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1. Introduction

It is well known that the bivariate t-distribution arises as a derived sampling distribution from
the bivariate normal distribution and the chi-square distribution (Anderson, 2003, 289). In this
paper we emphasize a scale mixture representation to calculate some product moments and
standardized moments for the bivariate t-distribution. This compounds a nonnegative
continuous distribution with the bivariate normal distribution. Though we have considered an
‘inverted chi-square’ distribution as the scaling or the compounding distribution, the
generalization of the model to any other continuous distribution is evident. This section of the
paper is a decent introduction of relevant materials for Section 2 to motivate those who are
experts in statistical analysis by normal distributions but wish to check the robustness of their
theories for a broader context of t-distributions. Wherever possible, matrix algebra has been
avoided for broad spectrum of readers.

Since the use of the multivariate t-distribution is on the increase in business especially in stock
returns, the paper will enlighten as well as stimulate research in business, econometrics and
statistics. Interested readers may go through Joarder (1992), Kotz and Nadarajah (2004),
Nadarajah and Kotz (2005) and Nadarajah and Kotz (2005a) and the references therein.

(i) The Univariate T-Distribution

A random variable Z is said to have a univariate t-distribution with v degrees of freedom if its
probability density function (pdf) is given by

—(v+1)/2
_T((v+D)/2) ﬁ Cw -
fl(z)_—«/;F(VIZ) [1+ v J : <7<,
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It is denoted by t,. Also let T (read as tau) be a random variable taking value z have an
inverted chi-square distribution given in the following theorem..

Theorem 1.1 Let Z ~N (0,7%) and vT°d W ~ »? where the symbol d means that both sides
of it have the same distribution.

@) (vW )?*z ~t ,
2(V/2)V/2 —(vHl). —vI(272)
b) h =—— 72 W™ 0 , 1.1
(0) h.(7) rwi2) T <7 (1.1)

(c) the pdf (probability density function) of the univariate t-dsitribution with v degrees of
freedom has the following representation:

@)= % exp(—zz—rzth(r)d - (12)

0 T
Proof. The proof of the first two parts are well known.

By plugging (1.1) in (1.2) we have

f(z)= [raV2lx p[—(—+iﬂr-<v+ﬂdf.

a(v/2) 2t° 27°

With the transformation v /7% =w , we have

fl(z):]g(V/Z)VIZJZ/ \AN_ p|: [—Z‘F%JW :|W (v+1)/2( _3/2\/_j

r(v/2)

T z? 1 (v-1)12
- —+= d
e 2|y e

which 5|mpI|f|es to the pdf of t, proving part (c).

Corollary 1.1 Let T have the pdf given by (1.1). Then the a-th moment of T is given by

ey (VI2)Y?T(vI2-al2)
e e T I

(if) The Standard Bivariate T-Distribution

A distribution is said to have the standard bivariate t-distribution if its pdf is given by
(v/2+1)
f (zl,zz)_ {1+1(zf+z§)} v >0. (1.3)
27 14

It can be proved that the components Z, and Z, in (1.3) are uncorrelated but they are not

independent unless v — o . Product moments of the above distribution are given by Corollary
3.3. Following the univariate t-distribution, the quantity v may also be called the degrees of

freedom though it is just a shape parameter here. Since the pdf in (1.3) is constant on the circle
22 +z22=r? forany fixed r, the distribution is also called the circular t-distribution. The pdf

in (1.3) was used by Landenna and Marasini (1981) for testing equality with flexible type |
error control.
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(i) Correlated Bivariate T-Distribution

The following is the pdf of a correlated bivariate t-distribution
2 2 —(vI2+1)
1+ YitY, 2PY1y2) (1.4)

1
fs(yuy)=—F7— (
B 273J1- p° v(l-p?)
which is a special case of the well known bivariate t distribution (Anderson, 2003, 289).
The above distribution is permutation-symmetric as the components have common mean 0,
common variance y,and correlation coefficient p where y,(v—-2)=v, v >2(See Tong, 1990,

202-203). Product moments of the above distribution are given by Corollary 3.2.
The following theorem is similar to a theorem in El-Bassiouni, Sultan and Moshref (2006).

Theorem 1.2 Let Z =(Z,,Z,) ~N,(0,%),2=(0y), 0,,=0,=1 o0,=p=0,, (-1<p<])
independent of W where vId W ~ 7. Then

@Y =(MW)"?Z ~T,(0,zv),

(b) The pdf of a bivariate t-distribution with pdf in (1.4) can be written as

f) = @0 IS exply (25)y T () e (15)

which is the scale mixture of bivariate normal and the 'inverted' chi-square distribution of T
with pdf in (1.1), i.e., symbolically (X |T=17)~N,(6,7°%).

Proof. (a) The pdfof Z,,Z, andW is given by

2 2
f5(zl,Zz,W):i exp[_zl—l_zz 2/72122
2r

2(1-p*)

Wv/271
exp(-w /2).
)Wr(v/z) pew /2)

Letting y, =(v/w)"?z,, y,=(w/w)"?z,, w =w with Jacobian w /v, we have

—(v12+41),,, vI2 2 2
fo(yary o) =—— - exp[—[h”z Z/Zyly“le}-
ol (vI2)\1-p 2v(1-p7) 2

Integrating out w , we have the pdf of bivariate t distribution given by (1.4).

(b) The pdfin (1.5) can be written as
f.(yny2)

o0

j; exp{— y24 y222 - szyly ) } 2(v12)""? gy
0 277°\J1- p° 27%(1- p?) T(v/2)

which can be simplified as

fo(y.y2)

(V/Z)V/Z K { (Yf + Y22 -2py.y, Vv H —(v+3)
= exp| — + d
A (vI2)J1-p* o 2(1- p*)r? 27°

With the transformation v /7> =w , we have
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fF2(y1,Y2)
vi2 0 2 2
(V/Z) p|:_(y1 + yz _2py1y2 +KJW :|(V/W )—(v+3)/2 (%(V/W 3)1/2jdw

= ex
A1 21— p? 4 21-p?) 2
1 T Y. +Y:—2pY.Y, 1) } vi2
= exp|— +=w |w"dw
2" (v [ 2)\f1- p° '([ { { 2(1-p*)v 2

—(vi2+1)
(/24 (yf+y§—2pylyz+£j
272 (v i2\-p? L 20-p ) 2 |

which simplifies to the pdf of the bivariate t-distribution given by (1.4).

(iv) A General Bivariate T-Distribution

The pdf of the bivariate normal distribution is given by
fo(x)=(27) " [Z[V exp(—(x =60)'Z™*(x —6)/2) (1.6)
where X =(X,,X,)", 8=(6,,6,)" is unknown vector of location parameters and X is the 2x2

unknown positive definite matrix of scale parameters. It is known that E (X ) =6 and
Cov (X )=X. The pdf in (1.6) can be rewritten as

2\-1/2
fs(xl’xz)z(lz_p—)eXp[Mj (1.7)
70,0, 2
where
2 2
(1_p2)q(xl,xz):(xl—elJ +(x2—92] _2p(x,~6)(X,~6,) L8)
0 0, 0,0,

The pdf of the general (location-scale) bivariate t - distribution is given by

fo00) = (@2) 122 (Lt (x ~0) (D) (x ~0)) (1.9)
where the scalar v is assumed to be a known positive constant (Anderson, 2003, 289). The
probability density function will be denoted by T,(8,%;v) in contrast to the bivariate normal by
N, (6,%) . The pdf of the bivariate t-distribution in (1.9) can be written as a mixture of the
bivariate normal distribution and the inverted chi-square distribution as follows:

fo(x) = (27r)1T| P22 (14 (x -0)'072)  (x -0)) " hy(e)de (1.10)

which can be written as
1/2

Fo(XyX,) = T (;_pz)_ : exp[_q (;;;Xz)}m(f)d . (1.12)

70,0,T

where q(x,,X,) is given by (1.8). The pdf in (1.11) can further be written as
(1-p*) " ~(v+2)/2
fg(xl,xz):z— (1+q(x;,x,)/v) : (1.12)
0,0,
where q(x,,Xx,) is defined by (1.8) and is well known to be the pdf of the general bivariate t-
distribution (cf. Anderson, 2003, 289). Since the pdf in (1.12) is constant on the ellipse
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c?,

[xl—eljz +£x2 -6, ] 2p(x,~6)(X,~6,) _
0, 0, 0,0,

for any fixed c , the distribution is also called elliptical t-distribution. Note that even if p =0
in the pdf in (1.12), the components X, and X , do not become independent unless v — .

The pdf in (1.10) can be expressed by the scale mixture representation as

(X |T=17)~N,(0,7%). (1.13)
It is interesting to note that the transformation
X, =6, +0y,, X,=0,+0,Y, (1.14)

in the general bivariate t-distribution with pdf in (1.12) yields the pdf of the correlated
bivariate t-distribution as in (1.4). Also the following transformation

X, =0 +0,JA+p)22,+0,\Q-p)]2 z,,
X,=0,+0,\|l+p)I22,-0,\1-p)I2 2,

in the pdf in (1.12) yields that of the standard t-distribution given by (1.3) which is obvious by
virtue of

(1_P2)Q(X1’X2)

-(J@r )2 2,4+ @-p)i2 2,) + (Jar p)i2 2, -Ja-p)i2 2, )
—Zp(\/(l+p)/2 2, +JA-p)/2 22)( A+ p)/22,-JA-p)I2 z, )
= (- p*)z{ +123),

and J ((x,,x,) —>(z,,z,)) =mod X, Oxy _ 0%y OXy = 0,0,,/1— p°.Conversely, the
oz, 0z, 0, 07,

(1.15)

transformation

1 X, =6 X,-6, 1 X, =6, X,-0,
z,= + L Z,= -
V2A+p) L oy F! V2d-p)\ o oF!

in (1.3) also yields the pdf in (1.12) since z” +z2 =q(x,,x,) and

J((z1,2,) > (X1,%,)) = (0-10-2\/]7)_1-

2. Moments of the Bivariate T-Distribution

In the rest of the paper we concentrate mostly on the general bivariate t-distribution discussed
above. It follows from (1.13) that the expected value and the covariance matrix of the
distribution are given by
EX)=E[E(X |T)]=E(#)=0 and
Cov (X )=E[Cov (X |T)]+Cov[E (X |T)]
= E (T°Z)+Cov () (2.1)
= 7,2
where y, =vI(v-2), v>2.

The characteristic function of the general bivariate t-distribution is given by
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beo =E (") ="y, (Vv 21 1), 2.2)
with
v, (L) ==K, (), 23)

2" (v12)
where K ,, (|t [) is the Macdonald function with order v/2 and argument |t |. The Macdonald

function admits numerous integral and series representations (See Spainer and Oldham, 1987,
Chapter 51). The characteristic function can be derived (Joarder and Alam, 1995) by

E (eitX ): E [E (eitX |T)]
—E (e itg —t'TZZtIZ)

=e"E [exp(—aT?)],
where o =t'>t /2. Since

© via

E (e_aTz):-([e—mth(z')drzzvlg#)(vlz)Kv,z (\/ﬂ),

—a © 2
W f u“t exp(—u —‘%}m (Lebedev, 1965), the characteristic

1-a
2 0

where K W )=K W)=
function is given by (2.2).

Setting t, =0 in the characteristic function (2.2), we immediately have
E (e X ) =gy (O‘l\/; It, |). Hence the marginal probability density function of X , is given
by

flO(Xl) =

2
1

r+0/2) (,, 1
ovr T(v12)
which is denoted by X, ~t(6,,07;v).

—v/2-1
(xl—el)zj v >0,

The (a,b)-th raw product moment of any two variables X , and X , is defined by E (X 2X ?)
while the (a,b)-th centered product moment between X, and X, is defined by

E[(Xl_‘gl)a(x 2 _Hz)b]’ (2-4)
where 6, =E (X,),E(X,)=6,.

3. Centered Product Moments of Bivariate T-Distribution

The scale mixture representation of the bivariate t-distribution with pdf in (1.13) can be
represented by
2,0 11 2
(X |T=7)~N,(0,7°%) where Zz[ﬂ( ) M )j=( 7 palzazj.
w11 u(0,2) PO,0, 0,
The pdf's between (1.9) to (1.12) are equivalent. The following theorem is due to Joarder
(2006).
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Theorem 3.1 Let X, and X, have the bivariate t-distribution with pdf in (1.12). Then the
product moments between X, and X, are given by

u@,b;v) = @+b -1 poou@-1b -y, + @-Db -~ p*)ololu@-2,b -2,

a 23. 1 2b |m|n(ab) 2 2j
(28, 2;v) = o (ZAAD)! '( p) S
2 = @-1)i-)N2))!
/J(23.+1 2 +1; V) 2a+102b+1 (2& +l)|(2b -I-l)l min(a,b) (Zp)ZJ

2&+b '0 = (a J)I(b—J)I(ZJ +1)' 7/2a+2b+2’
u(2a,2b +1v)=pu(2a+1,2b;v)=0
where y, is the a-th moment of T.

Proof. By applying the scale mixture representation in (1.5) to Kendal and Stuart (1969, 91)
we have

p@bim)=E[E[(X,~6) (X, ~6,) | T]]
=E[(@+b -1)p(c,T)(o,T)u(a~1b ~1)
+@-b -~ o) (62T ) (0T u(@~2,b - 2)]
= (a+b —1) po,o,u(a—1b —1)E (T?)
+@-Db -D(- p)olotu(a—2,b - 2)E (T*).

Similarly we have
| |m|n(a b) 2j
(2a 2b V) 2a 2b (Za)aEkJZb) '(Zp) ' I
2 = @-j)b-j)u2j)!

2a+102b+1 (2a+1)!(2b +1)! & (2p)" E (T22+%+2
a+h p Y Y H |I_( )
2 = @=-j)b-j)2j+n!

1(2a,2b +1v) = u(2a,2b +DE (T?**) =,
u(2a+1,2b;v) = p(2a+1,2b)E (T?*1) = 0.

E (T2a+2b )

u(a+1,2b +Lv) =

Corollary 3.1 Let X, and X, have the bivariate t-distribution with pdf in (1.12). Then the
product moment correlation between X, and X , isgivenby p, , =p .

Proof. By virtue of
E(Xl_el)z :/1(210;‘/):720-12' E (X 2_‘92)2 :/1(012;‘/):720-22'
EX,-8)(X,—-6,)=u@lL;v)=y,p0,0,,
the corollary follows from

2 2 1/2
(EX=6))(EX,=0))] prx, =EX,-6)(X,-6).

We conclude this section by providing centered product moments of the bivariate correlated t-
distribution and the standard t-distribution. Corollary 3.2 follows from Theorem 3.1 for
o, =0, =1.

Corollary 3.2 The product moments of correlated bivariate t-distribution with pdf in (1.4) are
given by
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p@b;v)=(@+b -1 pu@-1b -1y, +@-1)b -H- p*)u(@a-2,b -2)y,,
a) I(Zb)! min(a,b) (2p)2J

2a+b Y ok |2- |72a+2b’

o (@-1)ib-)2j)!

)I(2b +1)! "EY (2p)%

a+b P Y Y] - |7/2a+2b+2’
2 = @-j)b-j)j+n!
u(2a,2b +1v) = u(2a+1,2b;v) =0,
where y, is the a-th moment of T.

u(2a,2b;v) = (2

1(2a+1,20 +1v) = 22F

The following corollary follows from Theorem 3.1 for o, =0, =1 and p=0.

Corollary 3.3 The product moments of standard bivariate t-distribution with pdf in (1.3) are
given by

p@b;v)=@-Nb-Hu@-2b-2)y,

.y (2a)!(2b)!
u(2a,2b;v) —W%amw

u(2a+1,2b +Lv)=0, u(2a,2b +1,v) = u(2a+1,2b;v) =0,
where y, is the a-th moment of T.

4. The Standardized Moments of the Bivariate T-Distribution

Let u(a,b)=E[(X,-6)*(X,-6,)"] and u(a,b;v)=E[(X,-6)*(X,—6,)"]be the
(a,b)-th centered product moments of the bivarite normal distribution with pdf in (1.6) and the

bivariate t-distribution with pdf in (1.9) respectively. Since the covariance matrix for the
bivariate t-distribution is given by
A o[ #@0v) u@lv)) (w(20)  pdl) ) =
p@Lv) w(©2v)) (u@1) w(02)" °°
the quantity
(X =) (X —0) 5|z "*(X —=0)|F=ZZ =R? is not the standardized distance. The
standardized distance for the bivariate t-distribution is defined by
Q=(X -0)(,Z)" (X -9). (4.1)

Lets, =E@Q?), (a=12,---)be the a-th standardized moment of Q (Joarder, 2006). Some
properties of standardized moments are discussed below.

Theorem 4.1 Let X =(X,,X,)" have the general bivariate t-distribution, and
Q =X =8)(5,2) (X —6) be the standardized distance of the distribution. Then
a '@+)r(v/2-a)
=(v-2
f=(v-2) T(v/2)
Proof. The quantity Q can be written as Q = (X —8)'(%,Z) (X —0)=y,"2Z =y,'R? where
> Y2(X —@)=2Z . Then from (1.3), the pdf of Z is

fz(z):i(l+%j_ _ . (4.2)

, v>2a.
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By making the polar transformation

z,=rcosd, z,=rsind, r e(0,0), 8<(0,27) in (4.2) with Jacobian r , it follows that
the probability density functions of R and ® are given by

9,(r)=r@+r?/v)“'#Y r e(0,0) and

9,(0)=(27)" ,0€(0,27)

respectively. Then it can be checked easily that R?/2 ~ F(2,v), and consequently

W =yQ/2~F(2,v), v>2(cf. Muirhead, 1982, 37). Then the a-th standardized moment is
given by

B.=E@Q?")
=2 EW?)
e o T@4DT(v/2-a)
=27 i) T(v/2)
—(v-2y F(a+1)1“(v/2—a), Vs 28,
T(v/2)

Notice that as v — o, the standardized moments of the bivariate t-distribution, as expected,
coincide with that of the bivariate normal distribution. In case a is a nonnegative integer

(12)-1°

-W' v>2(a-1)

f,=2"

where ¢c® =c(c -1)---(c —a+1), (c #0).

Corollary 4.1 The first three standardized moments of the general bivariate t-distribution are
given by

/81:2'

_8(v-2)
B, = - , v>4,
B, = 48(v —2)°

=V % s
(v—4)(v-6)

5. Shanon Entropy

The Shanon Entropy for any bivariate density function f (x,,x,) is defined by
H()=-E(Inf (X,,X,)]. Letus calculate the Shanon entropy for the bivariate normal
distribution. It follows from (1.7) and (1.8) that

—Infy(¢,,%,) =In(270,0, 1= p7 ) + 32D an
1
1- p2
respectively so that the Shanon entropy for the bivariate normal distribution with pdf in (1.7) is

Elq(X .. X,)]= (1+1_2P2)=2

given by
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E[q(X,, X,)]

~E(Infy(X,,X ) = In(270,0,\L- o7 )+
2 (5.1)

=In (27[0'102\/1—,02 )+1.

Theorem 5.1 Let the bivariate t-distribution have the pdf in (1.11). Then the Shanon entropy

for the bivariate t-distribution has the following equivalent representations:
(i)H (f,) = |n(27z'0'10'2«/1—p2 )+ E(InT?)+1
(ii)H (f,) = |n(27r0'10'2\/1—p2 )+ VZZ E[In(1+q(X,,X,)/v)],

~ > Jal(wi2+1) | v+2
(iii )H (fg)—ln(Zﬂalazx/l—p )+In{r((v+1)/2)} E[w(v2+0)-¥(v12)]

where VT ~ y2and W(t) =d InT'(t)/dt denotes the digamma function (Nadarajah and Kotz,
2005).

Proof. By virtue of (1.10), (1.11) or (1.13), it follows from (5.1) that
H(f,)=E [(In(Zﬂ(o-lT)(o-zT)W )+1) | T}

- |n(2mlaz\/1—7)+ E(nT?)+1,
which is part (i) of the theorem. Alternatively, it follows from (1.1) that

ElIn (X, X )] =—In(270,0,/1- p° )—VZZ E [In(1+a(X X ,)/v)],

which yields (ii) in the theorem. Note that E (InT?) =Inv—E (In\W ), W ~ 2. For part (iii),
see Nadarajah and Kotz (2005).

6. Distribution of the Sample Variances and Correlation
Coefficient

For any bivariate random vector, the mean vector is X "= (X, X ,) and the sums of squares

N — [—
and cross product matrix is given by Z(Xj — X)(X; = X)"= A. The symmetric bivariate
j=t

N —_—
matrix A can be written as A =(a; ),i =12,k =1,2 where a; =mS? =) (X; =X ,)?,
j-1

N
m=N -1(i =1,2) and a, =Y _(X,; -X,)(X,; —X,) =mRS,S, . Fisher (1915) derived the
j=1
distribution of Afor p =2 in order to study the distribution of the correlation coefficient from
a normal sample.
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Let X '=(X,,X,) be bivariate t-random vector with probability density function in (1.9).
Now consider a sample X, X ,,--- X, (N >2) having the joint probability density function

—w -N /2 A Y 3 ~ vt
S (wr)"I(v/2 2| [H;(Xi 0)'(v2)~(x, 9)j : (6.1)

which is the bivariate t-model for the sample. Note that the observations in the sample are
uncorrelated and not independent unless v — .

fi (X XXy )

The pdf of sample sum of squares and sum of products based on bivariate t-model (6.1) can be

written as

-m/2 “m (m-3)/2
fo(8y,85,8,)=C, (M, 2) (1_/02) (0,0,) (auazz _a122)

-v/2-m
vl-p )\ oy o; o0,

2"y " T(m+v/2)
7z IT(m-DI'(v/2)
and a, >0,a,,>0,—o<a,<w,-1<p<l, m>20, >0,0,>0 (Sutradhar and Ali, 1989).

where C (m,2) =

Under the transformation a,, =ms/,a,, =ms?’,a,, = mrs;s, with Jacobian
J(a,,8,,8, = r,s/,s2)=m%s,, the pdf of S/,S? and R is given by

f5(s2,52,r)=m" C,(m,2)(ey0,) ™ (1-p7) " (1-12)" 7" (s,8,)"

—v/2-m
1 ms” ms; ms.s, (6.2)
x| 1+ 5 St —-—2pr .
v(l=p)\ o o, 010,

By integrating out sample variances, the distribution of the correlation coefficient comes out to
be what was obtained by Fisher (1915). An elegant proof is due to Joarder (2007). The null and
non-null distribution robustness was proved, among others, by Ali and Joarder (1991).

Theorem 6.1 The probability density function of the correlation coefficient R based on the
joint pdfin (6.1) is given by

om-2 (1_ 2 m/2 N Y ‘
h(r)= ( P ) (1—!’2)( 3)/22(2pr) rz(m +k j, ey <1
7 IT'(m-=1) = k! 2

where m >2,-1< p<1.
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