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ABSTRACT. In this paper, we introduce a general iteration scheme for a fi-
nite family of asymptotically quasi-nonexpansive mappings. The new iterative
scheme includes the modified Mann and Ishikawa iterations, three-step itera-
tive scheme of Xu and Noor and Khan and Takahashi scheme as special cases.
Our results are generalizations as well as refinement of several known results
in the current literature.

1. INTRODUCTION AND PRELIMINARIES

Let C be a nonempty subset of a real Banach space X and T a selfmapping of C'.
Denote by F(T'), the set of fixed points of T'. Throughout this paper, we assume that
F(T) # ¢. The mapping T is said to be (i) nonexpansive if ||Tx — Ty|| < ||z — y|l,
for all xz,y € C; (ii) quasi-nonexpansive if [Tz — p| < ||z — p||, for all x € C
and p € F(T); (iil) asymptotically nonexpansvie if there exists a sequence {u,} in
[0, +00) with lim,,—co up, = 0 and || T"z — T"y|| < (14 up)|jz —y|, for all z,y € C
and n =1,2,...; (iv) asymptotically quasi-nonexpansive if there exists a sequence
{u,} in [0, +00) with lim, e up, = 0 and |77z — p|| < (14 uy)||lz — pl|, for all
x € C, pe F(T) and n = 1,2,...; (v) uniformly L-Lipschitzian if there exists
a constant L > 0 such that | 7"z — T"y|| < L|lz — vy, for all z,y € C and n =
1,2,3,...; (vi) uniformly Holder continuous if there are constants L > 0 and v > 0
such that [|[T"z — T"y|| < L||z — y||” for all z,y € C and n =1,2,3,... (cf. Zhou
et. al [23], p.62); (vii) uniformly equi-continuous if and only if || 7"z, — T"y,|| — 0
whenever ||z, — yn|| — 0 as n — oo (cf. Zhou et. al [23], p.62) and (viii) semi-
compact if for a sequence {z,} in C with lim,,_. ||z, — Tx,|| = 0, there exists a
subsequence {x,,} of {z,} such that z,, — p e C.

From the above definitions, it follows that: (i) a nonexpansive mapping must
be quasi-nonexpansive and asymptotically nonexpansive; (ii) an asymptotically
nonexpansive mapping is an asymptotically quasi-nonexpansive; (iii) uniformly L-
Lipschitzian mapping is uniformly Holder continuous; (iv) uniformly Hélder con-
tinuous is uniformly continuous. However, their converses are not true, in general
due to the map T = (1 — 2%/2)2/3 for all z € [0,1].

The map T : C — X is said to be demiclosed at 0 if for each sequence {z,} in
C converging weakly to x and {Tz,} converging strongly to 0, we have Tz = 0.
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A Banach space X is said to satisfy Opial’s property if for each x € X and each
sequence {z,} weakly convergent to x, the following condition holds for all = # y:

liminf ||z, — z|| < liminf ||z, — y]|.
n—oo n—oo

It is well known that all Hilbert spaces and £,(1 < p < oo) spaces are Opial
spaces while L, spaces (p # 2) are not.

Schu [16], in 1991, considered the following modified Mann iteration process (cf.
Mann [11]):

(1.1) Ty = (1 — ap)xy + T x,, n>1
where {a,} is a sequence in (0,1) which is bounded away from 0 and 1, i.e., a <

ay, < b for all n and some 0 < a < b < 1. In 1994, Tan and Xu [20] studied the
modified Ishikawa iteration process (cf. Ishikawa [7]):

(1.2) Tnt1 = (1 —ap)xn + @, T (1 = 8,)xn + 8,T"x,), n>1

where {a,,} and {8,,} are two sequences in (0, 1) such that {c,} is bounded away
from 0 and 1 and {8,,} is bounded away from 1.
Xu and Noor [21], in 2002, introduced a three-step iterative scheme as follows:

zn = (1—7v,)zn +7,T 2y
Tn41 = (1 - an)zn +a, " yp, n2>1

where {a.,},{8,},{7,} are real numbers in [0, 1].

Finding common fixed points of a finite family {7} : i = 1,2,... , k} of mappings
acting on a Hilbert space is a problem that often arises in applied mathematics.
In fact, many algorithms have been introduced for different classes of mappings
with a nonempty set of common fixed points. Unfortunately, the existence results
of common fixed points of a family of mappings are not known in many situa-
tions. Therefore, it is natural to consider approximation results for these classes
of mappings. Approximating common fixed points of a finite family of nonexpan-
sive mappings by iteration has been studied by many authors (see, for example,
Kubhfittig [10], Rhoades [15] and Takahashi and Shimoji [19]). Ghosh and Deb-
nath [4] proved some convergence results for common fixed points of families of
quasi-nonexpansive mappings.

Goebel and Kirk [6], in 1972, introduced the notion of an asymptotically nonex-
pansive mapping and established that if C' is a nonempty closed convex bounded
subset of a uniformly convex Banach space X and T is an asymptotically nonex-
pansive selfmapping of C, then T has a fixed point. Bose [1] initiated in 1978,
the study of iterative construction for fixed points of asymptotically nonexpansive
mappings. Xu and Ori [22], in 2001, introduced an implicit iteration process for a
finite family of nonexpansive mappings. Sun [18], in 2003, modified this implicit
iteration process for a finite family of asymptotically quasi-nonexpansvie mappings.
Khan and Takahashi [8] have approximated common fixed points of two asymptoti-
cally nonexpansive mappings by the modified Ishikawa iteration. Recently, Shahzad
and Udomene [17] established convergence theorems for the modified Ishikawa it-
eration process of two asymptotically quasi-nonexpansive mappings to a common
fixed point of the mappings.

For a finite family of mappings, it is desirable to devise a general iteration scheme
which extends the modified Mann iteration (1.1), the modified Ishikawa iteration
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(1.2), Khan and Takahashi scheme [8] and the three-step iteration by Xu and Noor
[21], simultaneously. Thereby, to achieve this goal, we introduce a new iteration
process for a finite family {7; : ¢ = 1,2, ... , k} of asymptotically quasi-nonexpansive
mappings as follows:

Let C' be a convex subset of a Banach space X and z; € C. Suppose that
ain € [0,1], n = 1,2,3,... and i = 1,2,... ,k. Let {T; : ¢ = 1,2,... ,k} be a
family of selfmappings of C. The iteration scheme is defined as follows:

Tn4+1 = (1 - akn)xn + aknT]? y(k—l)nv
Yk—1yn = (I = ae—1)n)Tn + e—1)n 111 Y(k—2)n>

(1.3) Yh—2)n = (1 = Q—2yn)Tn + a2y Th 2 Y(k—3)n>

Yon = (1 - a2n)$n + a2nT2n Yin,

Yin = (1 - aln)xn + alnT]fl Yon,

where yo,, = z,, for all n.

Clearly, the iteration process (1.3) generalizes the modified Mann iteration (1.1),
the modified Ishikawa iteration (1.2) and the three-step iteration scheme from one
mapping to the finite family of mappings {T;:i=1,2,... ,k}.

k

In the sequel, we assume that F = ﬂ F(T;).

i=1

The main purpose of this paper is to:

(i) establish a necessary and sufficient condition for convergence of the iteration
scheme (1.3) to a common fixed point of a finite family of asymptotically
quasi-nonexpansive mappings in a Banach space;

(ii) prove weak and strong convergence results of the iteration scheme (1.3) to
a common fixed point of a finite family of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings in a uniformly convex Banach
space.

Our work is a significant generalization of the corresponding results of Khan and
Takahashi [8], Qihou [13], Schu [16], Shahzad and Udomene [17], Tan and Xu [20]
and Xu and Noor [21]. Moreover, these results provide analogue of the results of
Sun [18], for the iteration scheme (1.3) instead of the implicit iteration.

We need the following useful known lemmas for the development of our conver-
gence results.

Lemma 1 [18, Lemma 2.2]. Let the sequences {a,} and {u,} of real numbers
satisfy:

An41 < (1 +un)an7 427 > 07 Un > Ovzun < +00.

n=1

Then (i) lim,, o a, exists; (i) if liminf, . a, =0, then lim, . a, = 0.
Lemma 2 [16, Lemma 1.3]. Let X be a uniformly convex Banach space. Assume
that 0 <b<t,<ec<1 n=123,... Let the sequences {x,} and {y,} in X be
such that limsup,,_, . ||z.] < a, imsup,,_, o, [|lyn|| < @ and lim,,_ o [[thz, + (1 —
tn)ynll = a, where a > 0. Then lim, . |2 — yn|| = 0.
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2. CONVERGENCE THEOREMS IN BANACH SPACES

The aim of this section is to prove some results for the iterative process (1.3)
to converge to a common fixed point of a finite family of asymptotically quasi-
nonexpansive mappings in a Banach space. We begin with the following;:

Lemma 3. Let C be a nonempty closed convex subset of a Banach space, and
{T;:i=1,2,...,k} afamily of asymptotically quasi-nonexpansive selfmappings of
C,ie., [T/ —pil] < (1+wp)||x—pi| forallz € C and p; € F(T3), i =1,2,... ,k
where {u;, } are sequences in [0, +00) with lim,, o u;, = 0 for each i. Assume that
F#¢and )~ uy < +oo for each i. Define the sequence {z,} as in (1.3). Then
(a) there exists a sequence {v,, } in [0, +-00) such that > > | v, < 400 and ||z,+1 —
pll < (1 + vp)¥||zn — p||, for all p € F and all n;

(b) there exists a constant M > 0 such that |zp+m —p|| < M2, —pl|, forallp € F
and n,m=1,2,3,....

Proof. (a) Let p € F and v,, = maxi<;<j Uin, for all n. Since Y77 | u; < +00
for each 4, therefore Y ° | v, < 400. Now we have

lyin =2l < (1= aun)llzn —pll + a1al|TV'2n — pl|
< (1= aun)llwn = pll + a1n (1 + uin)||lzn — p|
= ( +a1nu1n)”$n _pH
< (A +wva)llzn —pl.

Assume that |y;n, — p|l < (1 + vn)? ||z, — p|| holds for some 1 < j < k — 2. Then

lvG+nn =2l < (1= agyyn)llzn = pll + agrnall T yin — pll
< (1 - O‘(J—I—l)n)Hxn p” + O‘(J—I—l)n(1 + UG+1)n )”yjn pH
< (I =agym)llzn = pll + agim (I +ugine) (1 +va) ||z, — pll
< (I =agrym)lzn —pll + agin (1 + Vn)HlHﬂUn =7l
Jj+1
J+1)j j+2—-7) ,
= [1 Ai+1)n +O‘j-‘,—l <1+Z )Vn>] Hxn*p”
= |[1+agam Z I Vo | llzn —pll
r=1 '
< A +wvn) o —pll.

Thus, by induction, we have

(2.1) lyin —pll < (1 + )|z — pl|, foralli =1,2,... k- 1.
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Now, by (2.1), we obtain

[z =2l < (1= agn)llen —pll + akn”Tlgy(kfl)n -7l
< (1= agn)llzn = pll + @rn (1 + wen) [Yx—1)n — Pl
< (= akn)|zn — pll + arn(l + ugn) (1 + Vn>k71||xn —pll
< (1= agn)l|zn —pl +akn(1+yn)k”$n*p‘|

k
[1—alm+akn <1+Zk(k—1)...(k_r+1)yz>] T

r!
r=1

k

k(k—1)---(k—r+1) ,
1+0"mz ( ) T!( >Vn] |z — bl

r=1

< (L4 vn)lan = pll-

This completes the proof of (a).
(b) If t > 0, then 1+t < e and so, (1+1)F <M, k=1,2,.... Thus, from part
(a), we get

||xn+m - p” < (1 + Vn—&—m—l)kan—i-m—l - p”

n+m—1
S exp{kl/nerfl}”anmel _p” S e S €xp {k Z Vi} Hxn _pH

i=1
oo
exp {kzy,} |z — |-
i=1

Setting M = exp {k > ;- vi}, completes the proof.

The above lemma generalizes Theorem 3.1 for two asymptotically quasi-nonexpansive
mappings by Shahzad and Udomene [17] to the case of any finite family of such
mappings.

The next result is the main result of this section. It deals with a necessary and
sufficient condition for the convergence of {x,,} generated by the iteration process
(1.3) to a point of F'; for this we follow the arguments of Qihou ([13, Theorem 1).
Theorem 1. Let C be a nonempty closed convex subset of a Banach space X, and
{T;:i=1,2,...,k} afamily of asymptotically quasi-nonexpansive selfmappings of
C,ie, TPz —pi|l < (14wm)||z—pil|, forallz € C and p; € F(T;), i =1,2,... k.
Suppose that F # ¢, 1 € C and Y- | ui, < +oo for all i. Then the iterative
sequence {z,}, defined by (1.3), converges strongly to a common fixed point of
the family of mappings if and only if liminf, . d(z,, F) = 0, where d(z, F) =
infy e [l — .

Proof. We will only prove the sufficiency; the necessity is obvious. From Lemma
3 (a), we have

IA

a1 = pll < 1+ vn)*[lzn —pll,
for all p € F' and all n. Therefore,
d(zpy1, F) < (14wvn)kd(z,, F)

k
_ <1+Zk(k_l)”'(k_r“)v;>d(xn,F>.

r!
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As Y v, < oo, s0 Y00 Sk RN hr b)) o oo, By Lemma 1 and

liminf, . d(z,, F) = 0, we get that lim,,_, . d(x,, F) = 0. Next, we prove that
{zn} is a Cauchy sequence. From Lemma 3 (b), we have

(2.2) Znsm — pll < Ml|zn — pl],

Since lim,,_,« d(zn, F') = 0, therefore for each € > 0, there exists a natural number
ny such that

d(xn, F) < 3—,n >ny
Hence, there exists z; € F' such that
€
(2.3) lan, = 21]l < 5.

From (2.2) and (2.3), for all n > ny, we have
[@n4m — 2] + lzn — 2]
M|zn, — 21l + M||zp, — 2]
€ €
M (557) + M (537) =«
Thus, {z,} is a Cauchy sequence and so converges to g € X. Finally, we show that
q € F. For any € > 0, there exists a natural number n, such that

| Zntm — Tnl|

INIA

IA

€
2.4 Ty — < — 1 > no.
(24) s~ all < gy 2
Again, lim,_,o d(z,, F) = 0 implies that there exists a natural number ng > ns
such that

€

d(xn, F) < 57— ,n > ns.
@ F) < sy 2
Thus, there exists zo € F' such that
€
2.5 ng — < ——.

From (2.4) and (2.5), for any T3, i = 1,2,... , k, we get

ITig—dqll = |Tig— 22+ 22 — Titny + Tiny — 22 + 22 — Tng + Tny — 4|
< Tig = 2ol + 2| Tiwn, — 22| + llon, — 22/l + |20, — dll
< (A+un)llg =zl + 20+ vi)llen, — 22l + lzn, — 22/l + 20, — 4l
< A+ v)l@ng —all + (4 va)llan, — 2
F2(1 +v1)llzn, — 22/l + 120, — 22/ + |2, — 4l
= 2+vi)llen, —all + (4 + 3v1)[lzn, — 22|l
€ €
< (2+V1)m+(4+3u1)m:€.
Since € is arbitrary, therefore | T;q — q|| = 0, for all 4, i.e., T;q =¢q,i =1,2,... k.
Thus g € F.

Remark 1. Theorem 1 contains as special cases, Theorem 3.2 of Shahzad and
Udomene [17] and Theorem 1 by Qihou [13] together with its Corollaries 1 and
2, which are themselves extensions of the results of Ghosh and Debnath [5] and
Petryshyn and Williamson [12].
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An asymptotically nonexpansvie mapping is asymptotically quasi-nonexpansive,
so we have:
Corollary 1. Let C be a nonempty closed convex subset of a Banach space X,
and {T; : i =1,2,... ,k} a family of asymsptotically nonexpansive selfmappings
of C,i.e., Tz — TPyl < (1 +um)|lz —yl|, for all x,y € C and i =1,2,... k.
Suppose that F # ¢, x1 € C and Y.~ | Wi, < +00, for all i. Then the iterative
sequence {x,}, defined by (1.3), converges strongly to a point p € F if and only if
liminf, . d(z,, F) = 0.
Corollary 2. Let C, {T;:i1=1,2,... ,k}, F and u;, be as in Theorem 1. Then
the iterative sequence {x,}, defined by (1.3), converges strongly to a point p € F if
and only if there exists a subsequence {xn;} of {xn} which converges to p.
Theorem 2. Let C be a nonempty closed convexr subset of a Banach space X,
and {T; : i =1,2,... ,k} a family of asymptotically nonexpansive selfmappings of
C. Suppose that F # ¢, 1 € C and > oo wip < 400 for all i. Let {x,} be the
sequence defined by (1.3). If lim, oo ||xn — Tizn|| =0, i = 1,2,... ,k and one of
the mappings is semi-compact, then {x,} converges strongly to p € F.
Proof. Let T; be semi-compact for some 1 < ¢ < k. Then there exists a subse-
quence {x,,} of {z,} such that x,, — p € C. Hence

Ip=Tpl = 1z, = Tian; | = 0.
J

Thus, p € F and by Corollary 2, {z,,} converges strongly to a common fixed point

of the family of mappings.

Theorem 3. Let C, {T; :i=1,2,...  k}, F and u;y, be as in Theorem 1. Suppose

that there exists a map T; which satisfies the following conditions:

(1) lim,—oq ||z — Tjap|| = 0;

(it) there exists a constant M such that ||z, — Tz, | > Md(z,, F), for all n.
Then the sequence {x,}, defined by (1.8), converges strongly to a point p € F.

Proof. From (i) and (ii), it follows that lim, . d(z,, F) = 0. By Theorem 1,

{z,} converges strongly to a common fixed point of the family of mappings.

3. REsuLTs IN UNIFORMLY CONVEX BANACH SPACES

In this section, we establish some weak and strong convergence results for the
iterative scheme (1.3) by removing the condition liminf, 4 d(2z,, F') = 0 from
the results obtained in Section 2; for this we have to consider the class of uniformly
equi-continuous and asymptotically quasi-nonexpansive mappings on a uniformly
convex Banach space.

Lemma 4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X, and {T; : i =1,2,3,... ,k} a family of uniformly equi-continuous
and asymptotically quasi-nonexpansive selfmappings of C, i.e., |[Tz — p;|| < (1 +
Uin)||x — pi|| for all x € C and p; € F(T;), where {u;,} are sequences in [0, 00) with
> uim < 00, for each i € {1,2,3,... ,k}. Assume that F # ¢ and the sequence
{an} is as in (1.3) with a;, € [6,1 — 8] for some 6 € (0, 3). Then

(1) limy,— o0 ||@n — | exists for all p € F;

(ii) limp, oo [|[Tn — T]'y(j—1)nll = 0, for each j =1,2,,... , k;

(ili) limp—oo ||2n — Tjxn| =0, for each j =1,2,... k.

Proof. Let p € F and v, = maxi<;<j Uin, for all n.

(i) By Lemma 1 (i) and Lemma 3 (a), it follows that lim, . ||z, — p|| exists for
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all p € F'. Assume that

(3.1) lim [z, —pll =c

(ii) The inequality (2.1) and (3.1) give that

(3.2) limsup ||yjn —p|| <, 1 <j<k—1.
n—oo

We also note that:

[Znt1 =2l = (1= arn)(@n —P) + (TR Yk—1)n — D)l
< (= awn)llzn = pll + arn (1 + va) [ye-1)n — Pll
< (= akn@-tyn - @Grnn) (14 0) |z —
F O (h—1yn G+ 1yn (14 00) 7 [yjm — pll-
Therefore,
[zn — p|| [#n+1 — pll
| < P Rp— L, o —
||zn p” = (Ski] (Ski](l—‘rvn)k_j + Hyjn p”
and hence
(3.3) ¢ <liminf ||y —pll, 1 <j<k-—1
n—oo

From (3.2) and (3.3), we have
lim |lyjn —p||l=c¢ji=1,2,3,...  k—1.
n—oo
That is,
Jim [[(1 = ajn)(zn = p) + jn(T'y -1 —P) = ¢,
for each j =1,2,3,... .k — 1.
Also, from (3.2), we obtain

limsup |7} yj—1yn —pll <¢,5=1,2,3,... k=1
By Lemma 2, we get
(3.4) nhj& 1T/ Y-y — oull = 0,5 =1,2,3,... k- 1.

For the case j = k, by (2.1), we have

1Ty g—1yn — Pl < (14 wen) |Wg—1yn — Pl < (1 + tn) (14 1) |2 = pll.
But lim, o |7, — pl| = ¢, by part (i). So,
lim sup | T y(r-1yn =PIl < c.
Moreover,
Jim ([(1 = agn) (@0 =) + k(T Y(e—1yn = P)| = im[zn1 —plf = c.
Again by Lemma 2, we get
(3.5) T e = Tyl =0
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Thus, (3.4) and (3.5) imply that

(36) Tim Tyt — @l = 0.5 = 1,23, ..
(iii) For j = 1, from part (ii), we have

lim |17z, — z,] = 0.
If j=2,3,4,... ,k, then we have

||T;la:n -zl = H(T;lxn - T;Ly(j—l)n) + (Tjny(j—l)n — )|l
= T} w0 — T yg—1ymll + 1T} Y —1)n — Znll = 0

as ||n — y(j—1)n| — 0 and T} is uniformly equi-continuous.
Hence,

(3.7) HTJnxn—an —0,n— 00,1 <j<k.
Let us observe that:

0 = Tizall < N2 = @ngall + l@ns = T anal

T s — T 4 T4 — Tyl
Using (3.5), (3.7) together with uniform equi- continuity of T}, we get
lim ||z, — Tja,|| =0,1<j<k.
n—oo

This completes the proof.

Theorem 4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X satisfying the Opial property and let {T; : i = 1,2,3,... ,k} be
a family of uniformly equi- continuous and asymsptoticaly quasi-nonexpansive self-
mappings of C, i.e., |[Tx—p;|| < (14+uwm)||z—p:|| for all x € C and p; € F(T3), i =
1,2,3,... ,k where {u;,} are sequences in [0,00) with > .- wi, < oo for each
i=1,2,3... k. Let the sequence {x,} be as in (1.3) with oy, € [6,1— 0] for some
S (O, %) If F# ¢ and each I —T;,i=1,2,3,...,k, is demiclosed at 0, then
{z,} converges weakly to a common fized point of the family {T; : 1 =1,2,3,... ,k}.
Proof. Let p € F. Then lim,,_, ||, — p|| exists as proved in Lemma 4 (i) and
hence {z,} is bounded. Since a uniformly convex Banach space is reflexive, there
exists a subsequence {z,,} of {z,} converging weakly to some z; € C. By Lemma
4, limy, 00 |2 — Tixn|| = 0 and I — T; is demiclosed at 0 for i = 1,2,3,... ,k, so
we obtain T;z; = z1. That is, z; € F. In order to show that {z,} converges weakly
to z1, take another subsequence {x,, } of {z,} converging weakly to some 2z, € C.
Again, as above, we can prove that zo € F'. Next, we show that z; = z5. Assume
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z1 # z9. Then by the Opial property
lim [z, —2z| = lim [jz,; — 2]
< lim |z, — 2]
= lim ||z, — 22
n—oo
— lim [, —
N —00

< lim &g, — 21|
Nng—00

= lim ||z, — 2]
n—oo

This contradiction proves that {z,} converges weakly to a common fixed point
of the family {T; : 1 =1,2,3,... ,k}.
Theorem 5. Under the hypotheses of Lemma 4, assume that, for some 1 < i < k,
T is semi-compact for some positive integer m. Then {z,,} converges strongly to
some common fixed point of the family {7} : j =1,2,3,... ,k}.
Proof. By Lemma 4 (iii), we have

(3.8) lim ||z, — Tja,||=0,1<j <k
Fixi € {1,2,3,... ,k} and suppose T/™ to be semi-compact for some m > 1. >From

(3.8), we obtain

T w0 —wnll < T w0 = Tl + 1T g — T 2|

+---+ HTZ?xn - sznH + ||rfz-’13n - xn“
|Tizn, — x|l + (m = 1)L||Tizn — 2n|| — 0.

IN

Since {z,,} is bounded and T;" is semi-compact, {x,} has a convergent subsequence
{xn, } such that x,, — ¢ € C. Hence, from (3.8), we have

llg — Tiq|l = nler;O |zn, — Tixn,|| =0,i =1,2,3,... k.

Thus g € F and by Corollary 2.5, {x,,} converges strongly to a common fixed point
q of the family {T; : i =1,2,3,... ,k}.

4. CONCLUDING REMARKS

1. The family of uniformly equi-continuous and asymptotically quasi-nonexpansive

mappings in Lemma 4 can be replaced by a family of asymptotically nonex-
pansive mappings. We state this result as follows; the proof is similar to that
of Lemma 4.
Lemma 5. Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X, and {T; : i = 1,2,... ,k} a family of asymptotically non-
expansive selfmappings of C. Assume that F # ¢ and Y ;o Wiy < o0 for
each i = 1,2,... k. Let {z,} be as in (1.3) with oy, € [6,1 — 6] for some
§€(0,3). Then (i), (i) and (iii) of Lemma 4 hold.

2. Lemma 4 (i) extends Lemma 2.1 of Tan and Xu [20]. Lemma 4 (ii) extends
Theorem 3.3 of Shahzad and Udomene [17] for two uniformly continuous
asymptotically quasi-nonexpansive mappings to any finite family of uniformly
equi- continuous and asymptotically quasi-nonexpansive mappings.

3. Lemma 5 (ii) and Lemma 5 (iii) contain as special cases, Lemma 2.2 of Xu
and Noor [21] and Lemma 1.5 of Schu [16], respectively.
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On the lines of the proof of Theorem 3.2 and using Lemma 1.6 of Schu [16]
and Lemma 4.1, the following result can be easily proved.
Theorem 6. Under the hypotheses of Lemma 5, assume that the space X
satisfies the Opial property. Then the sequence {x,} converges weakly to a
common fixed point of the family of mappings.
. The special cases of Theorem 6 are Theorems 3.1-3.2 of Tan and Xu [20] and
Theorem 2.1 due to Schu [16].
Following the arguments of the proof of Theorem 4, it is now easy to prove:
Theorem 7. Under the assumptions of Lemma 5, suppose that, for some 1 <
i < k, and a positive integer m, T is semi-compact. Then {x,} converges
strongly to some common fixzed point of the family of mappings.

The above theorem contains as a special case, Theorem 2.2 of Schu [16].
. Theorem 3, Corollary 1, Theorem 5 and Theorem 7 about the iteration scheme
(1.3) are analogues of Theorem 3.1, Corollary 3.2, Theorem 3.3 and Theorem
3.4 in the context of implcit iteration process by Sun [18], respectively.

Acknowledgement. The authors A.R. Khan and A.A. Domlo gratefully acknowl-
edge support provided by King Fahd University of Petroleum and Minerals during
this research.
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