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Let A be a commutative ring with identity and G be an abelian group. The
group ring associated to A and G, denoted A[G], is the ring of elements of the form
2 gec aq2?, where {ag | g € G} is a family of elements of A which are almost all
zero. We refer to [4] for elementary properties of group rings. Questions about the
number of generators of ideals have been much studied in commutative rings. Of
particular interest is the study of the question of when A|G] has the n-generator
property, that is, when every ideal of A[G] can be generated by n elements. This
question, either in general or for specific choices of n, has been studied in several
recent papers ([1], [2], {3], [6], [7], [8] and [9]).

If A[G] has the n-generator property, then dim({A[G]) = dim(A4)+a < 1, where
a denotes the torsionfree rank of G. If @ = 0 then G must be a finite group. If
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a =1then G = Z@H, where H is a finite abelian group and Z denotes the group
of integers. -We will focus on the case where A is an Artin ring and a = 0.

In this note we give some further results on the Dilworth and Sperner numbers
of commutative artinian group rings. Let u(I) denote the minimal number of
elements required to generate the ideal I. Using the terminology of Watanabe the
Dilworth number d(A) of an Artin local ring (A,m) is defined as max{u(I) | I
an ideal of A} and the Sperner number is sp(A) = max{u(m’) | i > 0}. Though
papers have appeared on Dilworth and Sperner numbers,.see for example [10], [12]
and [13], most of the results tend to establish upper bounds for these numbers.
There are only a few cases of when exact values of these numbers are known.

In Theorem 1 we will determine the Dilworth number of A[G] where (4, m)
is a principal Artin local ring and G is a cyclic p-group with p a prime integer
and p € m. In [9, Theorem 4.4] this was done for the unramified case; that is for
pA=m.

Before stating our main theorem, we need some definitions and notation. Let
(A,m) be an Artin local ring and let p € m be a prime integer. Then the group
ring A[Z/p’ Z] is isomorphic to A[X]/(1 - XP) where X is an indeterminate. We

k+1 then we

will use = to denote the image of X in the factor ring. If p € mF —m
say the ramification indez of p, denoted e(p}, is k. If p = 0 in A, then e(p) = oo.
For the group ring R = A[Z/p?Z], set s* = min{e(p)(j —t) +p' |0 <t <j}. In
the case p = 0 in A, we set e(p)(j — j) = 0. In the case where p € m, AWe will use

the notation £(A) to denote the length of A.

Theorem 1 Let (A,m) be an Artin local ring and let m = (2). Let p € m be a
prime integer, let R = A[Z/pI Z]. Then d(R) = sp(R) = min{s*,6(A)}.

In the case of e(p) = 1, we have s* = j + 1. Thus, we obtain

Corollary 2 (/9, Theorem J.4]) Let (A, P) be an Artin local ring with P = pP,
p a prime integer and assume A has characteristic p*. Let G = Z/p’Z. Then
sp(A[G)) = d(A[G]) = min{3, j + 1}.

The proof of Theorem 1 involves several technical preliminary results that will
establish upper and lower bounds on the Dilworth number. Qur first lemma shows
that it will suffice to consider numbers of generators of powers of the maximal

ideal. If (4,m) is an Artin local ring with u(m) = 2, then the nth power of the
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maximal ideal has n + 1 natural generators. The next lemma shows that the first
power for which one of these generators becomes redundant gives a bound on the

Dilworth number of the ring.

Lemma 3 Let (A,m) be an Artin local ring with u(m) < 2. Then A has the

n-generator property if and only if m™ is n-generated.

Proof. If m” is n-generated, u(I) < p(I +m™~1) for each ideal I of A by [2,
Lemma 4]. Thus sp(A4) < n. Since u(m) < 2, d(A4) = sp(A) [5, Theorem 4.2]. Thus

d(A) < n and the converse is obvious. [

When A is a principal Artin local ring and G is a cyclic p-group it is possible
to determine the first power of the maximal ideal of A[G] for which a natural

generator becomes redundant.

Lemma 4 Let (A,m) be a principal Artin local ring with m = (2) and letp e m
be a prime integer. Let R = A[Z/p?Z) and let M = (2,1 —x) be the mazimal ideal
of R. If s* = e(p)(j —t) + ' then the element 25P)=)(1 — z)P" is not required as

a generator of M*".

Proof. If p=0in R then s* = p/ and 2¢®-9)(1 - :c)pf =201 - m)pf =0so

the result is clear in this case. Now we assume that p # 0. Then
. il o~ .
(l-z+z)f = Y (k>(1 — z)kgP 7k

k=‘0
(’:>(1 — z)kg

pk+1_1

I
M~

oo

=1
~1 .
<p7> (1- m)”xpj_" +(1- m)pj
k=0 n=pk n

Further we have that for p* <n < pF+1 0 <k < j,

(pf)zggpf—l. P

n n 1 n-—-1

Thus if n = pla with (a,p) = 1, (‘:) = up/~! where u is a unit in A. Then
(’1’:) (1—2)" = pi=5(1 = 2)P* . uph=t(1 — 2)nP* = unp?*(1 — z)P* where Uk IS a
unit in 4 and u, € (1 — )R C M for p* < n < pF*. Therefore
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k+l_1 , ) . .
S (2 a-aye -y
n=p*

and we have ;
0= Z’Ukpj_k(l - .’E)pk
k=0

where vy is a unit in R.
Now suppose s* = e(p)(j — t) + p* where 0 <t < j.. Then

e

Pt -2 € (pi(l —2), P L~ 2P, Pt — )P (1 - z)f*’)
= (z"‘(]’)j(l - a:),zre(”)(j"l)(l - z)P, ...,ze(P)(j‘/t)(T— )P, ., (1 — :v)py)
c (" 7a-o psa<t})

n ({Ze(p)(j-a)(l —2)"" -9 |t < o < })

since s* —p* <e(p)(j—a)for0<a<tand s* —e(p)(j—a) <p*fort <a <.
This shows p/~t(1 — z)P" and hence 2P~ (1 — £)P" is not required as a generator

of MS. O

We now combine Lemma 3 and Lemma 4 to get an upper bound for the Dil-

worth number of the group ring.

Remark 1 Let (A,m) be a principal Artin local ring and let p € m be a prime
integer. Let R = A[Z/p’Z). From Lemma 4, u(M*") < s*, so d(R) < s* by
Lemma 3. Since d(R) < £(A) it follows that d(R) < min{s*,¢(A)}.

We complete the proof of Theorem 1 by showing in Proposition 6 that M?*
where s < s* (in the notation of the preceding proposition) requires min{£(A), s +
1} = 6(A/m>*1) generators. Note that in the proof of {9, Theorem 4.4] it was
basically shown that if M is the maximal ideal of Z/pZ[Z/p’ Z], then M7 requires
min{i, j + 1} generators. We are able to establish Proposition 6 in a slightly more
general setting than we need for the proof of Theorem 1, i.e., the coefficient ring
A is not assumed to be principal. Many of the technical details in the proof of
Proposition 6 are the same as in the proof of [9, Proposition 4.3]. However in a few
places it is necessary to sharpen the results given there. In particular, [9, Lemma

4.2] states that for 1 < ¢ < j—1, p t*1 divides (ﬂpﬁ_ll) Note that forp =2, =5
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and t = 4 we get that 4 divides (g‘;’) = 6545 -8 which is not the optimal result. The

next lemma gives the refinement that is needed for the proof of Proposition 6.

Lemma 5 Let t,5,p,a be integers with p prime and let %] denote the greatest
integer function.

(1) If1 <t </ then p?~ 1% divides (P’;ﬁgl). .

(2) If 1<t <p’ and a >0, then pP 1% divides (P 115%) - (117

[e4

Proof. For (a) we first note that as in the proof of [9, Lemma 4.2(a)], p~"
divides (p;;:l) wheret = prry7 (n,p) = 1. Now log,, t = log, n+r > 750 [log, t] > .
i—log, t] 33+, P +t-1
Therefore p?~[°8 Y divides ( b1 ).
For (b) we first prove the case @ = 0 by induction on t. If t = 1, the result is

clear. For 1 <t <p’:

(0 i (P (P

P p -1 P

Now p/ =18 divides (p;ﬁ_ll) by part (a) and p/ &= divides (pi;f“l) -1
by the inductive hypothesis. Since p’ ~llogyt] < pi~lo8p(t=1)] we are done. Now we
proceed by induction on a. So assume « > 0 and the result holds for smaller values
of & with 1 < t < p?. Now proceed by induction on t. If ¢ = 1 the result is clear.

For 2 <t < pf,
()= (37 = Oty - (7a)
()

Now p'~l°8s !l divides the first difference on the right hand side and p/~g»(¢=1)]
divides the second. Thus p ~llogp ¥l divides the left hand side. [

Proposition 6 Let (A, m) be an Artin local ring and let p € m be a prime integer.
Let R = A{Z/p’Z] and let M be the mazimal ideal of R. If 0 < s < min{s*,{(A4)}
then M*® requires £(A/m®*tY) generators. In particular, £(A/m*") < sp(R).

Proof. In the case p = 0 in R, R = A[z]/(z") and the result is clear in this

case. Now assume p # 0 in R. Writing M = (m,1 — z), we will show
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M’ = (ms,m’_l(l — ), ...,m2(1 - z)s—z,m(l - m)s‘l, (1-2)%)

requires £(A/m**1) generators. The proof is similar to that of [9, Proposition
4.3]. Thus, we will omit some of the technical details, referring the reader, at the
appropriate places, to the proof in [9].

Let N besuch that m™ # 0and mV*! =0andfor0 <i < N let {mil, ...,mm(i)}
be a minimal set of generators for mf. If M*® can be generated by fewer elements
then, since R is local, one of the generators, say m(s_t)l(l — )%, can be written in
terms of the others. If t = s, then we have the contradiction 1 € m. Thus we may
assume that t < s. We may pass to the ring A/m*~**1{Z/p/ Z] obtaining

ns—t)

m_pyi(1—-2z)' = Z fram(s_tya(1 - z)*

n(s—n)
+ Z Z fnam(s nje 1_1")
n=t+1 a=1

where fiq, fna € R. The first summand in the above expression can be written
Zﬁal bix' where b; € J = (M(s_g)2, -y M(s_yn(s—t)) A Fort <n <'s, let foo =
Zf;al Qi where 0,0 € A. Then, for t < n <,

pl-1 n .y
; Onei’ ;(—l)r <T>x

-1 n

Z (Z(—l)’ <:> a"apj—r+i> T

i=0 \r=0

fra(l—2)"

After making these substitutions we have

Ms—g)1( (1-2z) = sz

=0
s n(s—n)pi—1 n
LD VD ID )V C (i LI
n=t+1 a=1 i=0 r=0

Equating coefficients we get the system of equations (see [9, p. 821]):

(s—n) n
m(s—- t)l = bo+ Z Z M(s—n)a (Z(_ ) (:)anapi-—r>

n=t+1 a=1 r=0
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s n(s—n) n n
_m(s_t)i (i) = bl + Z Z MYs—n)a (Z(_l)r (7,>anapi—r+1>

n=t+1 a=1 r=0

n{s—n) n
(_l)tm( - = b+ Z Z M(s—n)a <Z( ) <:> anap’—r+t>

[°]
S
=
—_
|

n=t+1 a=1 r=0
s n(s—n) n
. o (n
0 = bt+l+ Z Z M(s—n)a (Z(_l) (T>anapj—r+t+l>
n=t+1 a=1 r=0

s n(s—n) n
0 = pr 1+ Z Z M(s—n)a (Z(_ ) (:)anapj_r+pj__l>

n=t+1 a=1 r=0
Now multiply the kth equation by (t:k) and sum from k =0 to k = p/ — 1. On
the left we get:
¢
t\/t+k
M(s_t)1 Z(—l)k (k) ( i ) = (—1)'mygy
k=0
by [9, Lemma 4.1(c)]. To compute the sum on the right, we fix n and o and

write a; for anq;. Then we have an element of J and a sum of terms of the
form m(s_nya S peo Soro(=1)"(7) (H'k)ap,_Hk where (see [9, p. 822))

S5 () (=S T (D) o

k=07=0 B=0 pi—r+k=p

- 2 ()3 B () ()

i % t+p —n—1+k\
+...+;(—1) (k)( o me 14k )ap,_n_l

o () () ()] -
SO ¢ 3 0] o

O R (G )

As in [9, pp. 823-824] the coefficient of Qpi_k, is zero for n +1 < ko < p? and for
1<ky<nis:

_l_

[

3
N

-+

(]

+... 4+

> (7 (e - (5m).

k=kg \
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Then, by Lemma 5, each non-zero term in the above sum is divisible by pilosptl,

So
Mty € (M(smt)2y s Mis—tin(s—t)) A + mnpi—logptl 4
g mrplontl 4 € g memnteln-los, o),

By our choice of s we have n < s < e(p)(j — [log, t]) + p'8 ¥, Thus, we have
e(p)(j - [log, t]) + plo8r 1 — ¢

e(p)(J — [log, 1])

s —n+e(p)(j — [log,t)).

A

s—1

IA

IA

Hence, we have a contradiction. Thus M? requires ¢(A/m**!) generators. [

Our main result now follows easily.
Proof of Theorem 1. From Proposition 6 and Remark 1, we have min{s*, £(4)} =
£A/m*") < sp(R) < d(R) < min{s*,£(A)}. O

Example 1 Let (A,m) be an Artin local ring with m = (2) and p € m a prime
integer. We will now list the Dilworth number for R = A[Z/p?Z) for £(A) < 5
Note that for ¢(A) < 2,d(R) = £(A). We will list £(A),e(p),j and the elements of
the set S = {e(p)j + 1,e(p)(j — 1) +p,...,p'}.

1(A) [Jj e(p) S d(R)

3 1 1 2,p 2

3 1 e(p) > 2 e(p) +1 p min{3, p}

3 |[Jj>2(e(p>1 e(p)j+1,...p° 3

4 1 l<e(p)<3ie@+1p min{e(p) +1,p}
4 1 e(p) >4 e(p) +1, p min{4, p}

4 2 1 3,14p,p° 3

4 |2 e(p) > 2 e(p)2 +1, e(p) +p,p° [ 4

4 |j=23|ep>1 e(pi+1,. 4

5 1 l<e(p)<4|elp)+1p min{e(p) +1,p}
5 1 e(p) 25 e(p) +1,p min{5, p}

5 2 1 3,1+ p,p? 3

5 2 5,2+p,p° min{5,2 + p}

5 ]2 e(p) >3 e()2+1,e(p) +p,p* | min{5,p*}

5 3 1 4,2 +p,14+p°p° 4

5 3 e(p) > 2 e(p)3+1,..,p° 5

5 |j2dle@>1 |e@j+L..p 5
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The problem of determining the Dilworth number of a group ring when the
group is noi cyclic appears to be very difficult. We conclude with a few results in
this case. Since the Dilworth number of A[G@H] is bounded by min{¢(A[G]),¢(A[H])}
it will be useful to know more about the length of a group ring. If r is a non-zero
element in an Artin local ring then the nilpotency indez of r is the largest positive

integer n such that ™ # 0.

Proposition 7 Let (A,m) be an Artin local ring with'p € m, a prime integer.
If p' = 0 while p~! # 0 and G = p’Z, then the nilpotency index of (1 — x)
in A|lG] = A[X]/(1 — X™) is |G| + (i = 1)@(|G|) — 1 where ¢ denotes the Euler

o-function.

Proof. Since the map (Z/p'Z)|G] — A[G] is an injection this follows from (9,
Theorem 4.6]. O

Remark 2

(1) Let A C B be rings and assume that for each mazimal ideal P of B the natural
map A/(P N A) — B/P is an isomorphism. Then £4(M) = £p(M) for each B-
module M.

(2) Let A be an Artin ring and let p be a prime integer belonging to each mazimal
ideal of A. If G is a finite abelian p-group then £41c)(A[G]) = £a(A) - |G|.

Proof.

(1) If M = My 2 My 2 ... 2 M, is a composition series of M as a B-module,
the M; are also A-modules, and for each of the quotients we have AM;/M;., =
B/P = A/(P N A) for some maximal ideal of B. Thus the above sequence is also
a composition series of A-modules.

{2) For any ring R and any R-module M we have

CR(M)= Y €rp(Mp).

P maximal
Therefore we may assume A is local. Let m be the maximal ideal of A. Then

M = (m, I(G)) is the only maximal ideal of A[G], where I(G) is the augmentation
ideal. (2) now follows from (1). O
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The next corollary gives a stronger version of (11, Theorem 5.2] for the case of
an abelian group. This result also proves one direction of (9, Corollary 2.8] using

different techniques.

Corollary 8 Let F be a field of characteristic p where p is a prime integer. Let
ny < ng £ ... < n, be positive integers. Then d(F|Z/p™Z & ... ® Z/p™ Z]) =

_ r—1
pisim ifprr > zl(p"f ~1).
1=

Proof. Let A= F|Z/pmZ & ...® Z/p"~1Z] and consider A[Z/p™ Z]. In the

notation of Theorem 1, s* = p™r. Thus
UA/mP™") < d(FIZ/p™" 2 & ... B Z/v™ Z)) < U(A).

r—1
Now mP"" = 0 if and only if p™ > 3 (p™ —~1).
i=1

The next corollary shows that if p > n, G is a finite p-group and A[G] has the

n-generator property then G must be cyclic.

Corollary 9 Let (A,m) be an Artin local ring and let p € m be a prime integer.
Let G=Z/pMZ @ .. Z[p" Z,n < ng < ... < n, be a p—group. Letn > 0. If
P >n for some 1 <i <r—1 then A|G] does not have the n-generator property.

Proof. This is immediate from the preceding corollary. O

The next example gives some bounds on the Dilworth number when the coef-

ficient ring is not a field and the group is not cyclic.

Example 2 Let p,i,j be a integers with p prime and i < j. Then
¢((Z/p*2)[2/v'2)/(p,1 ~ 2)*1) < d((2/9°2)|2/P°Z & Z/p Z]) < 2.

Further if j > p* + ¢(p') — 1 then d ((Z/p?2)|Z/P'Z & Z/p' Z)) = 2p'.

Proof. We note that s* = min{j ~¢+p' {0 < ¢t < j} = j+1 and by
Proposition 6, £ ((Z/p2Z)[Z/piZ]/ (p,1~ z)s") <d((2/p*2)(2/v'Z @ Z/p' Z]).

The proof of Lemma 4 shows that (1 — a:)"i € (p). Therefore (p,1 — z)*" =
(p(—2), (1-2)*1) = (1—z)*1)if j > p. Ifj > p+(p')—1 then (p, 1~2)* = 0
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by Proposition 7. Therefore

IA

e((z/p*)2(2/v'2)) < d((Z/v*2)Z/P'Z e 2/ Z))

L((2/r°2)12/p' 2).

A

By Remark 2 we are done. O

If (A,m) is a local ring and p € mis a prime integer, we will determine which
group rings have the n-generator property for n < p. We first prove d(A[G]) >
d(A) + d((A/m)|G]) where G is a finite p-group. Note that if A = Z/4Z and
G = Z/2Z then d(A[G]) = 2 = d(A) + d(Z/2Z[Z/2Z]) so this bound cannot be

improved in the general case.

Proposition 10 Let (A, m) be an Artin local ring, let p € m be a prime integer
and let G be a non-trivial finite p-group. Then d(A[G]) > d(A) + d((A/m)|G]).

Proof. Let d be such that pu(M?) = d((4/m)[G]) where M = (1 — 29, ...,1 -
29%) is the maximal ideal of {A4/m)|G] and let I be an ideal of A such that p(f} =
d(A). Consider the ideal J = I + (1 — %,...,1 — x9)¢ and suppose J can be
generated by fewer than u(I) + p(M?) elements. Since A[G) is local, one of the
generators can be written in terms of the others. If one of the minimal generators
of I can be expressed in terms of the others we apply the augmentation map to
obtain a contradiction. If J = (rl,...,rd(A)) + (fiy s fir) where fi € M? and
k < d{(A/m)[G)) then, passing to (A/m)|G] we see that M? is generated by
k < d({A/m)[G}) elements, a contradiction. [1

Proposition 11 Let (A,m) be a principal Artin local ring, let p € m be a prime
integer and let G be a non-trivial finite p-group. Then A|G] has the n-generator
property for n < p if and only if
(1) If A is a field then
(a) G is cyclic or G2 Z/pZ ® Z/P’Z ifp=n
(b) G is cyclic if p > n.
(2) If A is not a field then G is cyclic and, if ¢(A) > n, then min{e(p)j+1,p'} <
n. In particular, if n < p then e(p)j <n — 1.




4608 HASSANI ET AL.

Proof. We first assume A[G] has the n-generator property and A is a field.
We first note the (p — 1)st power of the maximal ideal of A[Z/pZ & Z/pZ & Z/pZ]
requires more than p generators. Thus G has at most two cyclic summands. If
G~ Z/p*Z ® Z/p’Z with j > 2 then d(A[G]) = p* by Corollary 8. Thus G is
cyclic or G = Z/pZ & Z/p’Z. If p > n then G is cyclic by Corollary 9. Therefore
(1) holds.

Now assume A[G] has the n-generator property and A is not a field. Then
since d((A/m*)[Z/pZ & Z/pZ]) 2 d(A/m?) + d((A/m)(Z/pZ & Z/pZ]) 2 1 +p,
G is cyclic. So assume G = Z/p’ Z. By Theorem 1, min{s*,£(A4)} < n. If {(4) > n
then we must have min{e(p)(j — s) +p* | 0 < s < j} = s* < n < p. The only
elements of this set which can be less than or equal to p are e(p)j + 1 or p’. So we
must have min{e(p)j +1,p’} < n.

The converse is immediate from Corollary 8 and [4, Theorem 19.14] when A is
a field and Theorem 1 when A is not a field. D

The authors wish to thank David E. Rush for his helpful comments.
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