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Abstract. In this paper, we introduce a general iteration scheme for a fi-
nite family of asymptotically quasi-nonexpansive mappings. The new iterative
scheme includes the modified Mann and Ishikawa iterations, three-step itera-
tive scheme of Xu and Noor and Khan and Takahashi scheme as special cases.
Our results are generalizations as well as refinement of several known results
in the current literature.

1. Introduction and Preliminaries

Let C be a nonempty subset of a real Banach space X and T a selfmapping of C.
Denote by F (T ), the set of fixed points of T . Throughout this paper, we assume that
F (T ) 6= φ. The mapping T is said to be (i) nonexpansive if kTx− Tyk ≤ kx− yk,
for all x, y ∈ C; (ii) quasi-nonexpansive if kTx − pk ≤ kx − pk, for all x ∈ C
and p ∈ F (T ); (iii) asymptotically nonexpansvie if there exists a sequence {un} in
[0,+∞) with limn→∞ un = 0 and kTnx− Tnyk ≤ (1 + un)kx− yk, for all x, y ∈ C
and n = 1, 2, . . . ; (iv) asymptotically quasi-nonexpansive if there exists a sequence
{un} in [0,+∞) with limn→∞ un = 0 and kTnx − pk ≤ (1 + un)kx − pk, for all
x ∈ C, p ∈ F (T ) and n = 1, 2, . . . ; (v) uniformly L-Lipschitzian if there exists
a constant L > 0 such that kTnx − Tnyk ≤ Lkx − yk, for all x, y ∈ C and n =
1, 2, 3, . . . ; (vi) uniformly Hölder continuous if there are constants L > 0 and γ > 0
such that kTnx− Tnyk ≤ Lkx− ykγ for all x, y ∈ C and n = 1, 2, 3, . . . (cf. Zhou
et. al [23], p.62); (vii) uniformly equi-continuous if and only if kTnxn−Tnynk→ 0
whenever kxn − ynk → 0 as n → ∞ (cf. Zhou et. al [23], p.62) and (viii) semi-
compact if for a sequence {xn} in C with limn→∞ kxn − Txnk = 0, there exists a
subsequence {xni} of {xn} such that xni → p ∈ C.
From the above definitions, it follows that: (i) a nonexpansive mapping must

be quasi-nonexpansive and asymptotically nonexpansive; (ii) an asymptotically
nonexpansive mapping is an asymptotically quasi-nonexpansive; (iii) uniformly L-
Lipschitzian mapping is uniformly Hölder continuous; (iv) uniformly Hölder con-
tinuous is uniformly continuous. However, their converses are not true, in general
due to the map Tx = (1− x3/2)2/3 for all x ∈ [0, 1].
The map T : C → X is said to be demiclosed at 0 if for each sequence {xn} in

C converging weakly to x and {Txn} converging strongly to 0, we have Tx = 0.
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A Banach space X is said to satisfy Opial’s property if for each x ∈ X and each
sequence {xn} weakly convergent to x, the following condition holds for all x 6= y:

lim inf
n→∞ kxn − xk < lim inf

n→∞ kxn − yk.
It is well known that all Hilbert spaces and `p(1 < p < ∞) spaces are Opial

spaces while Lp spaces (p 6= 2) are not.
Schu [16], in 1991, considered the following modified Mann iteration process (cf.

Mann [11]):

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1(1.1)

where {αn} is a sequence in (0, 1) which is bounded away from 0 and 1, i.e., a ≤
αn ≤ b for all n and some 0 < a ≤ b < 1. In 1994, Tan and Xu [20] studied the
modified Ishikawa iteration process (cf. Ishikawa [7]):

xn+1 = (1− αn)xn + αnT
n((1− βn)xn + βnT

nxn), n ≥ 1(1.2)

where {αn} and {βn} are two sequences in (0, 1) such that {αn} is bounded away
from 0 and 1 and {βn} is bounded away from 1.
Xu and Noor [21], in 2002, introduced a three-step iterative scheme as follows:

zn = (1− γn)xn + γnT
nxn

yn = (1− βn)xn + βnT
nzn

xn+1 = (1− αn)xn + αnT
n yn, n ≥ 1

where {αn}, {βn}, {γn} are real numbers in [0, 1].
Finding common fixed points of a finite family {Ti : i = 1, 2, . . . , k} of mappings

acting on a Hilbert space is a problem that often arises in applied mathematics.
In fact, many algorithms have been introduced for different classes of mappings
with a nonempty set of common fixed points. Unfortunately, the existence results
of common fixed points of a family of mappings are not known in many situa-
tions. Therefore, it is natural to consider approximation results for these classes
of mappings. Approximating common fixed points of a finite family of nonexpan-
sive mappings by iteration has been studied by many authors (see, for example,
Kuhfittig [10], Rhoades [15] and Takahashi and Shimoji [19]). Ghosh and Deb-
nath [4] proved some convergence results for common fixed points of families of
quasi-nonexpansive mappings.
Goebel and Kirk [6], in 1972, introduced the notion of an asymptotically nonex-

pansive mapping and established that if C is a nonempty closed convex bounded
subset of a uniformly convex Banach space X and T is an asymptotically nonex-
pansive selfmapping of C, then T has a fixed point. Bose [1] initiated in 1978,
the study of iterative construction for fixed points of asymptotically nonexpansive
mappings. Xu and Ori [22], in 2001, introduced an implicit iteration process for a
finite family of nonexpansive mappings. Sun [18], in 2003, modified this implicit
iteration process for a finite family of asymptotically quasi-nonexpansvie mappings.
Khan and Takahashi [8] have approximated common fixed points of two asymptoti-
cally nonexpansive mappings by the modified Ishikawa iteration. Recently, Shahzad
and Udomene [17] established convergence theorems for the modified Ishikawa it-
eration process of two asymptotically quasi-nonexpansive mappings to a common
fixed point of the mappings.
For a finite family of mappings, it is desirable to devise a general iteration scheme

which extends the modified Mann iteration (1.1), the modified Ishikawa iteration
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(1.2), Khan and Takahashi scheme [8] and the three-step iteration by Xu and Noor
[21], simultaneously. Thereby, to achieve this goal, we introduce a new iteration
process for a finite family {Ti : i = 1, 2, . . . , k} of asymptotically quasi-nonexpansive
mappings as follows:
Let C be a convex subset of a Banach space X and x1 ∈ C. Suppose that

αin ∈ [0, 1], n = 1, 2, 3, . . . and i = 1, 2, . . . , k. Let {Ti : i = 1, 2, . . . , k} be a
family of selfmappings of C. The iteration scheme is defined as follows:

xn+1 = (1− αkn)xn + αknT
n
k y(k−1)n,

y(k−1)n = (1− α(k−1)n)xn + α(k−1)nTnk−1 y(k−2)n,

y(k−2)n = (1− α(k−2)n)xn + α(k−2)nTnk−2 y(k−3)n,
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

y2n = (1− α2n)xn + α2nT
n
2 y1n,

y1n = (1− α1n)xn + α1nT
n
1 y0n,

(1.3)

where y0n = xn for all n.
Clearly, the iteration process (1.3) generalizes the modified Mann iteration (1.1),

the modified Ishikawa iteration (1.2) and the three-step iteration scheme from one
mapping to the finite family of mappings {Ti : i = 1, 2, . . . , k}.

In the sequel, we assume that F =
k\
i=1

F (Ti).

The main purpose of this paper is to:

(i) establish a necessary and sufficient condition for convergence of the iteration
scheme (1.3) to a common fixed point of a finite family of asymptotically
quasi-nonexpansive mappings in a Banach space;

(ii) prove weak and strong convergence results of the iteration scheme (1.3) to
a common fixed point of a finite family of uniformly equi-continuous and
asymptotically quasi-nonexpansive mappings in a uniformly convex Banach
space.

Our work is a significant generalization of the corresponding results of Khan and
Takahashi [8], Qihou [13], Schu [16], Shahzad and Udomene [17], Tan and Xu [20]
and Xu and Noor [21]. Moreover, these results provide analogue of the results of
Sun [18], for the iteration scheme (1.3) instead of the implicit iteration.
We need the following useful known lemmas for the development of our conver-

gence results.
Lemma 1 [18, Lemma 2.2]. Let the sequences {an} and {un} of real numbers
satisfy:

an+1 ≤ (1 + un)an, an ≥ 0, un ≥ 0,
∞X
n=1

un < +∞.

Then (i) limn→∞ an exists; (ii) if lim infn→∞ an = 0, then limn→∞ an = 0.
Lemma 2 [16, Lemma 1.3]. Let X be a uniformly convex Banach space. Assume
that 0 < b ≤ tn ≤ c < 1, n = 1, 2, 3, . . . Let the sequences {xn} and {yn} in X be
such that lim supn→∞ kxnk ≤ a, lim supn→∞ kynk ≤ a and limn→∞ ktnxn + (1 −
tn)ynk = a, where a ≥ 0. Then limn→∞ kxn − ynk = 0.
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2. Convergence Theorems in Banach Spaces

The aim of this section is to prove some results for the iterative process (1.3)
to converge to a common fixed point of a finite family of asymptotically quasi-
nonexpansive mappings in a Banach space. We begin with the following:
Lemma 3. Let C be a nonempty closed convex subset of a Banach space, and
{Ti : i = 1, 2, . . . , k} a family of asymptotically quasi-nonexpansive selfmappings of
C, i.e., kTni x− pik ≤ (1+uin)kx− pik for all x ∈ C and pi ∈ F (Ti), i = 1, 2, . . . , k
where {uin} are sequences in [0,+∞) with limn→∞ uin = 0 for each i. Assume that
F 6= φ and

P∞
n=1 uin < +∞ for each i. Define the sequence {xn} as in (1.3). Then

(a) there exists a sequence {νn} in [0,+∞) such that
P∞
n=1 νn < +∞ and kxn+1−

pk ≤ (1 + νn)
kkxn − pk, for all p ∈ F and all n;

(b) there exists a constantM > 0 such that kxn+m−pk ≤Mkxn−pk, for all p ∈ F
and n,m = 1, 2, 3, . . . .
Proof. (a) Let p ∈ F and νn = max1≤i≤k uin, for all n. Since

P∞
n=1 uin < +∞

for each i, therefore
P∞
n=1 νn < +∞. Now we have

ky1n − pk ≤ (1− α1n)kxn − pk+ α1nkTn1 xn − pk
≤ (1− α1n)kxn − pk+ α1n(1 + u1n)kxn − pk
= (1 + α1nu1n)kxn − pk
≤ (1 + νn)kxn − pk.

Assume that kyjn − pk ≤ (1 + νn)
jkxn − pk holds for some 1 ≤ j ≤ k − 2. Then

ky(j+1)n − pk ≤ (1− α(j+1)n)kxn − pk+ α(j+1)nkTnj+1 yjn − pk
≤ (1− α(j+1)n)kxn − pk+ α(j+1)n(1 + u(j+1)n)kyjn − pk
≤ (1− α(j+1)n)kxn − pk+ α(j+1)n(1 + u(j+1)n)(1 + νn)

jkxn − pk
≤ (1− α(j+1)n)kxn − pk+ α(j+1)n(1 + νn)

j+1kxn − pk

=

"
1− α(j+1)n + α(j+1)n

Ã
1 +

j+1X
r=1

(j + 1)j · · · (j + 2− r)
r!

νrn

!#
kxn − pk

=

"
1 + α(j+1)n

j+1X
r=1

(j + 1)j · · · (j + 2− r)
r!

νrn

#
kxn − pk

≤ (1 + νn)
j+1kxn − pk.

Thus, by induction, we have

kyin − pk ≤ (1 + νn)
ikxn − pk, for all i = 1, 2, . . . , k − 1.(2.1)
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Now, by (2.1), we obtain

kxn+1 − pk ≤ (1− αkn)kxn − pk+ αknkTnk y(k−1)n − pk
≤ (1− αkn)kxn − pk+ αkn(1 + ukn)ky(k−1)n − pk
≤ (1− αkn)kxn − pk+ αkn(1 + ukn)(1 + νn)

k−1kxn − pk
≤ (1− αkn)kxn − pk+ αkn(1 + νn)

kkxn − pk

=

"
1− αkn + αkn

Ã
1 +

kX
r=1

k(k − 1) · · · (k − r + 1)
r!

νrn

!#
kxn − pk

=

"
1 + αkn

kX
r=1

k(k − 1) · · · (k − r + 1)
r!

νrn

#
kxn − pk

≤ (1 + νn)
kkxn − pk.

This completes the proof of (a).
(b) If t ≥ 0, then 1+ t ≤ et and so, (1+ t)k ≤ ekt, k = 1, 2, . . . . Thus, from part

(a), we get

kxn+m − pk ≤ (1 + νn+m−1)kkxn+m−1 − pk

≤ exp{kνn+m−1}kxn+m−1 − pk ≤ · · · ≤ exp
(
k
n+m−1X
i=1

νi

)
kxn − pk

≤ exp

(
k
∞X
i=1

νi

)
kxn − pk.

Setting M = exp {kP∞i=1 νi}, completes the proof.
The above lemma generalizes Theorem 3.1 for two asymptotically quasi-nonexpansive

mappings by Shahzad and Udomene [17] to the case of any finite family of such
mappings.
The next result is the main result of this section. It deals with a necessary and

sufficient condition for the convergence of {xn} generated by the iteration process
(1.3) to a point of F ; for this we follow the arguments of Qihou ([13, Theorem 1).
Theorem 1. Let C be a nonempty closed convex subset of a Banach space X, and
{Ti : i = 1, 2, . . . , k} a family of asymptotically quasi-nonexpansive selfmappings of
C, i.e., kTni x−pik ≤ (1+uin)kx−pik, for all x ∈ C and pi ∈ F (Ti), i = 1, 2, . . . , k.
Suppose that F 6= φ, x1 ∈ C and

P∞
n=1 uin < +∞ for all i. Then the iterative

sequence {xn}, defined by (1.3), converges strongly to a common fixed point of
the family of mappings if and only if lim infn→∞ d(xn, F ) = 0, where d(x, F ) =
infp∈F kx− pk.
Proof. We will only prove the sufficiency; the necessity is obvious. From Lemma
3 (a), we have

kxn+1 − pk ≤ (1 + νn)
kkxn − pk,

for all p ∈ F and all n. Therefore,
d(xn+1, F ) ≤ (1 + νn)

kd(xn, F )

=

Ã
1 +

kX
r=1

k(k − 1) · · · (k − r + 1)
r!

νrn

!
d(xn, F ).
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As
P∞

n=1 νn < +∞, so P∞n=1Pk
r=1

k(k−1)···(k−r+1)
r! νrn < +∞. By Lemma 1 and

lim infn→∞ d(xn, F ) = 0, we get that limn→∞ d(xn, F ) = 0. Next, we prove that
{xn} is a Cauchy sequence. From Lemma 3 (b), we have

kxn+m − pk ≤Mkxn − pk,(2.2)

Since limn→∞ d(xn, F ) = 0, therefore for each ² > 0, there exists a natural number
n1 such that

d(xn, F ) ≤ ²

3M
,n ≥ n1.

Hence, there exists z1 ∈ F such that
kxn1 − z1k ≤

²

2M
.(2.3)

From (2.2) and (2.3), for all n ≥ n1, we have
kxn+m − xnk ≤ kxn+m − z1k+ kxn − z1k

≤ Mkxn1 − z1k+Mkxn1 − z1k
≤ M

³ ²

2M

´
+M

³ ²

2M

´
= ².

Thus, {xn} is a Cauchy sequence and so converges to q ∈ X. Finally, we show that
q ∈ F . For any ² > 0, there exists a natural number n2 such that

kxn − qk ≤ ²

2(2 + ν1)
, n ≥ n2.(2.4)

Again, limn→∞ d(xn, F ) = 0 implies that there exists a natural number n3 ≥ n2
such that

d(xn, F ) ≤ ²

3(4 + 3ν1)
, n ≥ n3.

Thus, there exists z2 ∈ F such that
kxn3 − z2k ≤

²

2(4 + 3ν1)
.(2.5)

From (2.4) and (2.5), for any Ti, i = 1, 2, . . . , k, we get

kTiq − qk = kTiq − z2 + z2 − Tixn3 + Tixn3 − z2 + z2 − xn3 + xn3 − qk
≤ kTiq − z2k+ 2kTixn3 − z2k+ kxn3 − z2k+ kxn3 − qk
≤ (1 + ν1)kq − z2k+ 2(1 + ν1)kxn3 − z2k+ kxn3 − z2k+ kxn3 − qk
≤ (1 + ν1)kxn3 − qk+ (1 + ν1)kxn3 − z1k

+2(1 + ν1)kxn3 − z2k+ kxn3 − z2k+ kxn3 − qk
= (2 + ν1)kxn3 − qk+ (4 + 3ν1)kxn3 − z2k
≤ (2 + ν1)

²

2(2 + ν1)
+ (4 + 3ν1)

²

2(4 + 3ν1)
= ².

Since ² is arbitrary, therefore kTiq − qk = 0, for all i, i.e., Tiq = q, i = 1, 2, . . . , k.
Thus q ∈ F .
Remark 1. Theorem 1 contains as special cases, Theorem 3.2 of Shahzad and
Udomene [17] and Theorem 1 by Qihou [13] together with its Corollaries 1 and
2, which are themselves extensions of the results of Ghosh and Debnath [5] and
Petryshyn and Williamson [12].
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An asymptotically nonexpansvie mapping is asymptotically quasi-nonexpansive,
so we have:
Corollary 1. Let C be a nonempty closed convex subset of a Banach space X,
and {Ti : i = 1, 2, . . . , k} a family of asymsptotically nonexpansive selfmappings
of C, i.e., kTni x − Tni yk ≤ (1 + uin)kx − yk, for all x, y ∈ C and i = 1, 2, . . . , k.
Suppose that F 6= φ, x1 ∈ C and

P∞
n=1 uin < +∞, for all i. Then the iterative

sequence {xn}, defined by (1.3), converges strongly to a point p ∈ F if and only if
lim infn→∞ d(xn, F ) = 0.
Corollary 2. Let C, {Ti : i = 1, 2, . . . , k}, F and uin be as in Theorem 1. Then
the iterative sequence {xn}, defined by (1.3), converges strongly to a point p ∈ F if
and only if there exists a subsequence {xnj} of {xn} which converges to p.
Theorem 2. Let C be a nonempty closed convex subset of a Banach space X,
and {Ti : i = 1, 2, . . . , k} a family of asymptotically nonexpansive selfmappings of
C. Suppose that F 6= φ, x1 ∈ C and

P∞
n=1 uin < +∞ for all i. Let {xn} be the

sequence defined by (1.3). If limn→∞ kxn − Tixnk = 0, i = 1, 2, . . . , k and one of
the mappings is semi-compact, then {xn} converges strongly to p ∈ F .
Proof. Let T` be semi-compact for some 1 ≤ ` ≤ k. Then there exists a subse-
quence {xnj} of {xn} such that xnj → p ∈ C. Hence

kp− Tipk = lim
nj→∞

kxnj − Tixnjk = 0, .

Thus, p ∈ F and by Corollary 2, {xn} converges strongly to a common fixed point
of the family of mappings.
Theorem 3. Let C, {Ti : i = 1, 2, . . . , k}, F and uin be as in Theorem 1. Suppose
that there exists a map Tj which satisfies the following conditions:
(i) limn→∞ kxn − Tjxnk = 0;
(ii) there exists a constant M such that kxn − Tjxnk ≥Md(xn, F ), for all n.
Then the sequence {xn}, defined by (1.3), converges strongly to a point p ∈ F .

Proof. From (i) and (ii), it follows that limn→∞ d(xn, F ) = 0. By Theorem 1,
{xn} converges strongly to a common fixed point of the family of mappings.

3. Results in Uniformly Convex Banach Spaces

In this section, we establish some weak and strong convergence results for the
iterative scheme (1.3) by removing the condition lim infn→+∞ d(xn, F ) = 0 from
the results obtained in Section 2; for this we have to consider the class of uniformly
equi-continuous and asymptotically quasi-nonexpansive mappings on a uniformly
convex Banach space.
Lemma 4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X, and {Ti : i = 1, 2, 3, . . . , k} a family of uniformly equi-continuous
and asymptotically quasi-nonexpansive selfmappings of C, i.e., kTni x− pik ≤ (1 +
uin)kx− pik for all x ∈ C and pi ∈ F (Ti), where {uin} are sequences in [0,∞) withP∞
n=1 uin <∞, for each i ∈ {1, 2, 3, . . . , k}. Assume that F 6= φ and the sequence

{xn} is as in (1.3) with αin ∈ [δ, 1− δ] for some δ ∈ ¡0, 12¢. Then
(i) limn→∞ kxn − pk exists for all p ∈ F ;
(ii) limn→∞ kxn − Tnj y(j−1)nk = 0, for each j = 1, 2, , . . . , k;
(iii) limn→∞ kxn − Tjxnk = 0, for each j = 1, 2, . . . , k.
Proof. Let p ∈ F and νn = max1≤i≤k uin, for all n.
(i) By Lemma 1 (i) and Lemma 3 (a), it follows that limn→∞ kxn − pk exists for
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all p ∈ F . Assume that
lim
n→∞ kxn − pk = c.(3.1)

(ii) The inequality (2.1) and (3.1) give that

lim sup
n→∞

kyjn − pk ≤ c, 1 ≤ j ≤ k − 1.(3.2)

We also note that:

kxn+1 − pk = k(1− αkn)(xn − p) + αkn(T
n
k y(k−1)n − p)k

≤ (1− αkn)kxn − pk+ αkn(1 + vn)ky(k−1)n − pk
· · · · · · · · · · · ·

≤ (1− αknα(k−1)n · · ·α(j+1)n)(1 + vn)k−jkxn − pk
+αknα(k−1)n · · ·α(j+1)n(1 + vn)k−jkyjn − pk.

Therefore,

kxn − pk ≤ kxn − pk
δk−j

− kxn+1 − pk
δk−j(1 + vn)k−j

+ kyjn − pk

and hence

c ≤ lim inf
n→∞ kyin − pk, 1 ≤ j ≤ k − 1.(3.3)

From (3.2) and (3.3), we have

lim
n→∞ kyjn − pk = c, j = 1, 2, 3, . . . , k − 1.

That is,

lim
n→∞ k(1− αjn)(xn − p) + αjn(T

n
j y(j−1)n − p)k = c,

for each j = 1, 2, 3, . . . , k − 1.
Also, from (3.2), we obtain

lim sup
n→∞

kTnj y(j−1)n − pk ≤ c, j = 1, 2, 3, . . . , k − 1.

By Lemma 2, we get

lim
n→∞ kT

n
j y(j−1)n − xnk = 0, j = 1, 2, 3, . . . , k − 1.(3.4)

For the case j = k, by (2.1), we have

kTnk y(k−1)n − pk ≤ (1 + ukn)ky(k−1)n − pk ≤ (1 + ukn)(1 + νn)
k−1kxn − pk.

But limn→∞ kxn − pk = c, by part (i). So,
lim sup
n→∞

kTnk y(k−1)n − pk ≤ c.

Moreover,

lim
n→∞ k(1− αkn)(xn − p) + αkn(T

n
k y(k−1)n − p)k = lim

n→∞ kxn+1 − pk = c.
Again by Lemma 2, we get

lim
n→∞ kxn − T

n
k y(k−1)nk = 0.(3.5)
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Thus, (3.4) and (3.5) imply that

lim
n→∞ kT

n
j y(j−1)n − xnk = 0, j = 1, 2, 3, . . . , k.(3.6)

(iii) For j = 1, from part (ii), we have

lim
n→∞ kT

n
1 xn − xnk = 0.

If j = 2, 3, 4, . . . , k, then we have

kTnj xn − xnk = k(Tnj xn − Tnj y(j−1)n) + (Tnj y(j−1)n − xn)k
= kTnj xn − Tnj y(j−1)nk+ kTnj y(j−1)n − xnk→ 0

as kxn − y(j−1)nk→ 0 and Tj is uniformly equi-continuous.
Hence,

||Tnj xn − xnk→ 0, n→∞, 1 ≤ j ≤ k.(3.7)

Let us observe that:

kxn − Tjxnk ≤ kxn − xn+1k+ kxn+1 − Tn+1j xn+1k
+kTn+1j xn+1 − Tn+1j xnk+ kTn+1j xn − Tjxnk.

Using (3.5), (3.7) together with uniform equi- continuity of Tj , we get

lim
n→∞ kxn − Tjxnk = 0, 1 ≤ j ≤ k.

This completes the proof.
Theorem 4. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X satisfying the Opial property and let {Ti : i = 1, 2, 3, . . . , k} be
a family of uniformly equi- continuous and asymsptoticaly quasi-nonexpansive self-
mappings of C, i.e., kTni x−pik ≤ (1+uin)kx−pik for all x ∈ C and pi ∈ F (Ti), i =
1, 2, 3, . . . , k where {uin} are sequences in [0,∞) with

P∞
n=1 uin < ∞ for each

i = 1, 2, 3 . . . , k. Let the sequence {xn} be as in (1.3) with αin ∈ [δ, 1− δ] for some
δ ∈ ¡0, 12¢. If F 6= φ and each I − Ti, i = 1, 2, 3, . . . , k, is demiclosed at 0, then
{xn} converges weakly to a common fixed point of the family {Ti : i = 1, 2, 3, . . . , k}.
Proof. Let p ∈ F . Then limn→∞ kxn − pk exists as proved in Lemma 4 (i) and
hence {xn} is bounded. Since a uniformly convex Banach space is reflexive, there
exists a subsequence {xnj} of {xn} converging weakly to some z1 ∈ C. By Lemma
4, limn→∞ kxn − Tixnk = 0 and I − Ti is demiclosed at 0 for i = 1, 2, 3, . . . , k, so
we obtain Tiz1 = z1. That is, z1 ∈ F . In order to show that {xn} converges weakly
to z1, take another subsequence {xnk} of {xn} converging weakly to some z2 ∈ C.
Again, as above, we can prove that z2 ∈ F . Next, we show that z1 = z2. Assume
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z1 6= z2. Then by the Opial property
lim
n→∞ kxn − z1k = lim

nj→∞
kxnj − z1k

< lim
nj→∞

kxnj − z2k
= lim

n→∞ kxn − z2k
= lim

nk→∞
kxnk − z2k

< lim
nk→∞

kxnk − z1k
= lim

n→∞ kxn − z1k.
This contradiction proves that {xn} converges weakly to a common fixed point

of the family {Ti : i = 1, 2, 3, . . . , k}.
Theorem 5. Under the hypotheses of Lemma 4, assume that, for some 1 ≤ i ≤ k,
Tmi is semi-compact for some positive integer m. Then {xn} converges strongly to
some common fixed point of the family {Tj : j = 1, 2, 3, . . . , k}.
Proof. By Lemma 4 (iii), we have

lim
n→∞ kxn − Tjxnk = 0, 1 ≤ j ≤ k.(3.8)

Fix i ∈ {1, 2, 3, . . . , k} and suppose Tmi to be semi-compact for somem ≥ 1. >From
(3.8), we obtain

kTmi xn − xnk ≤ kTmi xn − Tm−1i xnk+ kTm−1i xn − Tm−2i xnk
+ · · ·+ kT 2i xn − Tixnk+ kTixn − xnk

≤ kTixn − xnk+ (m− 1)LkTixn − xnk→ 0.

Since {xn} is bounded and Tmi is semi-compact, {xn} has a convergent subsequence
{xnj} such that xnj → q ∈ C. Hence, from (3.8), we have

kq − Tiqk = lim
n→∞ kxnj − Tixnjk = 0, i = 1, 2, 3, . . . , k.

Thus q ∈ F and by Corollary 2.5, {xn} converges strongly to a common fixed point
q of the family {Ti : i = 1, 2, 3, . . . , k}.

4. Concluding Remarks

1. The family of uniformly equi-continuous and asymptotically quasi-nonexpansive
mappings in Lemma 4 can be replaced by a family of asymptotically nonex-
pansive mappings. We state this result as follows; the proof is similar to that
of Lemma 4.
Lemma 5. Let C be a nonempty closed convex subset of a uniformly convex
Banach space X, and {Ti : i = 1, 2, . . . , k} a family of asymptotically non-
expansive selfmappings of C. Assume that F 6= φ and

P∞
i=1 uin < ∞ for

each i = 1, 2, . . . , k. Let {xn} be as in (1.3) with αin ∈ [δ, 1 − δ] for some
δ ∈ ¡0, 12¢. Then (i), (ii) and (iii) of Lemma 4 hold.

2. Lemma 4 (i) extends Lemma 2.1 of Tan and Xu [20]. Lemma 4 (ii) extends
Theorem 3.3 of Shahzad and Udomene [17] for two uniformly continuous
asymptotically quasi-nonexpansive mappings to any finite family of uniformly
equi- continuous and asymptotically quasi-nonexpansive mappings.

3. Lemma 5 (ii) and Lemma 5 (iii) contain as special cases, Lemma 2.2 of Xu
and Noor [21] and Lemma 1.5 of Schu [16], respectively.
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4. On the lines of the proof of Theorem 3.2 and using Lemma 1.6 of Schu [16]
and Lemma 4.1, the following result can be easily proved.
Theorem 6. Under the hypotheses of Lemma 5, assume that the space X
satisfies the Opial property. Then the sequence {xn} converges weakly to a
common fixed point of the family of mappings.

5. The special cases of Theorem 6 are Theorems 3.1-3.2 of Tan and Xu [20] and
Theorem 2.1 due to Schu [16].

6. Following the arguments of the proof of Theorem 4, it is now easy to prove:
Theorem 7. Under the assumptions of Lemma 5, suppose that, for some 1 ≤
i ≤ k, and a positive integer m, Tmi is semi-compact. Then {xn} converges
strongly to some common fixed point of the family of mappings.
The above theorem contains as a special case, Theorem 2.2 of Schu [16].

7. Theorem 3, Corollary 1, Theorem 5 and Theorem 7 about the iteration scheme
(1.3) are analogues of Theorem 3.1, Corollary 3.2, Theorem 3.3 and Theorem
3.4 in the context of implcit iteration process by Sun [18], respectively.
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