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ABSTRACT : For each positive integer n, the notions of an n-coherent module and an n

coherent (commutative) ring arc introduced, with the n=l cases corresponding to the classical 

meanings of "coherence)). -Results are developed for various pullback contexts (the context of 

Greenberg and the classical D+M-constructions) in which coherence has been studied earlier. 

1 INTRODUCTION 

All rings considered below are commutative with unit, and all modules are unital. 
If n is a nonnegative integer, we say that an R-module M is n-presented if there 
is an exact sequence Fn ---> Fn-l ---> •.. ---> Fo ---> M ---> 0 of R-modules in which 
each Fi is finitely generated and free. (Our usage follows [4J; in [12], such M is 
said to "have a finite n-presentation".) In particular, "O-presented" means finitely 
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generated and "I-presented" means finitely presented. Following [1], we let A(M) = 
AH(M) = sup{n/ M is an n-presented R-module}, so that 0 :S A(M) :S 00; the 
properties of the function A are recalled in Lemma2.2. Classically, the "n-presented 
concept allows both ideal-theoretic and module-theoretic approaches to coherent 
rings. Indeed (cf. [1], p.63, ExerciseI2), a ring R is coherent if and only if each 
finitely generated ideal of R is finitely presented; equivalently, if and only if each 
finitely presented R-module is 2-presented. Accordingly, as explained below, we 
use the A-function to introduce both ideal and module theoretic approaches to 
"n-coherence') for any positive integer n. For background on coherence, we refer 
the reader to [8J. We also assume some familiarity with the studies of coherent 
rings in various pullback contexts ([7],[5],[3]); as well as with the (n, d)-properties 
introduced recently in [4J. 

Let n be a positive integer. We say that R is n-coherent (as a ring) if each 
(n -I)-presented ideal of R is n-presented; and that R is a strong n-coherent ring 
if each n-presented R-module is (n + I)-presented. (This terminology is not the 
same as that of [4J, where Costa's "n-coherence" is our "strong n-coherence" ; nor 
is Our usage that of "r-coherence"mentioned in ([12], p.90)) 

Thus, the I-coherent rings are just the coherent rings. Strong n-coherence 
arose naturally in Costa's study [4J of the (n, d)-properties. In general, any strong 
n-coherent ring is n-coherent (by, for instance, the version of Schanuel's Lemma 
in ([12], p.89). The converse holds if n = 1 (by the result ([1], p.63, ExerciseI2) 
cited earlier), but it is an open question for n 2: 2. Notice that each Bezout (for 
instance, valuation) domain R is n-coherent for each n 2: 1; indeed, each (n -1)
presented ideal of R is principal and hence infinitely-presented (in the obvious 
sense). Moreover, each Noetherian ring is n-coherent for any n 2: 1. 

Section 2 begins, more generally, by defining n-coherent modules for each 
integer n 2: 1. As one might expect, the I-coherent modules are just the "coherent 
modules" in the sense of [IJ; and a ring R is an n-coherent ring if and only if R is 
an n-coherent R-module. Several results on transfer of n-coherence are developed 
in section 2, and these are used in section 3 to develop examples of n-coherent rings 
(and, more generally, to study associated properties) in the two pullback contexts 
cited above. . 

2 N-COHERENCE 

If R is a ring and n is a positive integer, we say that an R-module M is an n
coherent module if Mis n-presented and each (n - I)-presented submodule of M 
is n-presented. It follows from [I,p.62J that the I-coherent modules are just the 
"coherent modules", in the sense of [IJ. 

It will be helpful to isolate the following elementary result. 
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. and let n be a positive integer. Then each 
REMARK 2.1 Let R be a rmg h t R-module is itself an n-coherent 
(n - I)-presented submodule of an n-co eren 
R-module. 

. some behavior of A . For reference purposes, we summarIze 

. b . dIet 0 ---> P ---> N ---> LEMMA 2.2([1, p.61, Exercise 6]) ·Let Rea nng an 
M ---> 0 be an exact sequence of R modules. Then: 
a) A(N) 2: inf{).(P), A(M)}. 
b) A(M) 2:inf{).(N),A(P)+I}. 
c) A(P) 2: inf{A(N), A(M) - I}. 
d) If N = P fB M then A(N) = mf{).(M), A(P)}. 

l OP u N~M--->Obeanexact THEOREM 2.3 Let R be a ring and et ---> ---> 

sequence of R-modules. an n-coherent module, then M is an n-coherent 1) If A(P) 2: n - 1 and N is . 

module. . h t dule then P is an n-coherent module. 2) If A(M) 2: nand N is an n-co eren. mo , 

N . . t d' therefore, M is n-presented 
Proof :1) Pis (n -I)-presented an~ ISI)-Ples:~t:d 'submodule of M. Then the 
by Lemma 2.2(b). Let M, ~e a_~ n - .iP: ---> 0 shows that A(v-'(M,)) 2: 
exact sequence: 0 ---> P ---> v (M

,
) . A( -l(M)) > n since 

inf{A(P), A(M,)} 2:. n - Ih(LemtmWae2c·~~~~~:h~rye~:~m~ ~.2(b),\hat A(M, ) 2: 
-l(M ) C Nand N IS n-co eren . , v l_ 

inf{).(v-'(M
,
)), A(P) + I} 2: n. t d' th refore P is (n _ I)-presented by 

Lem~~ 2~(0~~~r;(: ~01~_;;!:~t:~ :ubmo~ule of an ~-coherent module is an 
n-coherent module by Remark 2.1; therefore, P IS n-cohel ent. 

I M ~ M ~ Mz ---> 
THEOREM 2.4 Let m 2: n befPositihve in:ej{:~o::~es~tTh~n Im(~i)' Ker(ui) 
~ M be an exact sequence 0 n-co eren . 

~~d Coker(ui) are n-coherent R-modules for each 2 = 1,2, ... , m. 

u ~ th sertion for m = n. Let Mo ~ M, ~ M2 ---> ... 
Proof: It suffices to prove e as R dIs We then have exact sequences : Mn be an exact sequence of n-coherent -IDa u e . 

0---> Ker(ul) ---> Mo ---> I)m(u
M
,
) ---> OJ (u. ) ---> 0 for each i = 1, ... , n _ 1, and 

O.------t Im(ui) = K er{ui+l ---t i ---t m t+l ) 

0---> Im(un) ---> Mn ---> Coker(un ) ---> 0:.. nerated (for Mo is n-coherent); 
Im(ul) is finitely generated since Mo IS fi~'tely ge n lude that Im(u

n
) is 

therefore, Im(u2) is I-presented; and by mductlOn, we co c 
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(n - I)-presented. Thus Im(un) is an n-coherent module by Remark 2.1 since 
Im(un) is a submodule of the n-coherent module Mn. Therefore, Im(ui) and 
K ere Ui) are n-coherent modules by applying Theorem 2.3 to the above exact 
sequences. Finally, Theorem 2.3 and the exactness of the sequence 0 -> Im(ui) -> 

Mi -> Coker( Ui) -> 0 show that Coker( Ui) are n-coherent modules. 

THEOREM 2.5 Let n ~ 1, let the canonical ring homomorphism R -> R/I 
satisfy AR(R/ I) ~ n, and let M be an R-module such that 1M = O. Then M is 
n-coherent as an R/ I -module if and only if M is n-coherent as an R-module. 

Before proving this theorem, we establish the following three Lemmas. 

LEMMA 2.6 Let R -> S be a ring homomorphism such that AR(S) ~ n and let 
M be an n-presented S -module. Then M is an n-presented R-module. 

Proof: By induction on n. 
'Case n = 0 : If M is a finitely generated S-module and S a finitely generated 

R-module, it is clear that M is a finitely generated R-module. 
Assume the result is true for n. Let M be an (n+l)-presented S-module and 

let AR(S) ~ n + 1. We must show that AR(M) ~ n + 1. Let Fn+1 u~' Fn "'I ... -> 

F, "'> Fo ~ M -> 0 be a finite (n+l)-presentation of M as an S-module. The exact 
sequence of S-modules 0 -> Ker(uo) -> Fo -i M -> 0 shows that As(Ker(uo)) ~ 
n; so by induction we have AR(Ker(uo)) ~ n since AR(S) ~ n+ 1 ~ n. Moreover, 
AR(Fo) ~ n + 1 since AR(S) ~ n + 1 and Fo is a finitely generated free S-module. 
Therefore AR(M) ~ inf{AR(Fo), AR(Ker(uo)) + I} ~ n+ 1 by Lemma 2.2(b) and 
this completes the proof of Lemma 2.6. 

LEMMA 2.7 Let R -> S be a ring homomorphism such that AR(S) ~ n - 1 and 
let M be an S-module. If M is n-presented as an R-module, then it is n-presented 
as an S -module. 

Proof: By induction on n. 
Case n = 0 : If M is a finitely generated R-module, then M is also a finitely 

generated S-module. 

We conclude the proof by induction on n. Let M be an S-module such that 
AR(M) ~ n + 1 and AR(S) ~ n. We must show that As(M) ~ n + 1. By induction, 
we have As(M) ~ n. The exact sequence of S-modules 0 -> K -> Fo -> M -> 0 (in 
which Fo is a finitely generated free S-module), considered as an exact sequence 
of R-modules, shows that AR(K) ~ infPR(Fo) ;AR(M) -I} ~ n (Lemma 2.2(c)). 
Moreover, we have AR(S) ~ n ~ n - 1; then by induction we have As(K) ~ n; 
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therefore, As(M) ~ n+ 1 by Lemma 2.2(b) and this completes the proof of Lemma 
2.7. 

LEMMA 2.8 Let R -> S be a ring homomorphism such that AR(S) ~ n - 1 and 
let M be an S -module. If M is n-coherent as an R-module, then it is n -coherent 
as an S -module. 

Proof: Let R -> S be a ring homomorphism such that AR(S) ~ n-l and let M be 
an S-module such that M is n-coherent as an R-module. Lemma 2.7 shows that 
As(M) ~ n since AR(M) ~ nand AR(S) ~ n -1. Let N be a submodule of the S
module M such that As(N) ~ n-1. Then by Lemma 2.6, we have AR(N) ~ n-1. 
Thus, AR(N) ~ n since M is an n-coherent R-module; therefore, As(N) ~ n by 
Lemma 2.7 and this completes the proof of Lemma 2.8. 

Proof of Theorem 2.5 : Let R -> R/ I be the canonical homomorphism such that 
AR(R/ I) ~ n and let M be an R-module such that 1M = O. If M is n-coherent 
as an R-module then it is n-coherent as an R/ I -module by Lemma 2.8 smce 
AR(R/ I) > n > ~-1. Conversely, let M be an n-coherent R/ I-module. By Lemma 
2.6, we h';;e A-;'(M) ~ n because AR(R/ I) ~ n. Let N be a submodule of the R 
-module M such that AR(N) ~ n - 1. By Lemma 2.7, we have AR/I(N) ~ n - 1 
since AR(R/I) ~ n. Thus AR/I(N) ~ n since M is an n-coherent R/I-module and 
N is a submodule of M as an R/I-module. Therefore, AR(N) ~ n by Lemma 2.6 
(AR(R/ I) ~ n) and this completes the proof of Theorem 2.5. 

REMARK 2.9 Let the canonical ring homomorphism R -> R/I satisfy AR(R/ I) ~ 
n - 1, and let M be an R module such that 1M = O. If Mis n-coherent as R
module, then it is n-coherent as an R/ I-module by Lemma 2.8. 

APPLICATION 2.10 Let R be an n-coherent ring (i.e: R is n-coherent as an 
R-module) and let I be an (n - I)-presented ideal of R. Since R is an n-coherent 
R-module, it follows from Theorem 2.3(1) that R/I is an n-coherent R-module; 
therefore, by Theorem 2.5, R/ I is an n-coherent ring. The case n = 1 recovers the 
known fact that if I is a finitely generated ideal of a coherent ring R, then R/ liS 
a coherent ring. 

THEOREM 2.11 Let R -> S be a ring homomorphism making S a faithfully 
flat R-module and let M be an R-module. If M ® S is an n-coherent S -module, 
then M is an n-coherent R-module. 
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Proof: We have As(MGS) 2: n since M GS is an nccoherent Scmodule; therefore, 
AR(M) 2: n since S is a faithfully flat Rcmodule. Let N be an (n - I)-presented 
submodule of M. Because S is a flat R-module, As (N G S) 2: n - 1 and we may 
assume that NGS C;; MGS. Thus, As(NGS) 2: n (since MGS is an n-coherent 
S-module); therefore, AR(N) 2: n since S is a faithfully flat R -module. 

Recall that a ring R is called n-coherent (as ring) if each (n - I)-presented 
ideal of R is n-presented. For example, each valuation domain and each Noetherian 
ring are n-coherent for each n 2: 1. 

THEOREM 2.12 Let R --> S be a ring homomorphism making S a faithfully 
flat R-module. If S is an n-coherent ring then R is an n-coherent ring. 

Proof: Take M = R in Theorem 2.11. 

m 

THEOREM 2.13 Let (Ri)i~,,2, ... ,;" be a' family of rings. Then II Ri is an n-
i=l 

coherent ring if and only if Ri is an n-coherent ring, for each i = 1, ... , m. 

To prove this Theorem, we need the following Lemma. 

LEMMA 2.14 Let R, and R2 be two rings. Then Ri is an infinitely presented 
ideal of R, x R2 ,fori = 1,2. 

Proof: The rings R, and R 2, more acurately R, x ° and ° x R2, are two finitely 
generated ideals of R, x R2 because ° --> R, --> R, X R2 --> R2 --> ° and ° --> 

R2 --> R, X R2 --> R, '--> ° are exact seq1)ences. We finish the proof of this Lemma 
by induction on the degrees of presentation of the II.; using the above two exact 
sequences. 

Proof of Theorem 2.13 : Using induction on rri, it suffices.to prove the assertion for 
m = 2. Let R, and R2 be two rings such that R, x R2 is an n-coherent ring .. Since 
R, ~ (R, x R 2)/ R2, R2 ~ (R, x R 2)/ R" and the II.; are infinitely presented ideals 
of R, x R2 (Lemma 2.14), then Application 2.10 shows that II.;(i = 1,2) are n
coherent rings. Conversely, let R, and R2 be two n-coherent rings and let I = It xl, 
be an (n-l)-presented ideal of R, x R 2, where Ii is an ideal of Ri; then for each i = 
1,2: AR,xR,(Ii ) 2: infPR,xR,(It),AR,xR,(I,)} = AR,XR,(I) 2: n - 1 (Lemma 
2.2(d)). By Lemma 2.7, we have AR,(Ii) 2: n -1 ( AR,XR,(Ri ) = 00 (Lemma 
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2.14)). Thus, AR, (Ii) 2: n since II.; is an n'coherent ring and by Lemma 2.6, we have 
AR, XR.,(Ii) 2: n because AR,XR, (II.;) = 00 (Lemma 2.14). Therefore: AR,XR, (1) = 
AR, xR, (I, xl,) = inf{ AR, xR, (It), AR, xR, (I,)} 2: n and this completes the proof 
of Theorem 2.13. 

3 N-COHERENCE IN PULLBACKS 

Next we study n-coherent (and, to a lesser extent, strong n-coherent) rings for two 
pullback contexts where coherence has already been studied. First, we adopt the 
format and the assumptions of dreenberg [7], in considering : 

A B 

1 1 
A/Q B/Q. 

where we assume that A --> B is an injective flat ring homomorphism and Q is a 
flat ideal of A such that Q B = Q. 

THEOREM 3.1 Under the above notation and hypotheses, let n 2: 1. If B is an 
n-coherent ring and A/Q is a strong (n-l)-coherent ring, then A is an n-coherent 
ring. 

Before proving this theorem, we establish the following Lemma. 

LEMMA 3.2 Let n be a nonnegative integer and M a submodule of a flat 
A-module. Then M is n-presented over A if and only if B G M and (A/Q) G M 
are n-presented over B and A/ Q, respectively. 

Proof: For n = 0, see[8, p.150, Theorem 5.1.1(3)]. 
Now, using induction on n, suppose the Lemma is true for n and let M be 

any (n + I)-presented A-module. We have the exact sequen?e 0. --> ~ --> Am --> 

M --> 0, where AA(K) 2: n (by Lemma 2.2(c)). By the hypothesIS, B IS a flat A
module. Moreover, Tor1 (M, A/Q) = ° : since M G Q --> M is an injection because 
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M & Q -+ F & Q -+ F are injections, where F is a flat A-module containing M. 
So tensoring with Band A/ Q respectively, we get the following exact sequences : 
(*) 0 -+ B & K -+ B & Am(~ Bm) -+ B & M -+ 0 and 

0-+ A/Q & K -+ A/Q & Am(~ (A/Q)m) -+ A/Q & M -+ 0 
over Band A/Q-modules respectively. On the other hand, since .\A(K) :::: nand 
K <; Am, the induction hypothesis shows that '\B(B & K) :::: nand '\A/Q(A/Q & 
K) :::: n. Therefore, the exact sequences (*) and Lemma 2.2(b) allow us to conclude 
that '\B(B & M) :::: n + 1 and .\A/dA/Q & M) :::: n + 1. Conversely, let M be any 
A-module such that '\B(B & M) :::: n + 1 and '\A/Q(A/Q & M) :::: n + 1. Consider 
the exact sequence 0 -+ K -'-> Am -+ M -+ 0 of A-modules. The exact sequences 
(*) and Lemma 2.2(c) assert that '\B(B & K):::: n !,nd '\A/Q(A/Q & K) :::: n. 
By the induction hypothesis, it follows that .\A (K) :::: n and the exactness of the 
sequence 0..., K ..., Am..., M..., 0 and Lemma 2.2(b) show that .\A(M) :::: n + 1. 

Proof of Theorem 3.1 : Let J be any (n - I)-presented ideal of A. Since B is a flat A 
-module, J &B = J B is an (n-I)-presented ideal of B. Moreover, B is n-coherent 
and therefore .\B(J & B) :::: n. Since J is contained in the flat A-module A and 
.\A(J) :::: n -1, we get '\A/Q(J/QJ) = '\A/Q(J &A/Q) :::: n-I (Lemma 3.2). From 
the fact that A/Q is strong (n - I)-coherent, we deduce that '\A/Q(J & A/Q) :::: n 
and hence by Lemma 3.2 we have .\A(J) :::: n. 

Notice that for n = 1, Theorem 3.1 recovers [7, Theorem 2.4 (iii)J; and for 
n = 2 we obtain : 

COROLLARY 3.3 Under the notation and hypotheses of the beginning of this 
section, if A/Q is a coherent ring and B is a 2-coherent ring, then A is a 2-coherent 
ring. 

Proof: Recall that sttong I-coherence is equivalent to I-coherence. 

REMARK 3.4 a) In Lemma 3.2, the hypothesis "B is a flat A-module" is not 
necessary .. We ne;d only to assum: t~at wdimA(B) .~ 1 :. indeed, we need only 
the equalIty TorA(B,M) = 0, whICh IS always true If wd,mA(B) ~ 1 [8, p.I55, 
Theorem 5.1.2 (Proof)J. 

b) Notice that D. Costa [4J has given another definition for "n-coherence". Thus a 
ring R is n-co~er:nt (according to Costa) if any n-presented R-module is (n + 1)
presented. ThIS IS what we call a strong n-coherent ring. So a ring that is n

coherent according to Costa is alSo n-coherent in om sense, with equivalence of 
the two definitions for n = 1 [8, pA5, Theorem 2.3.2J. 
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QUESTION: is strong n-coherence equivalent to n-coherence for n :::: 2? 

REMARK 3.5 Let n :::: 1 and let R be a.ring. Then the answer to the above 
question is affirmative if and only if R n-coherent (in our sense) implies R m is 
n-coherent as R-module, for each nonnegative integer m. Indeed, let R be a s~rong 
n-coherent ring and let m :::: O. Om aim is to show that R m is an n-coherent 
R-module. R m is a k-presented R-module for each k, since it is free. Let M be an 
(n - I)-presented submodule of Rm; then the exact sequence 0 -+ M -+ Rm ...., 
Rm/M-+ 0 shows that '\R(Rm/M) :::: n (Lemma 2.2(b)). Thus, '\R(Rm/M) :::: 
n + 1 since R is a strongly n-coherent ring by hypothesis; therefore, .\R(M) :::: n. 
Conversely, let R be an n-coherent ring, we must show that R is a strong n
coherent ring. Let M be an n-presented R-module. There exists an exact sequence 
0-+ P -+ Rm -+ M -+ 0; and .\R(P) :::: n - 1 (Lemma 2.2(c)). Thus .\R(P) :::: n 
since P <; R m and Rm is an n-coherent R-module; therefore, .\R(M) :::: n + 1 
(Lemma 2.2(b)) and so R is a strong n-coherent ring. 

Next, motived by the work in [5J on coherence (the case n = 1), we consider 
n-coherent rings for the classical (pullback) D + M -construction. 

THEOREM 3.6 Let V = K + M be a valuation domain which is not a field, and 
let R = D + M, where D is a sub ring of the field K. Denote by qf(D) the field of 
quotients of D. 
1) If qf(D) = K, then R is n-coherent if and only if D is n-coherent. 
2) If qf(D) t' K, M is a flat R ,-module and n :::: 2, then: 
R n-coherent implies that D is n-coherent, and 
D strong n-coherent implies that R is n-coherent. 

The proof of this Theorem is based on Lemma 3.2 and the following Lemma: 

LEMMA 3.7 [2, Theorem 2.1, (n)] Let V = K + M be a valuation domain 
and R = D + M be a subring of V, where D is a subring of the field K. If I is 
an ideal of R contained in M, then either I is an ideal of V or IV is a principal 
ideal of V. Moreover, if I is not an ideal of V and if IV = a V, where a E I, then 
1= Wa + M a, for some D-submodule W of K such that D <; We K. 

Proof of Theorem 3.6 : 1) Since qf(D) = K, by [5, Theorem 7] we deduce that 
M is a flat R-module. Moreover, for 8 = D - {O}, we have that V = K + M = 
8- I (D + M) = 8-1 R is a flat R-module and then Lemma 3.2 may be applied to 

, 
i l 
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the pullback: 

R=D+M V=K+M 

1 1 
D=RIM K=VIM. 

. Now, assume that R is n-coherent and let Jo be any nonzero (n-I)-presented 
Ideal of D. Set J = Jo + M; J is an ideal of R. Since V is a flat R-module, we have: 
V®R~= VJ= (Jo+M)(K+M) = (JoK) + (JoM+KM+M2) =K +M= V 
whICh IS an (n-I)-presented V-module. On the other hand, J®RIM = (Jo+M)® 
RIM = (Jo +M)I(Jo +M)M = (Jo+ M)IM '" Jo, and Jo is an (n-I)-presented 
RIM(= D)-module. Hence by Le.mma 3.2, AR(J) ::> n - 1. But R is n-coherent, 
~o AR(J) ::> n. Thus by Lemma 3.2, AD(JO) = AR/M(J ® RIM) ::> n and so D 
IS n-coherent. Conversely, assume that D is n-coherent. As valuation domains are 
n-coherent, we may assume without loss of generality that D is not a field. Now, 
let J be any (n - I)-presented ideal of R. Two cases are possible: 

Case 1 : J = Jo + M with Jo a nonzero ideal of D : Since AR(J) > n - I 
Lemma 3.2 shows thatAD(Jo) = AR/M(J®RIM)::> n-1. Itfollows that A-;;(JO) ~ 
AR/M(J ® RIM) ::> n (since D is n-coherent). On the other hand, because V is 
a flat R-module, we have J ® V = JV = (Jo + M)(K + M) = V which is an 
n-presented V-module. By Lemma 3.2 we obtain AR(J) ::> n. 

Case 2 : J <; M. In this case we need to show that J is n-presented. It 
s~ffi.ces, by Lemma 3.2, to prove that Av(J ® V) ::> nand AR/M(J ® RIM) > n. 
Smce AR(J) ::> n - I, Lemma 3.2 shows that AV(J ® V) ::> n - 1. As V is a-flat 

,R-module, J ® V = JV is an ideal of V, which is, in particular, finitely generated, 
and ":Ithout loss of generality, we may take J i O. Therefore, since V is a valuation 
domam, there exists 0 f= a E J such that J ® V = JV = aV '" V (as V-modules). 
Thus AV(J ® V) = 00 ::> n. 

For the remaining inequality, Lemma 3.7 asserts that J is either an ideal of 
V or of the form J = Wa + M a with a E J and W a D-submoduleof K such that 
D<;WcK. . 

If Jis an. ideal of V: it is a finitely generated R-module and so it is a cyclic 
V-module (V IS a valuatIOn domain). We may assume J f= 0 and so J '" V (as 
V-modules). H::,nce, JIJM = J ® RIM", V ® RIM", VIM (as VIM-modules); 
that IS JI J M = K as K-modules, and so as D-modules. Therefore, K '" J I J M 
IS a fimtely generated D-module and since K is thus integral over D D is a field 
a contradiction. ' , 

If J is not an ideal of V then J = Wa+Ma for some a E J and D <; We K. 
We have J ® RIM = JIJM is an (n - I)-presented RIM(= D)-module and 
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JM = (Wa+ Ma)M = MWa +M2a = Ma+ M 2a = Ma. Since J f= 0, we may 
assume a f= 0 and then J ® RIM = JIJM = (Wa + Ma)IWa '" Wa '" W as 
D-modules. It follows that AR/M(J 0 RIM) = AD(W) ::> n - 1. Because W is also 
a finitely generated D-module with D <; W c K=qf(D), there exists an ideal 
I of D and a nonzero d E D such that W = (1Id)I '" I (as D-modules). Hence 
AD(I) = AD(W) ::> n - I and so AD (I) ::> n (since D is n-coherent). Therefore, 
AR/M(J 0 RIM) = AD(W) = AD(I) ::> n. Thus we proved that Av(J 0 V) ::> n 
and AR/M(J ® RIM) ::> n. Hence Lemma 3.2 shows that AR(J) ::> n and thus R is 
n-coherent. 

2) Set k = qf(D) and Vo = k + M; Vo is a strong 2-coherent ring [4, p.12, 
Corollary 5.21. As Vo = S-IR is a flat R-module (where S = D - {O}), we may 
apply Lemma 3.2 to the pullback: 

R=D+M Vo 

1 1 
D=RIM k = VoIM. 

Now, assume that R is n-coherent. Then, if we replace V with Va in part I), 
the above argument allows us to conclude that D is n-coherent. 

Now, let D be a strong n-coherent ring. We will show that R is n-eoherent. 
Let J be any (n - I)-presented ideal of R. Two cases are possible: 

Case 1 : J = Jo + M with Jo a nonzero ideal of D. If we replace V with Va 
in part I), the same argument shows that J is n-presented. 

Case 2:J <; M: From Lemma 3.2, AVo (J0Va) ::> n-I (sinceAR(J)::> n~I). 
Since Vo is a flat R-module, we have that J 0 Vo = JVo is an ideal of Va which 
is finitely presented (since n ::> 2). As Vo is strong 2-coherent, J 0 Vo = JVo is an 
infinitely presented V-module, that is, Avo(J 0 Vol = 00::> n. 

By Lemma 3.7, J is either an ideal of V or of the form J = Wa + Ma 
where a E J and W is a D-submodule of K such that D <; W c K. If J is an 
ideal of V, then after replacing V with Vo in part I), the same arguments hold : 
because Vois strong 2-coherent [4, Corollary 5.21, Vo is also strong n-coherent and 
therefore n-coherent (for n ::> 2). If J = Wa + Ma (with a E J and D <; We 
K), by replacing V with Vo in part I), the above reasoning applies and we get 
AR/M(J 0 R/M) = AD(W) ::> n - 1. Since Wis a finitely generated D-module 
with D <; W c K, then k 0 W = kW is a k-vector space of finite dimension and 
therefore there exists an integer m such that W <; k W '" km. Therefore, there 
exists 0 f= d E D so that (l/d)W <; Dm. It follows that AD(Dm /(lld)W) ::> n. 
So AD(Dm /(I/d)W) = 00 ::> n + 1 (since D is strong n-coherent) and we have 
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AD«I/d)W) 2' n. We proved that Avo(J® Vol 2' nand AR/M(J ®R/M) 2' n, and 
so Lemma 3.2 allows us to complete the proof. 

REMARK 3.8 a) It follows by [5, Theorem 3) that if qj(D) = K, then R = 
D + M is coherent if and only if D is coherent. This assertion is generalized to 
"n-coherence" in Theorem 3.6(1). 
b) In regard to Theorem 3.6(2), note via [5, Theorem 7) that if qj(D) of K, then 
M is a flat R-module if and only if M = M2 Also, by [5, p.51], if D is a field, 
then the I-coherence of R implies that M is not a flat R-module. 
c) For n = 2, Application 2.10 shows that if R is a 2-coherent ring and J is a 1-
presented ideal of R, then R/ J is a 2-coherent ring. For R = D + M <;; V = K + M 
in which V = K + M is a domain, but not necessarily valuation (cf. [3)), we have 
a special result in which J( = M) need only be assumed finitely generated over R. 
It addresses a context not covered by Theorem 3.6. 

REMARK 3.9 Let T = K + M be any domain with D a subring of K. If 
R = D + M is a 2 -coherent ring and M a finitely generated R-module, then 
D = R/ M is a 2-coherent ring. Indeed, since M is finitely generated, by [3, Lemma 
1], D is a field and thus is a 2-coherent ring. 
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