,Aj) :!: 4i<I(1(B, A)~ II AIM _w.,."lo_oechm,:rimolicloolM oI 04. _ . 
",. ICC. 5o«iooo 41, h>I(A) _ AIXI """ Ibuo A(X] _ I(B, A) (P...,....o- I.l~ IJ 

TIl< ~ .......... '* .... _ bouado _ di8!(l(B,AlJ '" ,110 .""" 01 
la , CoroIIairo 1.2....! PfO!>OOi .... 1.4). 

-



Thoo ..... 1,10. C;;_ ...... ...- A' B 01 ~ ........... ..w. A .. _. 
&0;"' ...... .. 

.,.{I'" ~A~ dim("IX)- I) S ~J(8. A)) S I .. dim.{A ~ 

I'1'OOf. To._ ..... .,.;..;.j c.o, ... ....,.;,j"". ..... s..;", £- I ... "",. 
10 .. dtv 1M< I .. dim(A) S dOao(I(B . A) :s c6m,.(J(8 . An .. I .. diaI.(A ) IR ...... k 
I.l (.)-'~ I.I {.)~ 

Fat 11M _';"in, ~.lo, 1M "opociaI ...... ~. 11. ~ J. p. u~ 

~ 

(0) .. Q. e .. · c Q ••• c Q ..... -IX) c Q • 

... & ...... Woo -"- dim(AIx)~."''' E J.t..(A~ 
II io ouil:7 _ lhal ~ .. Q ••• n A io _ m .. i,,·I. XI .1/, io iIohi •• and , ..... 
b'''IXIU<tXIl- ~ _,;t Q" _, .. JiXI. or ~ _ I if ..... 0. .... 01 .... bond. "'~A. I" 
A.IXI (CC, Corol1oin 2. p. :103). a"""" II- _ P ( Spo«"'«A» • ...:h that 
P n A1X1 _ JiXI &<>d Iot(P) ~ "- l. H_, ""'" t-..... u •• bero mo.. P t 

Spec(J(8 ,A», ";.h P n AjX) .. I'!X), &<>d b«P) l: "_ l. N_ . .. io .. uima! 

....J --." n-.bo. _ a-k 1.1 N>d Iha ....... <oXI&icIot ........ ....... 

....... -.. 01 primo i.tIoolo oIl(B. A) 01 ~ &I 1000< "_ I UId 01 ..... Iorm 
(o) e .. ePe,H' .e .. +.w.' !'-'Woo~A)X)J-IS dim(lr B.An. 0 

bo ..... En pIo 1.11-'" _ wiII.- that. if A io & ..... 6oW, .. io .... """- in 
--. 1M< oIioo(l(8 , A)) S I +dim,.(A~ 

Corolory 1.11. )Cl. c.oIIai. .. U .-I Pnopooi ... I.,~ 
J..o< A lie .. w ............. -.nr. -""" ioW K. no.. 

... 0 .. clim{A}; dm(A)X) - I)) S dim(IIII(A )) S I .. dita.{A ~ 0 
A .... _.a..d;" ..... ~ ..... p<.x.Iooool_JI'O~OI ..... 1\roII ,. _ 

01 hll(A) io niII _. Up '" .ow, ....... on "" _pIooo <If d .;0. A oo.<.h lila< .... 

;".,quali'y d;"'(IaI{A»" dim(AIXIJ boIdo. B_, ... >boll ai~ ... camp!< 01 .. 

<XUaoioo 'II ...... oi ... A e B neil \hal ~r(B."))" dim(AIXIJ. rin, ... -.I <0 
,~ ...... NNlto ~ in 1C31,;" .... __ ",,,,,{A). 

P ropooilio. 1.12, Lot .. I: B .... atom;;"" "'~ d .i., . ..,., Jo< J ... 
""" --.. idMJ 01 A ..,., B ";111 .. /1 .s.u ... T'boa: 

(0) ~ dooio oIpriaM ........ ;"/{B.") Iifu;" " lXI, 
(bl diIoI{l{ . . .. )) _ dim(BlXI~ 
(0) Fat _ priaM -., .. 01 .. ..; .... 2 I , .... dim(l{B, .. )/_/(B." I) .. 

dim( . , '" ")IX)). 
n.o ,..,., 01 <u .--10 io portioJI, __ 11M ~ ___ bo<lI <&01 .. 

~ lor ""poinc ..... _ .. - ;" (O.1'n>pooi .... Uj. 

-



1,.0"' ..... 1. 13 . G, ... • • , ......... • t .. "r-I ..... , ... A >; B, 1<, J k ........ ... 

.JuI ./ A '''''~ .... , At ] ,, {i..,'.- If M " . , " " .. o4<oJ of IIS ,A)"'''''' _ <0, .. 
r , .. (f ,; I (S. A), 1(..1 ) I: J ). >I .. : 

(.) M ~ .. no, . ...... 0l0I .JuI '" ./ A 14., "'. "',," J . 
(1)) M ",.!.,,,, 14. i4u1 ", ' :. 11 E l( B. AI : II A) >; "'I, 
«I M .. on&>O.w. 
(d) I (B. A)IM;j< AI"' , 0 

P'QQrofPro_ I,Io. \ .12. JI ... ,,, ........ " . .It..- _I<ioo&, .... , r io . """,moo 
idoal oilrD.A) ..... BlXI, " , .. _ til< !>TOOl 01 IC3. 'II>Oorim<4.2 ..... C~ 
u ) up\oci", ID« A) ...,t [e3. p"""",,'ioo. 2,2J ..-i,h f (B , A) ...,t L<nuno 1.13 .... p«. 

ti~1_ 0 

Eump* .... . (a) Lo, * ... . Mil< 1i<Id. let Z,. Z" Z .... H>dr,onnm .... .,...,. k, 
I.' ,_ lrl Z, . Z, I ..... M , .. Z, Io.· IZ, h.J _ CoM .... 'bclo/lowin,f; d.omamo, 

B :_ l [Z, I+ M 

A AIM _ I: 

I I 
B _ BI M .. I [Z,I 

I I 
v ~ VIM .. " 

w ..... V it • ,uk """ dio< .. " ...t ... ioo. ~. A io a """ ~ioo.oJ pocudo. 
...! ... ;"" d.oma.Oo 01 m' ';mol icIeoJ M ....:I f'OOid"" 6dd I (a licit< !;old), Mot<. 
_. """" , ,"' . (K ) > O. dim(A{Xl) .. 2 + dim( A) _ 3 [HiI)...,t dimt B[X]1 .. 
dim(l [Z"X])+dim(V )+1 _ 4 [ABDFK.~H]. dim(Io"A)) .. l .diml.~1 _ 2 
(T, ~ l.4I ....:11»' l'r0p004ioo. 1,12. dim(l(B .A)) .. di",(B(X II _ 4, It fu.llo-o-. ... 

41",(Io"A)) " dim(A(XIl " dim( / (B. A)). 

w . ..... <hal l (B. A) it ~ JoIW<! <Io<n>..--a '"""" <Ii<Io.(I (B . A) _ ditn.IAI + 1 .. 
3'" I _ ~, 

(1) ) (CO:- [(31), Let I ... ~ 1iDit< 5oJd. i C K • ft<Id ""_. X ,. X" . _ X , • • 
• full .. t.m;ly at mdo-I""""",,," __ K , " :<! I 



Sot B ,_ K [X,.X •• ··· . X.~,) .... lot O!., . primo i,;w of.~' 2 io B, ' .1. 
0" (X •• X •• ,)B, .... ~,B _ B/O ,be ~ .. unJ p",j.e<t;,.,. W. <&II eonoic!or ,be 
IoI1'"""c pullb.dl of._ieoJ b m ''l"bi'lll'' 

• 
1 1 
B _ BfO ilKIX,.X,. · ·. X.~,) 

bo """ oi, ... tioD, 0 .. 0 ri A -..... . muimoI ida!;" A; ~,rum(A) .. 
dim(B ) .. n ... 1 """'" ....,. m.;" of. d; .. ;;.;t ptimo idoaIo of. B 

(O)" Q.cO,c .. · cO •• , 

..;th 01 i! Q _U'''''' io", • m.;" of. <Ii, 1in« prim< .,.010 of. A. 
f"",,",- ""'" ht.(O) .. 2 .... B;, • Krull 1Iomain. thert A C B i • • ·boci 

"",pl<. ill <be ...... of. Cal>m [C3. P""""",;",, U . o.fu,i,;'" U ). locDcr In'IA) >; 
BM (ODd ,h". I(B, A ) .. lI>« A ), Soct;,., I ) ODd 

dimf/(B. All .. dio>(Int(A)) .. dim(BIX)) .. " ... 2 .. dim( A) ... 1 

(P"'J""ition 1.12 '" [Cl. ~ • . m. _;I _ eoooKlrt th. 6 ... 01 ..... 
tDUimol id.ol Q of. A ;" I(B ,AI_lnt( A ). ,bell 'or Pf"I'OOi';'" 1.12 (3) ... ha~ 

dim(I(B, A)/O/(B. All _ dim(Ino.(A )fQIo,(A )) .. <lim(BIXlfQBIXj) _ n_l + 1 .. n. 

Th< ~ .-.It """p&noI ,t.. Krull <timonaion of. BlX). I (B. A ) .... A + X B[X] 

"" .-..idu.lly ol~ .. ......,.,. of. do . jn. . W. reaoIl ,hat A >; B it ... " ••• 11, 
o/t< .,.u if for ...:L ptitI>o idooI Q of. B. BIO ;, o!ceb<oi< '""" Af(Q rI A). 

Tboonm I.U. Go'"", . ~ooII.r o¥broi< ........... olu.'Wai dam.m. A >; B. 
~ 

dim(BIXIl :5 dim(A 'I- X BIX ]) :5 dim(J(B .AJ). 

P roof. W. oJr.ady _ked ,ha, 

AIXI >; /(B. A ) >; A 'I- X BIX ) >; B[X] . 

(0) .. PO C··· C r._. C r. Cr. •• " P. n, '" X B[X ] C .. · C p;; .. ". "XB[X] . 



.... __ ,' _latI_~_"*-,, f< =r-

.. !>on,t ( 1'; for 0 S • S ~, ....:I ....... I'; io • ptim< ;d.aJ 01. :4. for ... IS' S" . 

~-. 
{>, (0) _ r;C '''C ",., C p; 

''l (O)_roC "Cr.."Pj 

(TIKI . lAmma i . i ibM. Si.a A - Bill ....,,\0&11, oJpbtoi<. :4IXl .... HlXI io ... • 

~([F1K2. I.cmIM U(b~ ....:I!DFl, TWotom ~). -.. Ibo <bus II) or • 
• ~. tho ch&io (1) _ ... I {B, :4) '" .c:htoio.ol""' ...... ~_ 

0. 'bo ...... !I..od-. p:. 1';+ XBJXl ........... ... ""'w.! 1';- " u. 01 f I B. A), lot 
• " ~. T'buII p: n I (B. :4) C p' .. , n l i B. A), r.- ,he prcoicNo "'_, i, folIoo:o 
tUI ..... ch&io 01. pti<M icIo&lo 01 A .. .\'B[.\'I _""'" ;'Mil .... clu.I~ ol'ho """" 
IoqIh ... f(B.:4 ), no.. "'" -.l ~.,. IoIlowo. Far "'" !rot iaoquaIi., ... 
{FlKI , n.-.... 2.1 (. )1. 0 

Io~. __ ""' ........ iajo<tioIo A .... S·,A. ....... S io. 1IWItiplica" .. 

"'_ 01 :4. io rooieItItoII, ~ Ibm. ""'" "'" ...- ,1Monm _ boo ... 

Cgrotiar)o 1.18. r.... A 110 ..... ia'osraI dom""....:I S OIllU/.jpliCAlj .. ,~o... 01. A. - diao{S" "'Xl ) S """; .1. .. X S·, A/Xl) S dim{/(S":4. :4)), 0 

W ...... ""'" lot s .. :4\ \0). ""'" ""''''- _ . ............ tUI 

I .. d:m\A) S dim(IoI( A)). 

,,_ ,h .. , ... _ol. ,boo -a if>oquoli'yol"fboot.,;n 1,16 ""- _ bold. III 10<1, 

"'" wr.-i»c ....... pIo ( ... hidl . .. .apt ......tiA< .. ioo1 01 Enmplo l.I t (. )) ....... ,"'" 
i • ..., .......... clim(/(JII .:4)) < dimlBJXl) S dilll(A + X BIXl ). 

£u.mple \.11 Lot,. ...... iahit. 6oW. " . Z, ODd Z. ____ I.: 
Sot V '" " (Z, . Z,XZ,h., _ J.'(Z, . Z, ) + U ....... II ,_ Z,K(Z" Z, ~Z,I"". B ,_ 
K IZ, I + II ODd A ,_ "+,.,. ".,., ... ;., £u.mpk 1-14 ( .. ), dimjAIX l1 .. l .. 4 
.fuo(BIX]) _ t . 10 Ibio .... .u.:. K ill iahi ... lot" CoroIlory u ....... I( B. A I _ 
041.\'1 . I.lo..o dinoI/(B, A)) _ , < dinoIB[X!) - t S dim{:4 .. XBIXIl S 51fIKI . 
Tboaroco 2.1 (oll- so..... dia.( /(B. A)) .. 06a.(A) .. 1 '. t , ill Ibio .... I( B. Al _ 
_ • JaI!ard ......... No". _ , """'" :4.XHlXI io OIl ........... ol/( B. A~ ...... 
-ni, <lim(A +XBIXI) - t . 

All __ this ....,.;.." .. _,.,... A '" boo iahi ... II A ill .. bi •• 101<1, u.. iaclooiooo 
I(B.:4) I: !at(A) 01. P""""" ..... 1.2 <1000 _ boW, 

• 

-



Example 1.11. LeI A • '0 ,_ !./n >ad 8 ,O' r. _ r. IXV(X· .. X .. I). ~ ... 
•• _ ',!wi. _lMn ..... w .. I _ O. 

N<*'. \01: J(X ) _ .. X' ... wX • I. u..dy fIX ) I r. 1X1 \ ', Ix\' )j , .... . J(oJ -
I E ' o oM IU) _1 ..... ... .,0 .. a E ' " 'n.&I1o. J(X) . l(r •. ' ol\ ' , IX). 0. 
lbo .... UId. w(F,) '"' ' ,IXI. -. w{J'. ) c I(F, . " )' III tbio _10. <loo 

: . ....... Ia Iloo _ of [AAZI. 0I1(F •• ,. ) Lo f •• X',!XI _ tIooro 10 
.. looopI_poc- f. ud f • . ~ \I lo1loooo tIo&t cII-.(J(r. ," » O' 
ob>.(r,.X1'. [XD _ I . ... I(f •• f . ) io.1 r . • ' J ... ...t ......... wlu.-"'" 
_r.(X~ 

£u.mplel.I '. LoI A .. ' • • TudX ____ Aud .... B :- A/l'1. 
Ie \1&10 oI\Mdoa. I(B. Al _ {J',..-Xf ,!T. XI)n{J', .. (X -1)', lT.X[ ) ... (A .. X BIX I)n 
(A ... (X _ I)B!XD. Lol J ,_ XIX _ 1)8{X). w. loa .. ,bat 1(8. A)/J. A ~ A. J 
Lo • OOIIIDIOIII \d ... al ti>o ..... A ... J I: J(B. A) I: BIX I. _. cLim,(A + J) -
2 ~ dLoo.IIIB,A)) jPLKI, n_ 2.IJ. SiDe< -* doom alprlo:lo \dMlaol B[X I _ 
_ "";~(J 10 .. _ .ed "" ....... rao:tiort '" I(B,A ). tboadLal(/(B, A)) " 2. ~ 
2 .. dioa(l(B. A)) _ <II .... (lIB.A)) ,. & .... 104 ) .. 1_ I. 

no' IF ... allbo po;- ..-.. .... allloo riq of ..... *-..Juad potyoo .10 
•• cndaI .. I' udil.boa_ .... <Iodfor_.k-oo~ol* .... no 
....- d tIoio _ Lo '" ......... lbo Kroll . - 01 ~D) ud '" _ 

s.-(la(D)) for' ". D ....... "-.~."..alpall_~ -
La 1IIio .......... _ "'"' 

(. ) T • .., • ...,..r ~ Ii>. __ ofT. Rio .. ;..iai<o ~ 

__ .... ~.LIR)_ K I: TII . ., : T _ TI 1 ...... ., . ' ",.jo<tioa.. 

ucI .. __ lbo 1oIIooo-iDt; pul/bod<: 

D: O' ,,-'(R) ___ , 
J J 

S :O' ,,-' (K ) ___ K 

J J 
T ....!....., TI l 

La .... Ilq (. ) . ..... IoIIDwIac~fort.boKrd .. i • • ... d'-pub i.' 
.... 1ooIdo (d. for --." iel. ~ I .. Cot<>IIeLn ID: 

-



The 5n1. aim of. <his oecI"" ;. to P""" u.... .. ""aiosou> ' ..... u.oli,y ItoId. ;[ ~ 
, .... ,be ;"'q«-oaItoed ....... .....,;0.1 ririe, 

n..:..u ...... ~_ "" ...... 01 <10m .... D • •• ,.;J .. ,.."" ;.001 l' of. D i •• .".; .... 
iduI ou<h u.... PD~ .. 1', If _.....,.. b)I kIP) .be aoiduo fitld of. D "' p, i. ;. _ll 
Iu>oom ilw kIP) io,~ i 'l'bk to.be~' fitld of. DIP. n..mor. i. 
io io """1 to _ ilw l' io di.;&,! it> D if and ocIr if tho ~ <Ii_ ol ''''''''''oJ 
II< """",hismo io • pulIt.± 

D DIP 

J J 
D, - k(1') 

A 4; .. 4 .. ......... ;. .. i~~ <io<DoJ<> ou<h ,ho, .",h pri_ ideal io t!;';<I«!, 11= 
_ moolI • rew\, ~..,. Ton ....... (T. CorolIo:y HI, .ho. will "" -.I .. ,..-.I 

,i ..... "' ,be oequ.<I. 

Lom"", 2.1. 1.« l' be. di>idoJ """'" 01 .. .. ,.,..01 domaio D. n"" 
dim(1nt(D)) .. dim(D .. IXI)- I + dlln(1nt(D/ Pl). 0 

The preriou. rew\, "'"1 "" ~ ;" .. ..no.! --1''' -..ill.how ~""" 2.3 
""di .. ~. 

Lot H b<. """""" ideal of. .......... oJ _oIn /I ""d let S~ .. S '''1' ~ /I " + 

H ;. ........... <Ii....,. of. RlH) . W. _ ... tIw ,ho ""oJ rincoih.."""'olR/H. 
'!"'(R}8 ). io <CO<>icoJlr i~ to S-'R/S-'H ud 5-'H n R .. H, Cootid<r 
,1>0 ~ I!( H ) of. 11_ ""'1>< loiltJw;al dio,ctun of ,"",,"",oJ --..~ 

11(8) , .. ",-'(R/H) - 'I' 
(2.2) J J 

• s-' R}S-' H .. '!",(IIIH) 

I. io oImouo .ho, ~ H .. I' io • pri"" idNl of. I!, .bm 11(1') ~ with II if oM 
<>0.11 if l' io • dir.ded primo. 

Propooi.ion 2.3. Let II. H ... d 11(8) be ~..-. n"" .boN """". ,_,oJ 
~ 

-



~ _ ~"'". _ •• oIo......ot -...._,..., * "' 

1 1 
I (S-'R.R(B)) _ I {TM(It/R)'R/II) 

1 I 
• s·'1IIX1 • -

.~. io tho '"._~;.,,! h ,),;=...o.1ood III 'I. 
It io otr.ip~ ",-, . III'-'o,.oc",, : 1(5·'lt.lI(lI)) _ I (T .. (I~/H).1/,1 1I ~ ,his 
IoeI i;upl.ico t·'(I (ToI{RI B~ RIB)) .. I (S-' /l, R(IIJI, C 

c..."u.., 2... Ww. Ibe -...- oi P,.""...,* 2.'. _Ib .. , for...,."";
,dooJ P 01 11. ,!KIt lUI pn S .. I , 11/ 1' it iIWoiu, ... haw tbo ~......,.,;<&/ 

LnI(R1H)) II S·' R(XI ~~ .. ',OJ It HXll(To«RI II ). 1I.1 H). 

hI __ ;",J01,iI H . P ... primo .......... O/ jdooJoIlI. !boo ... Juo .. Ibe~ 
~""'_T";_ 

h>1(R(P)) • R~IXI _ .. ,.,..., u../,R{ PI. 

Proot. b, <r<Io.lOoppI,c-.n...,. ).J("~ _-uo.Ih&tS·'R(B I _ S·' R, __ 
RIB) , S-' }!, 0.-...1"'11 i .. a..~oi Rl:H ), ~. Lnl(lb ) oo R,~r) 1ot 
_ P oooch Ih&t RIP ioidAi"(CC. CoroIIoi..,p. mj. ~l(S-'R.IIlH U .. 
h>t(R(H)), t-oe.be an. M" , _ &om ~ U . 0 

~, .... \1"; ...... __ ..,., ", ''''c....u...y1.~._110''''' 

(. ) dira(1)ot{R(R))) S ,,",,5·> lIP'l) ~ diIIo(/( TOII(RlH l. IljB)~ 
(b) dD(LnI{R(P))) .. cIiIo(JlrlXJl + di.(Iac(It/Pj) - I . 

P......t. (a ) ioa= , oI(Cl. c....ll.inI.p.&OIIj. 
(b) ....... Ibe ...,...,j M" 01 c....u...,. U , ... .w- t.hat boIR/ PI .. 

IDc(R(Pl/'Rr) II LnI(N"'JlPRJ>1X~ -.. St-(1at(R(P))) io t ;t ... 
..... .... "'pm" ... __ Sp.{R,.IXIJU_""....,.Sp.(IMIIt/P)) IF. n-..... l.4~ - 4Uoa(1Dc(R(P ))) ........ (~1I,.1X1~ Ial(P R,.jX]) + <Iio.(IIOI/R/ PUj • 

• -lcIiIIo(lI,.lXl), cI;a(R,.IXlJ • 1 + di.(~lIJPJH • 
• cIiao(lI,.1X1l - 1 + dim(iD&( II/P )) 

-- dlm(1m(lIJPJ) <: 1,""- P;' --.....1_ lIT _pO ..... !J 

-



P.opeo.l t io" 2.1. 1ft .... . ... m, (.J "'''"l000i ................ 04'~ ...... <11411" .. 

..... Th"" 

(2.6.1) dim(I.o,(D)) $ dim(TlX n .... dim(Im(R). 

(U.1) iDl(D) _ D(X(" ln1(II) _ II(X). 

P"",f. To _ 'lie ttivial <*00 .... ............ II ~ K. Let E :_ 11\(0) ...d 
t :_ .,.-'(E) . I: .. our to _.IIM tbe ....,j'iplioeW .. to_ t of D coU!cidoo wi ... 

V\l, ........ 1 .... pri=>O IdtaI 0/ V md VII .. ioomo<pIl>: to R. 

C laim. 1.0< 1" .... ill (. ) I~ T ;. .... '-;1}" JouIJ ""d __ <ho, 

QI"I V >; 1 '" cadi Q ~ 5p00«1"). ,he. T .. ,~ (H.I) ood (U.l). 

U..u.- .... p __ hypolbo&io. S ;. Ioo:&l . illl m·Urn·1 idul [ N>d bow« S _ 
",-'(K ) _ t-, V _ V, • • bnoo I io .. dl.idO!!<l primo idaoJ ol D md k(l) .. K . 

By 0i>i>lrW.i ~ 1.1 ... obtai.o 

(1.3) tfi",(ln«D)) _ d\m(D,(XJ) - t - cIi",(hIt(D! I»). 

SiDot tho 1olIow'" ~ .. ...., .. puJ.lboo:O: 

D/IXI __ (D/IlD,)IXj_ k(l)IXj 

J J 
T\X j --> (TllJiX j 

;, _'lIMdio>{D,IXI) $dimlTlXj) .... I !CI . T~ II · ~, 

cli1l1(!nt(D)) s: dim(l1X )) .... 1 _ 1 .... dim(IDl(II)) _ dim/TlX I) .... dim(I",(II)). 

M.,..."... I io .. primo DII'1m lX im.! cIi.idood ido&l ill D • .., [(X) _ 1D,(X l lDd 
!nl(D) >; t-'InI(DI >; Iot(D/) _ D/IXj. 

w. "*"" Ibt t.ho foIIoooilll ~ 0( ....",ical _ 

D!X ) - (DII)(X j lll RjX I 

J J 
!nt(D) __ Int(DJll(Xjlll 10,(11) 

J J 
D')x1 -- (D,fID,l)X) " k(l)IXl 

-



•• ~ Ia ...... if !lX ) .laI(lt)' 1o(/1IX1. u- b _I'(X) I.' .,,- 'l/(X )) f 
D,lXJ ODd b _I E D . ......... 11(1'(1)) -/(10(1)) E II. Thuo 1'(1) E D. \\ .. 
"d ........ 1'IX) E Ial(D~ It ...... p,""-'! ...... .,.,. : hlI/D) - btlR])_ 
11X] ...... t...... bl(D) _ D(X } iI ODd ""'" iI bl(lt) _I!\X~ 0 

_ pl ...... ...,. .... _ m _\oido T • _ -.ru, local. 

TIMo ..... U . la,tb< ... .., (oJ _bod.-.Iet J :_ /D, l.l1 n1 .. t(D) n..., 

(. l " ......... ~'to .. ; .. lh' '0 "h ._"~_. 

Ii) Spoc:(bI(R ») - ( I' (Spoc(IDclD)): P ~ JJ. q - ,,-'(0): 
(i) Spoc(D,(XJ/ID,(Xll_IP E ~bt(D)) : p , JJ. q _ 0 nln.(DI· 

(b) Lee r:_ (I E Spoc( T): lio u.Upu.w.";1b I}. A....- ...... , T/f " in!o;,. 
.Ior_IEr. n ..... b .. u..~ . ... '" p.: .... 

u".tS"",(T, [XI) _ (I' ~ Spoo(b .. (D)): I' ;, ....... "....IW ";,h J). 

PtoOl. To._ ..... .mol C6M ... cu __ D " 1\ . .... abooo. let !: :_ D\l 
........ $ :_ t-'5. t ,_ t-'"T. at>d t :_ t"-' /. Sia<>o I io ... iOooI both in S ... d 
T ...... it io .... i m, ' in 5. u.... --r"""" 0( t __ ...... ,;" 511 (at>d ....... 

oJoo ill "TII~ ~.I io .... ""...., 0( t . $11. SII . ."d tIl. "TI l 
1.0< ¥ : t _ t 1/ iI "TI l 1>0 ,lot _oro! P"'jornua OlIO ,-"td .. _;..n,. 1<1;. Vi. 

--- ............... diap" .... : 

D _ 0,.. ,,- '( It) _ , 
I I I ,- , - SI/:' K 

I I I ,- t ....!..... t ,l_ "TIl 

bt tbio .,_ . ...... .-""'" m .... JII"OOI" 0( "'-'-2A <IlOl 1>0 appt;od. I.. 
Iort _ pria>o l.600oi .. t .......... '" • _ ioAooI 0( 0 __ ... 1. .,.j 1 io • 

di..- pnlDlliOooI 0( o. )1_ D, _ 6, .. S. Thuo 

-



-

(1'1' ~ .. , Uxl "J:)<U;P 'I - (lxJ'a)a;l!p + ((II)IttI)<ow)dn ... ((a)'''I)11r!p 

'""U ·JJO"""fIO'I.w .... wJO 
,... 'q, >q w ~ '(q) l 't ~ JO "!'""'f~ P'" ""',...,., ...... "'1' q'!NI (~) 

'{x 3 I : ([X]I}>q)dno+ ( li)l"l)arw <: \- (!x)'a}a>rr> +{(II)1"1l"'lP <: ((a)l"lM 

:!""U -{~ .. 1'''." ..... "I, V ~ ., . : X~ {II! I, (J:»o<Is ~ I ) -, V 
>or '~ " """'"'I.L JO -q~ P"" ".,.,."'" >am' ... ' q' !M (.) "$"t £non""":) 

o -- l"~" orI'tq~"'"" "" I! 
(al'''Iuo - O 

It ~'''' "I~uwd~ I! ,[: ({al'''l»>cls ~ .II - (lx]'.L»o<IS"'n 

"""'"'I'm;' "1"'1= 'M '''''!w""""", '" " T"'9"! I! 'lL""'" IXI'J: .. ('.Ln"l""'11 

[xl'a " Ixl'.!" ('.!:)I"! .. ('a)'''I' ' (a)"'I:S !xl'a 

'""" OS "J: " 'o P"" I "'''' '!'l.ad<l>OO"l a,. 
~ _!,d • '! I .".., '.1 U" .. J P'" a U J .. d .I! '",!Il'\j -I>!xLL .. ll'1O""lxJa 
po. Ixla uti .. [r ia uO 'lx l1 "'''' >lq':o<IO>OO<t! .. (),~ 'P'" '( [xlll-'S 3" 
l"~ ""l'd """""' • ., .... ...,., '[(') n """""'!J. 'I.;] ~ JO ~uado.ld....ooq 
1 ..... ·.Q -[xlI 'I1!A "i'I'm11DO>11! I! IxJa UJ 1»11' 'r ~'fA ~aIOO,,! (a)wj JO 
l"I'\""'!l'I'" d 1"~ '( a)o"ll rlr)\a~~ - I ""I' ~ __ .... '(~) Xlj 

.~ 

(- I ''''''''' .. " "'I' onq, '!x )Ja" llc(a»"1 "'" (j' }>"' '! r /(a}>"! ~ oq' 
.;; .... ~ »npop .... 'I.r )I07" M(Il}>"! P"" (If»"! .. 1x1J1(r,t lr"l ..... ~ 
tt>'''''''*'' "11 """l • ~ -[xlI " lXla u t """"I '(a)l"l u [xi[ .. f ,.." nu>l:l 

'(q»"1 5 (a 1>"1 ""I' ""'Il"J 'I 'q 3l/'l.i _H -q 3 r <pOO ""lll 
3 Ilf )!, l/ .. l\rl.i>t> ',l"Il"'lS '(11 )'''1 3 f ' »o>p.I>'IU '((0) ), j 3 P pin II } , ,.,.. 
""lll ~ r fa ~ r " (pl..:r .. «(P).I)d> .. (. )/ .. .., _ '(Il),_" .. a po. (a)l"l 3 .I »<I!S 
-[xl.y 3 Ixlr .. .1 -: f ~ 'Ixij" 5 (al>"l 3.1 P. 'poopaJ '(q»"! 5 (a)\"! .,...'" 

lXJ.v - [xlf 

I I 
(lI»"! - (11)1"1 - (a)l"! 

I I I 
Ixlli - Ix ll] - Ixia 

"""'""'.l. .--..~ 'I>qqo~ ..,PP:I....,~ .... ,», "'''''''''1'1 .....".". """~ ~ 



~k~" __ "~<1~_""' __ ". 

0.. Ill< <>lbcr _ t-' J .. lD, IX ], ............ DllllO II io ~ ... ~-IIDt(D )!i: 

In.(t-'Dj" D,]X] [ee, CotoIIobo • • p.303I. 
Tbe<dor. bl, .. 'D)( J) .. h\ .. ~..,(lDIIXJ) .. dim(D,[X)) _ I. no. -<I iD<quoJi'1 

Io&wo!rom lei. n..,,_ I). 
(b) Tho .. -.I ~ Iollow -a, !rom n.- 2.7 (!oj ODd [C2. L=m< 41. 

~!.h" DdX)" brlx ], t .. t ·'7 ... d t /l_ Til. 0 

Corollary l.g . In ... oj, ...... (0) cIooaibod oboooo, ......... ;., 1Od<fi1ioa. ,ho. T ;, 
/oaI."d I .. N io .... m" jm,1 NlooJ orr. l.o< J :_ l_d.IiIT/MI. W.ho ... , 

(0) dUD(bo(D )) .. dim(Io.I{R)) .. dia( D .. {Xl) - \. 
(b) IU_O. u.... 

&.(Icc(D)) .. dim(ID\(R )) + dim(71XU - I. 

(~) 114 ~ I, thao 

P ..... f . (a J 1.1o:>IIow. "- c..r.,IIary 1.1 (!oj. 
(b) Siaco 4 .. 0, it io -.II -. tI>oI. T io OIl ~ ......... of S .. DII: 
~dia(D .. Ix])" .u.(1\X1). 

(e) r""", (ABOF'K, ~ 2.11- _ ...... 

B_ "'" a.....~.,. io . _~,_. of (oj. n.. -.I~.,. """'" tr
(0) _ (C2, P""P""i_ J (oJ!. 0 

w. -"" u.... 1.100 ~ ......u.., implio. lb.at ;r T io • Ioct.l JoL.d -..... ..,d 
I '"' J.I io tho mo';m.' WIooI 01 T, \bolo di-.(bI(D)) .. clim(IDI{R») " dim(7'!Xll _ 1 if 
4 .. 0, ODd clim(b I(Dj)" dUD(bc(R)) .. dim(1"IX)) if 4 2': I. 

-



• 

Coroll.orJ 2.1n. fu Il>o ... , ........ (. J d<><rit-«l a!>ooc ......... tb! T • \ . ... 
oa/",,<fu<, ~ ODd radv(l) .. M it.1Io m .. '",,' "'-i 01" V. n,.., 

di",(bo(D)) .. dim(V) + ;"til. ~d ... WIM )) .. dim(bI(Rl). 

dim(DrlX )) • dim(V ) .. I .. ;"tIl ••. d .• (VIM)). 

I< is 01. opociol "" ...... ,110 cut "" . bid> K is ..... b<m& 01. T _ •• j.,...."," }o.' I. 
_v.rollr =bo<J<IooI "" TIl . U"de. ,hi. _"",p<iocI. 

P,..,_1tio. 2.U. .... T bot.., "'qraldtmWo. ("" iduJ oI"T ... d /I." Jmw" 
.. , .... &1 cIomaia .. <.II .... K .. q.l.( /I) !O T. r..o X ..... T I ( bot ,I>. ""ural ombftid.id, 
""d." T _ TIl oJ:.. 0-'<&1 P"'jo<t;o.o. So< S , • .,,-' (X) .. X .. I, D 0" ,,-' I /II .. 
/I .. I • .. d J :_ (D, IX)tl r..t{ D ). n. .. 

r...(D). bt{R) + J . 

Pr<oof. s .. "" D .. /I .. I OAC! S .. X .. I , XI !O r; 01 .... ~ is <Nib" ...". u.... 
il>,(R) !O b,(D)!O DJ(X). W. olt-t,. ~""' .... """"' _0.1 .... ,u.. .• h .. ,, : 
!ro'(D) - !roI(R} _. caz>oDical rwjo<:';"" """,""-p!Uo,,, t...vin, kernd ~wd to 

J (d. Proof 01. n-.." 2.7~ W. ««>dude =-ot<!y ,t.... bt{D) _ b'l /I I ... I . 0 

Ii"", .... II~ ... ConoU.,.,. 2.10 _.I>o ....... ptioo» 0( Propooj""" 2.11. 

Corona,.,. l. l l. Wi .. ,1>0 ...... _atiooo _ltn>o><""""oI" Prnp<>ri'_ 2.11 . ... ""'" 
'" odd; .... tb! T .. V .... >&I ... ;.,., doom ..... So< P , .. , «l.(1). TMo 

dim{InI(D») • dim(V~) + ;"tIl, ,.d . .o;(V fP)) .. dla>(bt( II). 

Proof. F ...... jFIK3."ThIotiomo 1.131'" _ ,ho! 

dim(DJ[X]) .. dim(V,) .. izof{I.'_.d· .. W/ P)! ... <i.im(KIX)~ 

no. ~ _ tr..... eo..:.u..,. 2.8 (b). 0 

Tho f<oIk,oi~ E ... ",ple ,howo ,t... ..... ;",.q.w;'1 io c....u..-.,. 2.1 (oJ ....,. bo "riel. 



~_~oo __ ., oI~ot ....... _ ..... ,- ," 
Exo",pIo 2.IS. !At T...... il ! Priio< .......... .;I11._ m·";,,,·! .... U 01 

IwiP< 1 aDd N "' ..... I . AooIlmo .... TIM .... TIll M .. ~.....,. L.. 
1M _ (o) <II .... Mcinnin, .. u.;. _. 101 I ". M. R :. Z. ,, :_ Q aDd 

"': T _ TIM 1M _ ....... poojo<tiool. so- 0 "'" ito"" _H~.~ in TI M. _ 
... _ D ". "-'IZ), 10;'..,-10 doodt ...... <bm(D) .. I _ htDIA/) .. I: 

.., u... clim/D .. jXlJ S S. SiDor dilD(1Dt(% )) .. 1. clillll(D .. (X )) .. clim/ImiZ »-
1 S 3 .. 2 - I '" I . , II _ .... I:>t(n .. TlXIICC. ~ 2. p.:II»J ... d 
diao(7"\Xl) .. dia>/T,..[Xll .. '" n....... dim(Iz>t(D))_ dim(T!X)) (Coro&ry:U 

(b)) aDd dim(D., [X Il ... dim(1DI(%)) - I < diao(T1XH .. clim/T "IX )) .. ~. 

"~od *'>I''''' So;dca ..... , [521 .... "'. t1w: ....,. "'''I''~' "';,b ~. 1 S 
h S:" +1.;' oq.;aJ 10 It.. Kn;Il .............. d. ~01 riD, "';,h oooIIlciomo;~. 
"';,obIo ..-di~ riD," 'Tho oim of .hie __ io 10 """' OIj>~cill.r ........ ~ 

rwolt hoi"" 10< ............... """ poI~ ""'" 
w •• ~ ..,. t«alliq L .... ddnj ..... ot. /"'V D. (;i_ ........ ioa dama.i~ (V. M. <i' : 

V _ VIM .. t ) ODCi uubWd to oIthotald ... 6.Id ~ olV •• , ...... ~_ ........ 
Do<, "" obcn , . PVD io ... iDtq:rol~';" o!eUod ..,. .. p..llb&<l: of ~ 
h .., pru.n,. dille IoIIcrwiq: \ypC: 

(U) J J 
• -. 

G;". ~ 0. by iDd ___ oIoIiDo. !"VD ill \he ~ _,.. if r .. 0 ... 

P"VD "' .. PVD, .... it . i!: I . .. P'VD io .. ia..-l ~ D """'"-! "'-. 
,.."bd ~ 01Il10 Wlowiq .,.,., 

(302) J 
• -

J 
t •• , 

.bent (1" ••• • N, •• , ,, : T •• ) _ 1" •• , /N _, .. l ••• ) io .. !"-' V D 0Ad R._> ;.. P~·D 

..;th ~._> .. i .. .->om' WeI. 
II ;. _ '" ... <bet • PV D io • 10<01 ......... D ";11> 1M ...". .. uimo/ kIeol /01 

of v; _oe = clim(D) _ dia(V). 0Ad 11M ~ -=»t V _ (D:M) _ (M , M ) 

;. e.Jlod "'" MIu,," u-. .... _1 ..... D (d . [ADJ. [HIIJ. (F"1[). 

-



__ ".' __ I..r ..... __ ~'" __ ._ 

To_ pon><Io-.w....liua -... D. we """ _.' 0". "'"" J_.-...n lo H 
whon .. :. cU(V } _, ,. ' .6. .. (t~ 

D1 ~ "'_ rVD_u.o · to'. &.oiIJ'oC~ (.... . ••. 
10 • •• "-. J . ....... , ... , ... , ••. 0: it," , .... ,)(-"oa:,. (0,, 1,.)) o:clbt,..,........ 
ton ' "..1 '" tho r-' VD r _. I"-".a,. 10 tbt PV D It." ~ W • ..alI "'"' 
If D,.. PV/)...;u. po. ___ (o: f ), ....... 

IU) dim(D).... dim.ID) ... + I, 

(U ) dim(DlXIl-" t 1 t W(U). 

(l~l dim(IM(D)) .... + I. l/ ko;'.!Ai .. IIftd; 

(d. [l!H] oood lAllDFKJ., .. IDF'lI .... (l .3) NId (U~ IClIJ -111"" (s.m 1I«.0Il 
IbalIDclD) .. DlXj. _, io iB6m .. iCBI. 
1,.0 ....... 1.1. wI D h. 1"VI) "'" ra-_ .... ( .... -- .... ; 10.· ,I. ), ' 2; 0 -(01 dim(D) .. I::,..o. 

1101 ...... (D ) .. E:"o,"''' 
1.1 d.im(D\.T1I " r::... 0, .. I t r::... ;.,til ... ! 
(e1) d.im(t...(D)) .. E:" e, .. I .. 1::':; 1m! 1.1,) . of 1<0«/» <I- DjXl, 

....... ........ Ir. r::':: WI1 ,I.!" 0 of. _ 0. 

P!'QQf. (oj, (h)...,j (.J _ol'f'l"'Od ilr. IDMiI>l' """" (3.3) _ (U I """ r-roJ 
p_,'" or pollboocko IcC, IFI] ODd [ADDrf(l~ 

(e1) s",,,,, Lot(D) " DlX]. 1M .... d .. &old of D io w .. , W. pt"..,J 10, hod ... ... 
..... If ... 0, tbo ..... , boIdo br Il.3~ Lot, 2 1_ s;,..,.. rVD ........... ;, 
• diTidod <iomaiI:> 1F3J. if,. :.ohI(" : T~, - ~._ ,i. .... _ 10. ...... ~ 
..,.m..a diopm.. 

D _ /)/ P _ II-, 

1 ! 

-



B1 (.~ ___ 'b60: 

.. , .. , 
dim(:r,·,IXll - L 0, . I ... L =(I,I,) - -Siact .. ""'"""" loki 01. D io ..wnII:1 ' I ,. to u.. ..-... loki 01. 11.. , . ... ..... 

opp/f lU I to 11..., ..,.! ......... dim(1m(1I...,j) . 0 •• I. n.. h · ._ 

.... d0twv4. D 
P ropMltlo. 1 ,2. 1.00 .. , " _"","oj ... "'- ",til ~ < .. F", ___ , . 

!:S 1:5 _ \ ... ... - .. + I) ..... -. ..... ,.,.... -... D ... <II iM(DJ " DlXl. - ' 
(o.}<Iioa(DJ- .. ; 
(1)) dim.(Dl-"', 
(.) dim(IoI(D)) .... + I, 
(d) diul(DIXn _ .. + I ' , 

wlwol ' t I',' + iJ. ill <, <m_" +!.'· _ ' , if,.",_"+ I (l00000 ," I~ ... d 
,' .'+I.if,. !. 
Proot. W. "'" ___ .. 2: 2 (tor tbo"" " • I OIl ~ 1";; _·1 
PIlD..m....." ...... ot .~ 10 ohio _ . ... 4; op_ PO"IID..m.-uofy 
u.. doOm. Loo. D be . PO"IID _ po<ameI<n ( .... ........ ,' 4. ··· .~.,l. ,..;u. 
0," I tor a:S,:5 .. _I. "- ...... D .... hi .. .-1oW. CIoofI,o, ....... .0) - .. 

""" Im(Dl " DIX)IClI. t-.... 1.1~ 
10 ........ -'I:J .... .u..r ____ OalJ _ "' ..... 1M ~_: 

~" " ... .. -.... - ' . 
.. + I.". I " r :;.'izIf(l.I,J, 
.. + " _ .. + I + r::.:;.' w(I,,"). 

If,. I. It- tbo Ii- _ lIN .. ooIutK>a tor ' ,. 0."'" 0:5' 10 ft ·1 . ... d ' .. , .m_ ... 
Aoo ...... hot l:S ' " '" _ft + l:S ft . 10 ,b,io <aM .... a. .... _ I", •• ,··· •••• ,j d 

{O.··' ."-lj ........ _ ...... tlo<li_~ ...... 001.""",," ie, • ... •• ,., • I. 
,. .. 0 " bm; E {O" .. , " - I)W, ,; .... · .;,.,). 
Lo< 1 < , < wI" .... ·" + Ij . ...., io Ihi • .-. .. a.o. .. _ I.,.",'" _ ••• ,j of 
{G,,·· ... - 2). n.. Ii- .,...... will h ..... ooIu,- "" t' .. , (_,, __ ,. tor 
1' .. 1+ lI b!' ~", ....... "., " 1.1,.,,, .. - . -{1-11." . Gwben 
; E (a. ··· ... -11\1. ,, ;,. ··· .• ,.,1 (.--.ell""". ie, • .•. • 1 •. , _I . " _ O .. ben 
; E \0. .... .. _ 21\1i, .••. ··· .".,J ....! ~., .. '" _ .. _ ll_ I)~ 0 

n.. pol 01. .. .,.·;· :oc "'" d thio _ io "' ...... IbN . .. tor the ~ 
.... Ior..do .. 2: I ...dlor _. -..bor-o .. ___ I:S ~:s 210. I. u.. _ ... ia.."..,t 

....... D ............ din(.D) ..... otmo(lm(.DJl .... """ iM(Dl " D\XI 

-



• 

w. ot&rt ~.bioI~. io< " .. \ . U h .. 2 . .,... ""'1 0j>pIy P""!,,,*b"G n 
';,h ..... Z and , .. I. n.. ~ ..-plo .. "",*,- II>< "... h .. 3. 

Eumplot S.3, Ex_pie or \ _di.-.i.....! """""" D ""'" that dim(h1~ D)) .. 3 ""d 

InI(D)" DIXI· 
t... t be • bit< Wd. W. _ .., oIs<brw cloour< 01' t by K . Lot> U. V be ''''' 
~ ... "... K, II! ,be ".;,.;poj idoa! _. A ,. K(U)!V] ... oorotido< , ... 
m";mol i<\Hh Al, ,. (V). M, ". (V - I)"'; tho "IU!tip~ ... b~1 ~ _ 5 ,. 
K{UIIVJ\{M,UM.). Tb<mn;m,1 i<ln.bdtbopri:>cipod idoa! ~ T ". 5·'A or< 

M' :_ S-'M, NOd M" ,. S-'M, . Ld J(T) :. M' n M"..,d lei., : T _ TIJ(T) ill 

K (U) • K(U) ....... <>"","eol pn>jooctX>o>. W. """ ~.ho ~ pull~ 
di ........ 0( , • .-. .... 1 ~ 

1 1 
• T _ K (U) • AWl. 

By p<><nl propon;." or~. D" al·d;.,. .1 oomilo.:01 """"""" .... u. ,..., 
n>,,.;.,,lid.lo N' ,. M'nD udN" :_ M" OD,RICh,hat DIN' ill t N>d DIN"" ,,-, 
~. D~. (....,.etloo/J. D".) io. PVD .. th .....;.«d ....... ,"'" dom.oiD Tw' 
( .... pec<iYOly, r M.). Thorriorc 

dimJDI .. .... p{dit=.(D,.. )."""",(D,,.)} .. 

.. lup{dim(T ... ) + L.d .• (K(U)): dim(T.,-) + l.c1.K(K (U))) .. f 
H"","" dim(InI(D)):S dim.(IDt(D)):S dim.(D)" I .. 3. 
M_, Ii"", DIN" " K io iahil< ""d '_d.,,(K(U)):> 0, _ .... DN· IXI Ii: 

Int(D),," Ii: IA«D".) _ ll",· [X j on<! dim(D". IXj)" 3. From ,ho ~ eoaM
en'''''''''' d<duce ,ho, di>D(u.t(D)) .. 3. to otd.t .. _ilw ",,(D ) .;. DjXI .... 
ocouider u..;<IooJ J(T) whicb ". """m .... ideo! '" D .. d T whicb " p<i<lcipol ill T. 
k<. E T NCb ,b.ot J(n . ,T. 1'""' .... "'_ .. ( .. _ 0.--- '''.J inhdo D .uclt 
u..., ,b,o;r caDO<Iieol=-d<o«ibou..bite6dd~. POd .. tI<mo<o,. E N"\~" , .... 
z, /, f D_ If ... "",,<door leX) ,. (z' /,)( X(X -.,) '" (X -.,))' ,...,.. leX ) t DIXI. 
"'_. lot ncb d € D, tb=_;, 0::; j:S; t .. do tha, (~ _"') EN'. '!h.nfun. 
f(~ € (r /,w" '- (N" N' )/, _ J(Tf /, • Jen c: D. ""'''' l eX ) E J." I D)_ 

w ..... ...,.. rotIdy to ...- ."" ...... f'OtII!. '" tI, .. _;.",. 

Tit ...... ", 3.'. z..." 2; I. lOr <Iclt~. ,.;t!l" -+ 1 ::; ~ ::; 2" -+ 1, 1.0.,.. ...... .., 
;".'f"l domoiu D tueb ..... dim(D) _ n. dim(h>I(D)) _~, .. d J.,.(D) ;I DjXJ. 

p"",r. If h _ " -+ I ....... PVD .,.;,~ ~ (<>;tj _ (",0) and fini .. nold"" 
60Id _ tho ... ,_. L<t n -+ 1 < h S 200. If ... ob '" 2; ~ _1 ODd, _ ~_n 

-



10 PropooIu.. !.2, _ "'"" boI. I0<.oI (1"'- IYD) """'"'" _;,.tylq Iloe •• 1 L I, 
......... '" _1IM ...... :z.. ... 1. 
Toloo 11 .. be oqIlAI ...... l.di ;"'" _' ..... tlooat.oIa D ., ocI III tnm"" 
:u. Sot, "" XIV, V) <lMq .... lIoId of 11. 1,. _cIi5cWt .. _. '-'YD 

1', wiLlI dIm(T') .. ~ - I IMC! dim,,(T) ~ :z.. - 2), .... u... diIlO(T\X]) .. 2(11 _ I) .. I 
ODd <1M ........ 1ootW of l' io Ito ..... im·1 XIooiIII;' ~ .. F. Lot .. : 1' ... F 
be <1M "'Mitt' pnjonlx <uooI • D "" .. "(ll:~ 8)r _ .......... ;, • ...,. .. 
_ u... M 10 • primo ~ of D, D Ol .. 1', .. DIM" 11. ~ lAmaa 

11 ,.- d1.(1tta(D)) - diIlO(l'\X]) - I ... 4iaolbtolR)) .-;Ut IDt{D ) " DIX} ( ..... 
laI(R)" RIX\), no ~ im ..... i".,. __ tIla(1'1X]l _:z.. - I ud 
q llDt(R)) _ :L Wt _ ... that di.D,,(DJ .. dim,(:r1.,..dim,, (R ) ~ :z.. _ 2 H .. :z..: 
thio 10 .. -..y CIIIIIdIc.iooI b bmI!c dUnl!ac{D)) .. :z.. ... I. 0 

, . 1 ........ ·woJued pol)"1ll>mWa "" ... ub ... 

Lot D be ..., ...... 0.1 -.. "iUt quo""" !oJd K O:ad E .. _P'1 .. _ 
of X. I'oIIowmc fC(J. _ dobo u.. rin& of .......... ht:Od po/) 10,10 _ E .. be 

IDt{E.Dl =-IUX) , KIXI : I (E} I:; D}. W • ......u 110", 1tta(6 . D) ...,. be 1qIII:I .. 

DIo.--.l-. fW'",'_ iftheia1ctoldotttroofDiobi..,.. 'ocI ..... 
D. "'- D .. 1Dt(]!:, D) it NOd ....,. if E io ...... ~ ... _ of D ~<, L:ommt. 
2.01 { ....... ~ .-.ldfm-# 011 of D If Eio _._of X AIId a I:; D Jot_ 
-... e D }. cw- hoo •• bI.ioIlId io 1C4] ___ of <IM";- IdotoJo 

oflal{E.D), Ho oJoo ~ tbot dim(D) ~ dim(bl(E.D)) S dim,,(D) ~). 0:Ild It, 
io. oddi .... , E 10 ~_ 1 I .... dim(D ) _ I ~ d;m{ .... IE.D) S dim,,{D) .. I IC'-
I':t; Ie ... U O:ad 00ntIlIlr): 1.4]. '" thio __ ""'"" ohio aMr. Io~. 
- _ lito ~ dj of ",,-/£ ,0 ) "bat E 10 .. hctirlooal .. _ of D 
ud, .... -..que-. ... _ [CI,. CaralIory 1.4). Wt tam ........... 1.lto caM ill 
.. bid. £ ;. bit&. 

Lemma U, LoIO ... "'w...-l; ...... ".f~/W4X _,. _li...:_""'" 
. IX . 1'I>...: 

(0) di.oI(IDt(E.O)) .. I .. d1m.(D) 

(b) <llal.11DIl£.D» _ I ... dim,, (0) 
Ie) D it. Jo,ffm"""'." oM ooIJ" .. ioIDt{E.D). 

P......t. Lot.E .1.1. ioOMily_ lbaIlor.({o],D) _ D.- IX -.)KIX). 11-. 
IDt{Jr, D) .. "".Iat({o), 0 ) - "".-(D+ IX -o)XIX]). Lot , "" n...(X -.)KIX~ 
.......... D.' c Io«E. D) c XIX) ohare lito XIooiI/ . Io~. Io«E, DJll .. 

B =- n...D, ODd clia(B) .. 6DID). s;..,. dialXIXl!l)" D, fr-. ]CIt "'" po;. 
( .. l boIcIo ...... "- {I'lKl. I--. U ), (b) alld (e) 10li0-, C 

-



P ""pooil ioa 4.2. Ld D b.. on, inoevoi """""" ot qtlOl;"', Ii<Ul It." ... J E • 
~oi",_ ot D. n,.", 

(aJ dim.(InI(E . DJ) .. dim,,(D) + 1 
(II) D .. a Jalfud do:im&d jJ ""d "'"1 jJ Inl(E.D) ;. a Jalfud dcm&ia &.lid 

o.;""I<>t(E. D») .. dlm(D) + 1. 

p "" .. r. (aJ Slace E io .tn.:tioa&lide.l.lhcro _ d" D ouch IIw dE <; D. H"" .. 
......... \he ~ ",d~, 

D[a[ <; "'t{E .D) , J:>t{F.D) <; K[X] • 

.. h<ro F io ...,.wl< •••••• 01 E. ~. 
dinl..{D) + 1 .. <fun..(.In.( F. D)) :s dlm.(""(E. DJ) :s ,"m.(D!dXj) .. dim.( DI + 1. 
(b) All""'" ..... InI(E. D) io • JaH>«I domoia with dim(.Int(E, DJ) .. dim( D) + 1. 

f,_ (.) it IoIlowo .Iw dim(D ) .. dlm.(D), 00 .11&1 Dis. J..tlard <Iom&.n. Tbe 
___ it • """""ion<ud ""'""'I""""" ot (a ). Cl 

It io -n """""" IIw dim(DlX]) - I S dim(.In'(D)) [C3. Proporiu... l.4]. If A <; B 
is "'" ~ "" InIeJnll dem·jn .... ~ ,Iw tho ..,... ~.,. IooIdo fo, 
[(B. A ) (Theo<em 1.10). s.. ... ""'T uk ",h<ther . rimil&< in<quali., do,.. hold fo, 

Int(E . D ) .. bore E io & "'_ "" \be quo<)eat Ii<ld ot D. N",. r..-pJo 4.4 PY'lO & 

Mptl ....... _ to .m. ...... ti<oo. 

Remm 4.3. If E isjaot & """' _1>'y .. "" "" K. tbe equali.y in Propooit"'" U 
(a) do.. _ bold In~. _. ito....,. cue. "" bo..., 

(4.1) 

,lace from ,he in<luIOooI D , 1000E.D) <; K IX] ... CI.O dod."" th .. 
dim.(.Int( E . D» :S <fun..(D) + '.d.D(lnt(E .D)) P. IV Propooitioo.~] ond [G . n.... 
.,...... 'lIt 7] . n.e ~"""''1 (u ) mo.r II< ,ui<!. ............. E io a D·lUbmoduJ. of 1,; 
lot .... 1.&AOt, if D .. Z .. d E • S-'Z for """" mul'i~..., rot.. S of Z. ,hee 
J:>o(S-'Z, Z) .. Z [Me. Lemma 2.0): .hUII o.;",. (Ia</S-' Z . Z» .. dim.(Z) .. 1. 

~mplo 4.4. Ld ~ be.li<ld....d X. Y. Z ... d W four j • .......,.." .... ....,. ~ Set 
V, , .. k{X ) + Yk{X)[YlIn" «X ) + M

"
• 

D" .. ~ ... M" 
V, . 1"(Z)+ WF(Z)IWJcW)" Fl Z) + M ... t...e F ,_ G.f~D,) " «X. rl. ",d 
D, .. D, + )/. 
Th<o. l", ood V oro ......... ..J_ demain, . ood b!' _mu....n _'101 of D.;. 

M «ao'n><Uou. D, owl D .... _j~y of dill""';",, I ODd 2 (d. IABDfK I .. d 

-



~~_"_. _="o..o""""_'oI) ., '. 
[BGJ ~ Monc:ooa . dOao(o,lXll .. J ..,. (RBI, ..... '-";O\X]) .. dim(V)..-dimlD, ~\1)+ 

illfjl.wI. ... (FtZ)} .. 'b!' )ABDFk,CaroituyU). l.ioIIowothol4im(D\X] I- l .. 4 
a-, ;! E io. I=i ........ ot q.L(D ). U- "" Lom... U d;m(Im/ E.DIl .. 
NoID) + 1 .. S < t . 50 tIw tbe iMq...G'l' diao(D1X1l - I :s dico(W(E. DI biJo to .-
lAm .... 4 .~. Loo D 1Io .. .....,.......u. A<It .... DlXI- \a1(D). Lt< b," ... <lit 
.,..otiooo. MId of D' .... I .. JdooJ of D ..... ,/>&. D/ I it..e. 4ai .. 6cId. n-. 

(oj , ... _-..p<iaci,w~~o.D "'D. 
bl(o.D,D) .. DIX/.j _ bl(oD,I) .. I1X/ oj. 

(b) ''''_ --..D· .. bmodulo E of K. Jot E" :_ E\{G) ......... 

DjX{ £"1 , .. " •• ,. DlX /0). ..,d IIX! E'J :_ n.u·I[XI.~ 

n_ 
lnt{E,D) .. DIX/E' ), \nI(E.I) _1(X/ S'). 

I leD) !i: D .. f (aX) " Iat(D) .. OIXI_/IX ) " f(.x{. ) E DlXl o). 

It io _ Ihu lj.X/-l , bt(ooD, l}. Leo. I{X ) E hll(oD. n 'Ibm,;" put;culot. 
f IX) Ii ho«aD.DI " DlXloJ. nn. r{X ) :- ' (&X l E DIX)r\t..t(D.n If .... .." - "" 
tho ---"*' ...... ":Xl .. ] (&.f) E (D/l)!X1 tboo. fiX ) .. 0 ~ DII ;. inSai", 
ODd J{DIl) .. 0. H-.!loX) E 1\Xl. '"'-" fI X ) E 1[X14 

fbI SiDco Iu(E,D} .. "'o""lao{aD. D) _Im(E.l)'" n...,.lm(aD.n tho: .....
eJ.-.. IoIIowt hm M 0 
Pro_ioloo. 4 .•. 1.ooTbt .... ....., ....... I.--....,..,<JfT.y T _ T/ l 
<be "" _,;-.. _ ... _ .. fold.u..fdod;" TI l . Sot D ,. ,,-'Ci ) 

."d K .. • . I~D" Lee I;' bt. D ... 1ooDooIWo 01 K nd tloaI ET ;". priarip.lT--.J<. 
... Ilo ET •• T h _. f 1;' • .uo- D\Xl- bl{D). 11000 

dQlbI(l;'. DJ) S iDl ldim(T\Xl) .;. l.dimCDlXI) .. 1.dim(IDI{T)) .. I) . 

P roof. Wilbout 1000 of. ~\1" IDOl' _ tlw. I;' ~ O. ""- Ibt ....... ",a. 

_from ........... 4.S .... ..., 

-



11>1(£. I) • n.. ... /lX/-I j J"t(£T.I) j /IX/o~ 

~ !ao(£.1) • 1M(ET. I) .. 11.1'/ 0] ... ___ of Ial( E. DI ..... 
Ial(ET. T). ~ IboWloonq~ol .. _ic. J ! , ' ;_ '" paIlbod 

Ial(E, D) - 1Ao(£ ,DJlllXl ol 

I I 
DlXI. j - (DlllIX I.j ," . jX/<) 

I I 
TIX/oj - (TII)!X/oj 

I I 
IDI(ET.1') - hl<{ET.T)JllXl o]. 

l.Iuooo il . _ _ IhoI l ill D/ r , 11>1(£. Dl/lIx /ol' lIXl ol- 5;0 .. . .<I •• (lI.1'/. U • 
I ..... IIXf ' ] ... ,.... w.J of DlX/oi ODd IaI(l', D). _ """
clim(Im(E.DII /lXloIl :s I (d. [C . n-- 10.1 ..... 31UI~ Br tel. CoooIJoj,., 
1. po. 5IIIJ _ » .. 

dim(Im(E . D» :s clU.(D(X/ .n ... diaJ(lIII( E. D)/l(Xlo]) :!O clim(D[X/. 11 .. L 

clim(h>I( E, D) :!O <bIIT!x/ on + clim(lIII( E. D)/ l1X/.j l :!O clim(TlXlo)1 • I 

dim(lIIl(£ . D)) :s clim(lIII(ET.1') + dim(1oI(E ,D)I11X/on :!O dim(h>14 £T. T )) ... L 

The «IQCluoiooo 6>IIowo lmmodi.,dT n:OI DlXI<) '" 1>1.1'1 . 1'1X/_j '" T]XI . .uu! 
",,(oT.T),"lII.(T). D 

eo..,1laty '.7. 1.0< D "". PVIl...;u, ~im' IJoId I.' >Ad E. D."'bmod .... ol" 
A.uumo IAAo Ibo ..n....;."" -"-4 "=;"117 ...... oood 10 D .. . dio<t.oJ • ...w.. .... 
-..._It-

4idI(\oi(£ . D)) :s dUa(DiXl) :!O 4i00(D) .;. 1. 

P roof, Lot M be Ibo "";,"' ioIoaI of D. V ,. (M ; M ). ,, ;_ DI M ..... • •• 
VI M . D" • .d. .. (l ) .. 0. ..... D ;' . H li ';Mt! 1-.:1 cIomaia. Br ~ u . 
dim.(1oI( £ .D)) :!O d;.,.(Dl + I · clim( D) + I • diaoIDlx]~ 
If •. 000 .. (l ) > G. D ;' . I" _.I ....... ,.;u, dlm(DiXJ ) • dita(Dl . 2 [KRI. 
Br P...,...."'" U dial(1oI(£. D) :s dlo>( Vlx n .. I .. dim( V) .. 2 .. clim(D) ... 2 .. 
c!im(D]X))_ a 

-



Net, pol;' Lo ohow ,Iw. ~ 4.1 boIdo ia _ ~roonl COIL_' I •• 1-.......... 
"" 00ftl' IW ... mm " PV D~ 

!.oK D bt.., ia ...... ~"';L.b ~_ ..... r.-.. I.' u.d S ___ 1 .. _ <If 

I." .. 1.'\(01 r .. -.do idoooI/,. D _ ~ L.bo _"_ iauod_ ilL t-.... U -..... ' 
11K/ 51 ,. n .. s1lK/>I. 

1.00"'.... .... wI D 1>0. ""'"' -.. -...I ,......, 1-<U I.'. S ..... .... ,,, ..... , 
of ,e ~/ ..... ..r .,D. 

I. ) bL(SD.1) -Iat{U .. uD.1) _ n .... IfoL(.D. /~ 

A . ..... , OR MOor-, .... , bI(D) .. D(X]. no. 
(bIIfoL( SD,D) _ D(Xf51 .... !m(SD . lI _ I1X/51 .......... D/ I .. , •• b" •. 

P roof. (0) h io ~ 1I:w. "" ee<h idull <i. D 

bI(SD.I) ,. IDt(U .... D.1) .. n ••• !oI(.D, II. 

r .. .. """ ........ leIl E K[X]. 5 ...... D .. • • ...".,;.",.-ualar ___ /If Ii' MulD). 
_h.~ 

- /1( . ,,"" . • , ).D .. ) ,. t .. , .... 2 I, "' \ _" , ..... )' s . ... U E IoI"",D ) 

_ / I.D .. ),. J .. . .... E SD ...... U f; Mu(D) _/{SD ),. , 

(b) rou.- &am (. ) """ t..mm..U. 0 

1.00", .... t .t. W, D 1>0 •• 1 ... , ............. tN, ..... Ji.tll I.'. E . ........ D. 
' ...... 010 .11." .... P. , ..... iUo/ .1 D ...... _ DI P .. 'Y"''', n ... 

'-I PlXI E' ) .. IDt(E. P ) n D[Xf f"""J .. . "... • .. .001 ., D(XI E-] 
(b) oI"'III(D) < 00, ...... 14< ........... 1.",",. Ii' E" , 0<4 ,1001 

PIX/G] n D]XI E' ] _ PIXIE"]. 

ror L.bo _ _ • __ DI P io "","Ie. b,- L.bo .................... "' .... pr-oaI <i. .......... 
Ui { . ), .. booe lor M<b . Ii' E' 

-



Si_ D ... _, domain, lot _ !iDitoly __ D· .. bmoduk [ _ (ft

/, . . /. )D ot J.: . <I><r< <XiII< / E [ oueO ,bat F _ / D. 10 ,h .. : 

PIX; !,") _ lnt(F,p)n Dlx/!'"I* In'(lD,p)n Dlxlll - Pj.tlll · 

I.ot i boo the ... ot of) tmi .. ly...,.....od D .... I>nIodul.. ot £. 
SiD" lno.(£.P) _ n".ln~F. P). DlXI l"' j _ n,.,D[xlrj . ..... PjxIC"j _ 
n, .. Pjx/ r l, ,1= 

PIX/ E"I_ In,(E,p)n DIXI E" ]. 

N ... _ obow ,b .. PIXI l"' j io • prim< idool d DIXIE"j 
.... ", 8 E DIX/ e-JlptXIt'I. Thoft ..... [( a ),F(e ) E a- .. eO , bat " E 
D[XI E"]V'IX/F(" j"]. 8 E DlXIE" II PjXI F{81" ]. Sot F( .. ) + F(8) _, F _ID. lot 
__ f E [. n- ".8 E Dlx/ r l\Plx / r )_ D[XllllptXI!I. b<not ,,~ « PIXIII 
...".{ ,,6 E DlX/ l"'J\P!X/ E"]. 

(b) Si_ • Snite dim",,",,,,,1 _, dom.oio. '" a Jollotd dom.oio L-ui D, '" 
• ooIuat;'" dom.oio.. from ,1>0 iDcloaioo» D, <;; DlXIE"I, <;; !n,(E,D), wt ~ 

diao(D[XI E"I ,) S <lia!(D,) + 1 (Romotk 4.J). 
, rot _ ~ E E" """{Ior_ " E lID • .., ba"" PIXI l"'] <;; P{X/a]nDlXIE"] <;; p._ 

{/ E DIX/ E"I ' 1(,,) E Pj. Noti« ,hat p. :_ (P + (X - ,, )J.:IXJ ) n DlXt E"] ... 
~ H!.aI d D[X/ E") ""d i, '" • m"Um "1 Hloal abo>.. P. !n Io<t. "'"'" ''''' pro;":'~ 
. : DlX/f" ) - D/ P. f _ f (aX_P) . ... ha .. ,bat DIXI E"I/P," DIP lboins 
Io:r(. ) - p. ). 

N"". "' PIXI_] n DIXIE"] <;; P .. "" """"" E lID, ... «<><Iw>c ,hat PI.l:I£") _ 
PIX/ . j n DIXIE"]; otho<wio< ... -..kI b.Y< • 011..., ot prim< id<-ab ot D,IX! E"I 
~ ,two cIi«(D,)+ I . 
.... ..... _ . .... boo _....,.. til .. lor _. E E". &<>d lot _h" E oD. PIX/a)n 
DIX/E") _ p •. N.,.... O E lID fot ~ ~ E E", 10 ,hat p. _ Po _ P_ ""_ 
".8 E E. sm.. PjXI E"! _ n.'E'" (ptXloi n DlxIE'j) " n..rP,. i. bold. ,ba, 
PIXIE") • PlX/ . j n DlXIt' I_ P, lot .".,., ~ E t' aM " E E. 0 

TM.> .. m 4.10. .... T be. Sni .. dim~ so-,. -.... ".;,11 quo< .... , 6.ld 
1>. Q • prim. idoa/ 01 T . ~ • 5eJd .".,ai".,! io TIQ ... d " ' T _ T/ Q ,be <~<a1 
_joe''''' Sot D: .. ,, -'{~). ,u,..".. ...... DIXI- l~o.(D) /'or _ D .. "bmodtik [ 
01,.:, 

diao(1ot(E.D» S dim(T) + 2. 

M~. i/ Q ;, _01;" 1 '" i/~d .• (T/Q) _ o. u.... 

cm..;!nt(E,D» s: dim( D/X]). 

-



p ..,or. w. _. ,b .. In« O. D) _ D+X A"IXI . II .. "" dim(hI«O. D )) _ dim(D )+ 1 S 

dim(D]Xll S dim(1'!XII + dim(IIXj) .. dim(T) + 2. ",;;tbao., .... '" ~.w'1 . .... 
"'"'"' ... ""'" <hOi £ i • ...,.....,." k io infu.i .. (,,;no< lno.(D) _ D[X[, [C3. !.cmm& 3.11) 
.ad ,..." TI Q io oloo inliDi ... I, io ..... , to ... that Q .. . lD&Ximal ideal of D. By 

r..",,,,. 4.5 we ..... 

hI,(£ , T) ;/ lnt(ET, T) - n.o~' tnt(aT. T) ;/ "'01:" 1'!Xl o) - 71XI E"I. 

lnt(E . (I) ;/ Int(ET. Q) _ n..,1:" hll{aT. (I) ;/ I"I"I:"(I]X/ . ) _ QjX/ E'). 

II"""" 10« £. Q) _ hlt(ET. (I) _ QIXI E"I. B1 Lomma U . lor ...:b • ~ E" . 

QjX/ E'j _ QjX/ ol n TIXI E"I _ Q[X/_j 1"1 D[Xf E" j. 

lzlt(E .D) .. D!X/C' ! _ DlXfE"lIQ[X/ E"I ill ~lX/£") 

j j 
T\Xf E'" ] _ 1'!X/ E" I/Q[X/ E"):II (T/Q)[XI E") 

! j 
Iot(ET,T ) l~t( ET. T)/QIXI £"'1 

Sino< k " DI Q 0; DIX/E'! /QIX/£' !l: D[X/ollQlXl a) " . [X/_j, tho=> 
dim(DlX/C' IIQ[XI C' I) S 1 (et proal of Propooitiolo U ). 

~. by le i . Cor<.I!airc 1, p. Wli and ~k • . 3 dimtlzltj E.D )1 ::: 
<Iim(tntjET. T )) + dim(DIXI £"' )!Q[XI C' I) S dim(lzlt(ET. T )) + I ::: dim(T) + ~. 
1'1_ , .... if t .4 .• (TI Q) _ 0, ibeo. D io • JolI'ord dom.u.. B1 ~k U . 
dim(lzlt( £ , D ) S dUn(D) + I .. dim(DIX ]). 
UQ I,. "',..;-.) iduJ ofT. ,bon dim(D) _ dim(T); ""d if D io ""'. JaIf.,d <Iom&in 
(i .•. ,.d. .(TI Q) ,. I ). !her. dim(DjXj) ,. dim(D) + 1 _ d;m(T ) + l. 0 

Con>Uary 4. 11 . 1..< V be. finite ~o/ ..;,..tioG domaiQ "';,b quo/ j.." lidd 

A" and ..,.;d .... liekl k(V ). 1..< .. , V - k(V) bot tb< ca.o""ieoJ ptO~;"'" Lot • be on 
i<tfu;;u ,ublidd of k( V) aruI D ,_ '" " (k). For eAdt D .... !m.odaI. E '" 1-:. we ba .. 

dim(lnt( £. Dj) ::: dim(D[XlJ S d;m(D) + 2 



-
p ..... r. 5;_ D ... PVD .,.;:,h .. j..s,,; .. ,...;d .. fidd Ir. , ..... D[X] _ Io.IID ). n.. 
_d"';"" tt.Ila.to _ ~ 4.1Q. 0 

In.be .j.u ..... '" u.. ~ e=>Il&ry, if Ir C k(V ) io. rm; .. ~ of Sola. 
."d £ io "'" • frt.:Iicc&l ....... 01 D • ..... Io.~ £, DJ .. D iMe. l..ermn. 2.0), "" ,ha, 
dim(lnl(£, D)) .. <lm>(DJ. 

Ouuocu,.v 
("AI] 0_0_ A"DUSON . '>.O AND!UO~· )4 , Ufl U1.lJIl. R_ .. _ I>{J(I .... ",(x/. 

ft_J . ..... , " {'OO'). , .. , .. 
(AD) D_' A~Dt""""· D_t. OOPS. '_ ./-.. _ ... ..... . _....,., C_od , ..... 

" (''''), ''''''''. 
(A'lIflQ D-f. A"D~MON . A. a<)lIVIU· D_t_ OOtlS· II , roJ<TA.~A . , .... 8U,. "" 

loti"'" _. "'po . ...... . 11_1. , ..... tTI 

("'I t _ IUSTIDA - II. "' ....... 11. """"'- ................... 01 '" _ t>.-II, "~'"'" .... ~ 
'- .. I'on). _ . 

(ell P."'. CJ,.~t.~, C ....... '" ___ ....... "'""- ...... " (''''1, ........ " . 
fC» P." . C .. lU<, C ___ I. I. D" _ .. '040"' ..... , ...... 04 1'''''. ''''Hl 
tal P."' . e ARtH, __ 40"_ ... ,..,..,.. .. ....... _ , It __ ..... . " 

11 ... ) ........ 0. 
(C<), .. j.CAHtN , .....,... ...... , , ' , .. d _ • ..--" ..... ............ .... ", ,, ... ), 

OJ ....... 
fOq P."" . C AUl< . '_I- CRA.EAT. C __ ., ....... 1 100 _ ...... ........ .. 

1"'Tl). _· 
fClI] ,..J_CAUN . Y. IlAOUAT , ' .......... . ............... ___ ......... '""'~ .. .. _ ..... ··, ('_1 ..... .. 
(CIo ' 1 J,'. CKUERT. A_""-'" -'-' _ .. _ .. .. ' ..... a ••. "" 

...... _ .. (,,'1) . ......... 
(CUll, • . CKAItItl" . ... _...-.... .. /. __ ", __ .......... _ •• , "_ 

A ...... It'""'- _ 1_ P'''). tn-... 
(CUll, • . CIIUPl". V. _ .. ""'1-, J . ..,..... ,.., 11"7). '.,", 
(OT'I 0 .1. oon! . ... 101fT" '''. u __ .. • .. ~ ....,. ..... -. a .... A"""" ........... (, ... ,.-.... 
(0"10.1.00.&1 .... I"OI<T"~ ". '" ~. _ ... ' .... .., ... " .... ,.." •. __ .. _ .......... ,....... ....C ........... !I.ri . .......... (, ... ), 'H'. 
lOTI<! O.! . ooe85 · .. . 1O ...... ~ .. . S. H AMJ, 0...0 -. of Jo/Jonl"-,- .... $._ . 

0.-....... Ua. , . '" ...... ( '000) •• U--,,,, 
(Fl) It. 1O ...... H .. , 1' ; '. '~ ___ ' ...... ,, __ ..... ' AoL ..... P", . ..... ' l l> 

I' ... ). ·" .... 
IP'>l It. ro..,. .. N .. , C ..... -"'-' " _ ......... _ ...... 00<>< . .. ... . c ... ,_ 

,· u ... "" .... · (" I " roNTAB ... _ ........ -. . '_'-.. ,_, _ , .... , ..... ;,_., ;, .. ", ,,... .... 
I"!K'I W. roJ<TANA _ I. =,""UE - S. K .. SBAJ .... ""..." ____ 'f"" "- ./ 

... _ A • .... l ... ~ ...... , .. C r _ "'"- _ .. ;-,. .... ~., 1.0<,,,", .~ .... ,~ 
..... ' ..... " .. _ o.u.. , .. (''''1, Ill·''', 

{P!K'l II. ro""ANA _ I. =,""UE. S. KARBAJ, __ ...................... ''''~ ''' _ 
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