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Let A be a commutative ring with identity and G be an abelian group. The 

group ring associated to A and G, denoted A[G], is the ring of eleme~its of the form 

CgGGap9, where {ag 1 g E G) is a family of elements of A which are almost all 

zero. We refer to 141 for elementary properties of group rings. Questions about the 

number of generators of ideals have been much studied in commutative rings. Of 

particular interest is the study of the question of when A[G] has the n-generator 

property, that is, when every ideal of A[G] can be generated by n elements. This 

question, either in general or for specific choices of n, has been studied in several 

recent papers (111, 121, PI, 161, [71, PI and 191). 

If A[G] has the n-generator property, then dim(A[G]) = dim(A) +a 5 1, where 

a denotes the torsionfree rank of G. If a = 0 then G must be a finite group. If 

Copyright O 2000 by Marcel Dekker, Inc. www.dekker.com 
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7 4598 HASSANI ET AL. 

a = 1 then G 2 Z @  H, where H is a finite abelian group and Z denotes the group 

of integers. We will focus on the case where A is an Artin ring and a = 0. 

In this note we give some further results on the Dilworth and Sperner numbers 

of commutative artinian group rings. Let p ( I )  denote the minimal number of 

elements required to  generate the ideal I, Using the terminology of Watanabe the 

Dilworth number d(A) of an Artin local ring (A,m) is defined as max{p(I) ( I 

an ideal of A) and the Sperner number is sp(A) = maxjP(mi) 1 i > 0). Though 

papers have appeared on Dilworth and Sperner numbers, see for example [lo], [12] 

and [13], most of the results tend to establish upper bounds for these numbers. 

There are only a few cases of when exact values of these numbers are known. 

In Theorem 1 we will determine the Dilworth number of A[G] where (A,m) 

is a principal Artin local ring and G is a cyclic pgroup  with p a prime integer 

and p E m. In [9, Theorem 4.41 this was done for the unramified case; that  is for 

pA = m. 

Before stating our main theorem, we need some definitions and notation. Let 

(A,m) be an Artin local ring and let p E m be a prime integer. Then the group 

ring A[Z/@Z] is isomorphic to  A [ X ] / ( l -  X @ )  where X is a n  indeterminate. We 

will use x to denote the image of X in the factor ring. If p E nzk - mk+' then we 

say the ramzfication index of p, denoted e(p), is k.  If p = 0 in A, then e(p) = oo. 

For the group ring R = A [ Z / p J Z ] ,  set s* = min{e(p)(j - t)  +pt  I 0 5 t 5 j ) .  In 

the case p = 0 in A, we set e (p) ( j  - j )  = 0. In the case where p E m ,  AWe will use 

the notation !(A) to  denote the length of A. 

Theorem 1 Let (A, m )  be an Artin local ring and let m = (z). Let p E m be a 

prime integer, let R = A[Z/@Z]. Then d(R) = sp(R) = min{s*,!(A)). 

In the case of e(p) = 1, we have s* = j + I. Thus, we obtain 

Corollary 2 ([9, Theorem 4.41) Let (A, P) be an Artin local ring with P = p P ,  

p a prime integer and assume A has characteristic pi. Let G = Z/@Z. Then 

sp(A[G]) = d(A[G]) = min{i, j + 1). 

The proof of Theorem 1 involves several technical preliminary results that will 

establish upper and lower bounds on the Dilworth number. Our first lemma shows 

that it will suffice to  consider numbers of generators of powers of the maximal 

ideal. If (A, nz) is an Artin local ring with p(m) = 2, then the n th  power of the 
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DILWORTH NUMBER OF GROUP RINGS 4599 

maximal ideal has n + 1 natural generators. The next lemma shows that  the first 

power for which one of these generators becomes redundant gives a bound on the 

Dilworth number of the ring. 

Lemma 3 Let (A ,m)  be an Artin local ring with p(m) 5 2.  Then A has the 

n-generator property if and only if mn is n-generated. 

Proof. If mn is n-generated, p(I) 5 p(I + mn-l) for each ideal I  of A by [2 ,  

Lemma 41. Thus sp(A) < n. Since p(m) 5 2, d(A) = sp(A) [5, Theorem 4.21. Thus 

d(A) 5 n and the converse is obvious. 

When A is a principal Artin local ring and G is a cyclic pgroup  it is possible 

to determine the first power of the maximal idea1 of A[G] for which a natural 

generator becomes redundant. 

Lemma 4 Let (A ,  m )  be a principal Artin local ring with m = ( z )  and let p E 7n 

be a prime integer. Let R = A[Z/plZ] and let M = ( z ,  1 - x )  be the maximal ideal 

of R. If s* = e(p)(j - t )  +p t  then the element ~ ~ ( p ) ( j - ~ ) ( l  - x)pt is not required as 

a generator of M" . 

Proof. If p = 0 in R then st = pl and ze(p)(3-j)(l - z)@ = zO(l - z)$ = 0 SO 

the result is clear in this case. Now we assume that  p # 0. Then 

Further we have that  for pk 5 n < pk+l,  0 5 k < j ,  

Thus if n = pta with (n,p) = 1, (t) = ~ p l - ~  where u is a unit in A. Then 

(t) ( 1  - s)" = y'-k(l - x)pk . upk-l(l - X ) ~ - P '  = ~ , p l - ~ ( l  - z)pk where upk is a 

unit in A and u, E ( 1  - x ) R  C M for pk < n < pk+l. Therefore 
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7 HASSANI ET AL. 

and we have 
j 

0 = C - X ) P ~  
k=O 

where vk is a unit in R. 

Now suppose s* = e(p)(j - t)  +pt where 0 < t 5 j.. Then 

since s* -pa 5 e(p) ( j  - a) for 0 5 CY < t and s* - e(p)( j  - a )  5 pa for t < a 5 j .  

This shows p lP t ( l  - x)pL and hence ~ ~ ( p ) ( j - ~ ) ( l -  x)pL is not required as a generator 

of MS.. D 

We now combine Lemma 3 and Lemma 4 to get an upper bound for the Dil- 

worth number of the group ring. 

Remark 1 Let (A,m)  be a principal Artin local ring and let p E m be a prime 

integer. Let R = A[Z/plZ]. From Lemma 4, p ( ~ S * )  < s*, so d(R) < s* by 

Lemma 3. Since d(R) 5 !(A) it follows that d(R) 5 min{sf,e(A)}. 

We complete the proof of Theorem 1 by showing in Proposition 6 that M S  

where s < s* (in the notation of the preceding proposition) requires min{e(A), s + 
1) = e(A/mS+l) generators. Note that in the proof of [9, Theorem 4.41 it was 

basically shown that if M is the maximal ideal of ZlpiZIZ/plZ], then Mj requires 

min{i, j + 1) generators. We are able to  establish Proposition 6 in a slightly more 

general setting than we need for the proof of Theorem 1, i.e., the coefficient ring 

A is not assumed to be principal. Many of the technical details in the proof of 

Proposition 6 are the same as in the proof of [9, Proposition 4.31. However in a few 

places it is necessary to  sharpen the results given there. In particular, 19, Lemma 

4.21 states that for 1 5 t 5 j-1, @-'+I divides (@:4~'). Note that  for p = 2, j = 5 
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and t = 4 we get that 4 divides (33;) = 6545.8 which is not the optimal result. The 

next lemma gives the refinement that is needed for the proof of Proposition 6. 

Lemma 5 Let t ,  j,p,a be integers with p prime and let [*I denote the greatest 

integer function. 

( I )  If 1 5 t 5 pl then pl-["gp divides ($tt-l p - 1  1. 
(2) If 1 5 t < pl and a 2 0, then p'-[logptl divides (@;z) - ( ' y ) .  

Proof. For (a) we first note that as in the proof of [9, Lemma 4.2(a)], plPT 

divides ($;I;') where t = pTn, (n ,p)  = 1. Now log, t = logp n+r 2 r so [log, t ]  2 r. 

Therefore p ' [ l o g p  divides (@;4~'). 
For (b) we first prove the case a = 0 by induction on t .  If t = 1 ,  the result is 

clear. For 1 5 t 5 pl : 

NOW p'-["gpt1 divides (@;!;I) by part (a) and pl-["g~(~- ' )I  divides (plz-l) - 1 

by the inductive hypothesis. Since pl-I1'gp < - pl-[" 'g~(~- ' ) l  we are done. Now we 

proceed by induction on a .  So assume a > 0 and the result holds for smaller values 

of a with 1 5 t < pl. Now proceed by induction on t .  If t = 1 the result is clear. 

Now pl-[l0gp tl divides the first difference on the right hand side and p'-[' 'g~(~-')l 

divides the second. Thus pl-[Iogp t] divides the left hand side. 

Proposition 6 Let ( A ,  m )  be an Artin local ring and letp E m be a prime integer. 

Let R = A[Z/plZ] and let M be the mazimal ideal of R. If 0 < s < min{s*, l ( A ) }  

then MS requires L(A/mS+l) generators. In particular, L(A/mS') 5 sp(R). 

Proof. In the case p = 0 in R,  R A [ x ] / ( x f l )  and the result is clear in this 

case. Now assume p # 0 in R. Writing M = ( m ,  1 - x), we will show 
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4602 HASSANI ET AL. 

MS = (mS,mS-'(1 - x),  ..., m2(1 - ~ ) ~ - ' , m ( l  - x)~- ' ,  (1 - x ) ~ )  

requires C(A/mS+l) generators. The proof is similar to that of [9, Proposition 

4.31. Thus, we will omit some of the technical details, referring the reader, at the 

appropriate places, to the proof in [9]. 

Let N be such that mN # 0 and mNfl = 0 and for 0 5 i 5 N let {mil, ..., min(i)) 

be a minimal set of generators for mZ. If M S  can be generated by fewer elements 

then, since R is local, one of the generators, say m(s-t)l(l - x ) ~ ,  can be written in 

terms of the others. If t = s,  then we have the contradiction 1 E m. Thus we may 

assume that t < s. We may pass to the ring A/ms-t+1[Z/p3Z] obtaining 

where ft,, f,, 6 R. The first summand in the above expression can be written 
9 - 1  , i Ci=o bzx where bi E J = (m(s-t)2, ..., m(s-t)n(s-t)) A. For t < n 5 s, let fn, = 

~ 5 0 '  an,ixi where an,i E A. Then, for t < n 5 s, 

After making these substitutions we have 

Equating coefficients we get the system of equations (see [9, p. 8211): 
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Now multiply the kth equation by and sum from k = 0 to k = pl - 1. On 

the left we get: 

by 19, Lemma 4.l(c)]. To compute the sum on the right, we fix n and (I. and 

write a, for anai. Then we have an element of J and a sum of terms of the 

form m(s-n)a E:=o C L 3 ( - 1 ) T  (:) (tik)apt-T+k where (see (9, P. 8221) 

As in [9, pp. 823-8241 the coefficient of is zero for n + 1 5 ko < pl and for 

1 5 ko 5 n is: 

k=ko 
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Then ,  by Lemma 5 ,  each non-zero term in  the above sum is divisible b y  pl-[logp t l .  

So 

' [logp t l ~  
m(,-t)l E ( m ( S - t ) 2 ,  ..., m(s-t)n(s-t)) A + ms-npl- 

- - J + m ~ - n p l - [ l ~ g p t l ~  c - J + ms-n+4~)(~-Cgpt l ) .  

By our choice o f  s we have n < s < e(p)  ( j  - [logp t ] )  + p[lOgp 4 .  Thus ,  we have 

s - t < e ( p ) ( j  - [logp t ] )  + p[logp tl - t 

5 e ( p ) ( j  - [logp t l )  

5 s - n + e ( p ) ( j - [ l o g , t l ) .  

Hence, we have a contradiction. Thus M S  requires I ( A / m S + l )  generators. 

Our main result now follows easily. 

Proof of Theorem 1. From Proposition 6 and Remark 1, we have min{s*, [ ( A ) )  = 

! ( ~ / m ~ * )  5 sp(R) < d ( R )  5 minis*, [ ( A ) ) .  

Example 1 Let ( A , m )  be an Artin local ring with m = ( z )  and p E m a prime 

integer. W e  will now list the Dilworth number for R = A [ Z / p l Z ]  for [ ( A )  5 5. 

Note that for l ( A )  5 2 , d ( R )  = C(A).  W e  will list l ( A ) , e ( p ) ,  j and the elements of 

the set S = { e ( p ) j  + I ,  e ( p ) ( j  - 1 )  + p, ..., 9 ) .  
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The problem of determining the Dilworth number of a group ring when the 

group is not cyclic appears t o  be very difficult. We conclude with a few results in 

this case. Since the Dilworth number of A[G@H] is bounded by rnin{I?(A[G]),I?(A[H])} 

it will be useful to know more about the length of a group ring. If r is a non-zero 

element in an Artin local ring then the nilpotency index of r is the largest positive 

integer n such that rn # 0. 

Proposition 7 Let (A,m) be an Artin local ring with.'p E m,  a prime integer. 

If pi = 0 while pi-1 # 0 and G = plZ, then the nilpotency index of (1 - x) 

in A[G] E A[X]/(l - Xn)  is IG( + (i - l)$(IGI) - 1 where 4 denotes the Euler 

4-function. 

Proof. Since the map (Z/ptZ)[G] -+ A[G] is an injection this follows from [9, 

Theorem 4.61. 

Remark 2 

(1) Let A C B be rings and assume that for each mazicimal ideal P of B the natural 

map A / ( P  n A) -t B / P  is an isomorphism. Then I?A(M) = ~ B ( M )  for each B-  

module M.  

(2) Let A be an Artin ring and let p be a prime integer belonging to each maximal 

ideal of A. If G is a finite abelian p-group then eAIGJ(AIG]) = ~ A ( A )  . /GI. 

Proof. 

(1) If M = Mo > MI 2 ... 2 Mn is a composition series of M as a B-module, 

the I%& are also A-modules, and for each of the quotients we have hl,/Mi+l r 

B/P  S A/(P  n A) for some maximal ideal of B.  Thus the above sequence is also 

a composition series of A-modules. 

(2) For any ring R and any R-module M we have 

P maximal 

Therefore we may assume A is local. Let m be the maximal ideal of A. Then 

M = (m, I(G)) is the only maximal ideal of A[G], where I(G) is the augmentation 

ideal. (2) now follows from (1). 0 
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The next corollary gives a stronger version of [l l ,  Theorem 5.21 for the case of 

an abelian group. This result also proves one direction of (9, Corollary 2.81 using 

different techniques. 

Corollary 8 Let F be a field of characteristic p where p is a prime integer. Let 

nl 5 nz 5 ... 5 nr be positive integers. Then d(FIZ/pnlZ $ ... @ Z/pnrZ])  = 
r-1 

p~r2 n2fpnr > c (pnl - 1). 
i=l 

Proof. Let A = F[Zlpn1Z $ ... $ Z/pnr-lZ] and consider A[Z/pnpZ]. In the 

notation of Theorem 1, s* = pnp. Thus 

r-1 
Now mPn' = 0 if and only if pnr > C (pn" 1). 

The next corollary shows that if p > n, G is a finite pgroup and A[G] has the 

n-generator property then G must be cyclic. 

Corollary 9 Let ( A , m )  be an Artin local ring and let p E m be a prime integer. 

Let G = Z/pnlZ $ ... $ Z/pnrZ,nl 5 nz 5 ... 5 nr be a p-group. Let n > 0. If 

pnz > n for some 1 5 i _< r - 1 then A[G] does not have the n-generator property. 

Proof. This is immediate from the preceding corollary. 0 

The next example gives some bounds on the Dilworth number when the coef- 

ficient ring is not a field and the group is not cyclic. 

Example 2 Let p, i, j be a integers with p prime and i < j .  Then 

Further if j 2 pi + $(pi) - 1 then d ( (Z/p2Z)[Z/piZ @ Z/p lZ] )  = 2pi. 

Proof. We note that s* = min{j - t + pt ( 0 < t 5 j) = j + 1 and by 

Proposition 6, l ( ( Z / ~ ~ Z ) [ Z / ~ ' Z ] /  (p, 1 - x)") < d ( ( Z / ~ ~ Z ) [ Z / ~ ~ Z  @ Zly 'Z] ) .  

The proof of Lemma 4 shows that (1 - X)P' E (p).  Therefore (p, 1 - X ) S *  = 

( ~ ( 1 - x ) j ,  (1-x)j+l) = ((1-x)j+l) if j 2 pi. If j 2 pi+q5(pi)-1 then (p, 1-x)~ '  = 0 
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by Proposition 7.  Therefore 

By Remark 2 we are done. E 

I f  ( A ,  m )  is a local ring and p E mis a prime integer,, we will determine which 

group rings have the n-generator property for n < p. We first prove d(A[G])  2 

d(A)  + d( (A/m)[G])  where G is a finite pgroup. Note that i f  A = 2/42' and 

G = 2 / 2 2  then d(A[G])  = 2 = d(A)  + d(Z /2Z[Z/22] )  so this bound cannot be 

improved in the general case. 

Proposition 10 Let ( A , m )  be an Artin local ring, let p E m be a prime integer 

and let G be a non-trivial finite p-group. Then d(A[G]) 2 d(A)  + d( (A/m)[G]) .  

Proof. Let d be such that p ( ~ ~ )  = d( (A/m)[G])  where M = (1 - xgl, ..., 1 - 
xgs) is the maximal ideal of  (A /m)[G]  and let I be an ideal of  A such that p(I )  = 

d(A) .  Consider the ideal J = I + ( 1  - xgl, ..., 1 - x g ~ ) ~  and suppose J can be 

generated by fewer than p(I)  + p ( ~ ~ )  elements. Since A[G] is local, one of the 

generators can be written in terms of the others. I f  one of the minimal generators 

of I can be expressed in terms of the others we apply the augmentation map to 

obtain a contradiction. I f  J = ( r l ,  ..., rd(,4)) + ( f i r  ..., f k )  where fi E Md and 

k < d( (A/m)[G])  then, passing to (A /m)[G]  we see that M~ is generated by 

k < d( (A/m)[G])  elements, a contradiction. 

Proposition 11 Let ( A ,  m )  be a principal Artin local ring, let p E m be a prim.e 

integer a71d let G be a non-trivial finite p-group. Then A[G] has the n-genwator 

property for n 5 p if and only if 

(1) If A is a Feld then 

(a) G is cyclic or G S ZlpZ @ Zlp7.Z zf p = n 

(b )  G is cyclic if p > n. 

(2) If A is not afield then G is cyclic and, if ! (A)  > n ,  then 1nin{e(p)j+l,p7} < 
n. In particular, if n < p then e(p)j _< n - 1. 
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Proof. We first assume A[G] has the n-generator property and A is a field. 

We first note the (p - 1)st power of the maximal ideal of A[Z/pZ @ Z/pZ $ Z/pZ] 

requires more than p generators. Thus G has at most two cyclic summands. If 

G 2 Zlp2Z $Z/plZ with j 2 2 then d(A[G]) = p2 by Corollary 8. Thus G is 

cyclic or G r ZlpZ $Z/@Z. If p > n then G is cyclic by Corollary 9. Therefore 

(1) holds. 

Now assume A[G] has the n-generator property and A is not a field. Then 

since d((A/m2)[2/p2 e Z/pZ]) 2 d(A/m2) + d ( ( ~ / m ) [ z / p Z  @ Z/pZ]) 2 1 + p. 

G is cyclic. So assume G = 2/92. By Theorem 1, min{s*,C(A)) 5 n. If !(A) > n 

then we must have min{e(p)(j - s) + pS I 0 5 s 5 j )  = s* 5 n 5 p. The only 

elements of this set which can be less than or equal to p are e(p)j + 1 or 9. So we 

must have min{e(p)j + I,$) 5 n. 

The converse is immediate from Corollary 8 and [4, Theorem 19.141 when A is 

a field and Theorem 1 when A is not a field. 0 

The authors wish to thank David E. Rush for his helpful comments. 
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