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The mean and variance of some continuous distributions, especially exponentially
decreasing probability distribution and normal distribution are considered. Since
they involve integration by parts, many students do not feel comfortable. In this
note we demonstrate a technique of deriving mean and variance only mostly
through differential calculus. The general nature of the technique exhibits its
potential for wider applications.

1. Introduction

In the service courses in engineering statistics, sometimes we need to evaluate mean and
variance of some continuous distributions, especially exponentially decreasing probability
density function and normal probability density function. Since these involve integration by parts
and/or the use of L'Hospital's rule, many students face difficulty. In addition, instructors also face
some sort of a teaching digression. In this note, we assume that the probability density function
(pdf) in question has at least one continuous parameter. Since any probability density function
integrates to unity, we call this integral a density identity (DI) in the parameters of the
distribution. We derive the mean and variance integrals by repeatedly differentiating the DI with
respect to the parameters.

The probability density function of an exponential random variable X, say the life time of
a battery, is given by

f(x)=1e", 0<x <o0,0< A< (1)
For the motivation of this distribution see Scheaffer and McClave [2]. Suppose that we

want to know the expected life time of the batteries and also the variance of the life times of the
batteries. The mean and variance integrals are given by

E (X ):Txf (x )dx

:Tx (ﬂe’“ )dx (2

and
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Vv (X)=T(X—E(X ))f (x )dx

:szf (x)dx —(E (X))’ ?)
respectively.

Since the mean and variance integrals given by (2) and (3) involve integration by parts,
students find these difficult. Since the pdf in (1) integrates to 1,

Tf (x)x =1

ie. [edx =1. 4)
0
The above integral will be called the density identity, and will be used to evaluate the
mean and variance integrals given by (2) and (3). We repeatedly differentiate the density identity

with respect to 4 to get new identities that are in turn exploited to evaluate the mean and
variance integrals.

2. The Method

The method is described by the exponential and normal distributions. The following lemma is
obvious.

Lemma 2.1 Let x and A be nonnegative. Then we have
: d -ax\ _ —AX
(i) ﬁ(e )=—xe ™,
oy d —AX | _ =X
(Il)ﬂ(le )—(—lx +1e .
Example 2.1 Let X have the exponential pdf given by (1). Then we have

H K —AX _1
(|)'(|:x(ﬂe )dx_ﬂ,

H T 2 —AX _i
(||).c|:x (/1e )dx_/lz.

Proof. (i) Differentiating the density identity (4) with respectto A4 (see Lemma 2.1 (ii)), we have
j (—=Ax +1)e #dx =0
0

which simplifies to



Tﬂxe‘“dx = Te‘“ dx
0 0

1
— by (4),
p y (4)
which is part (i).

Thatis,E (X )= % which is the mean of the exponential distribution.

(ii) Differentiating the identity (i) in this example again (See Lemma 2.1 (ii)) with respect to 4,
we have

Tx ((—/Ix +1e ™ )dx 1

0

Then by Example 2.1 (i), we have

Ix 2 e ™ dx =Ixe‘“dx +%

ie. E(X?)==.
Given these results, the variance integral (3) is given by
V(X)=E(X?*)-(E(X))

i.e 02:i_i:i
o A% A7 Q%

Example 2.2 Let X have the normal distribution N (z,1) with pdf

f(X)——l_e_%(x_y)2 —0 <X <0, —0< [<®
272. ) ) .
Then E(X )=

Solution. The density identity is given by

© 1 2
J‘Le 2" dx =1.

N2



Differentiating both sides of the above identity with respect to zz, we have
]E Leié(x —u)? (_(Z)E (X _ Iu)(_l)jdx =0,
S 2n 2

i.e. T(x —)f (x)dx =0,

or, E(X —u)=0.

Example 2.3 For a general normal distribution N (x, c*) with pdf

1 _ _ 2 2
f(x)=—r=e ") _p<x <ow, —o<pu<m, 0<o <o,
o~N2rx

find the mean and variance.

Solution: The density identity is given by

< 1 7( _ 2 2
———e gy =1, (5)
'[ o~N2r

—00

Differentiating both sides of the above identity with respect to zz, we have

T(X ‘j’jf (x)dx =0,

o

—00

or, E(X —)=0.
Thatis,E(X )=p.

Again differentiating both sides of the density identity (5) with respect to o we have

T(ij (x)dx =0,

—00

or, E((X —u)’-0°)=0.
Thatis,V (X )=0".



Thus, the mean and variance of a normal distribution N (x, o?) are given by
E(X)=xandV (X)=o’ respectively. In particular, when X has the normal distribution
N (0, ) with pdf

1
FO0="57"

it follows from Example 2.3 that E(X )=0 andV (X ) =o?.

2 2
) _p<x <00, 0< o<,

3. An Application

Example 3.1 Let the continuous random variable Y denote the diameter of a hole drilled in a
sheet metal component. The target diameter is 12.5 millimeters. Most random disturbances to the
process result in larger diameters. Historical data show that the distribution of Y can be modeled
by a probability density function

f(y)=20e 019 y>125 (6)

(Montgomery, Runger, and Hubele [1], p. 59). If a part with a diameter larger than 12.6
millimeters is scrapped, the probability that a part is scrapped is given by

PY >12.60)= T f (y)dy

250, —252
=e7e

~ 0.135.

Thus for a sample of size n, approximately 0.135n parts should be scrapped. Note that the
number of scrapped parts with larger diameters holes will have a binomial distribution
B (n, p) where p =0.135is the probability that a part with larger diameters (Y > 12.60) will be
scrapped.

Suppose that we want to know the expected value and variance of the diameters of holes
drilled in a sheet metal component. The mean is given by

EQ )= [ yf(y)y

125

— T y (20e —20(y—12.5))dy (7)

125

Lettingy = x + 12.5, we have



E(Y) =T(x +12.5)(20e > )dx

Il
O 38 °

X (20e-2°x )dx +12.5T(20e-2°x )dx
0

0

=[x (206 )dx +12.5.
0
Then by Lemma 2.1, we have
E(Y) =i+12.5=12.55.
20

The variance is given by
V(Y ) =]y (y)dy ~1255° (®)
0
BUtE( *)= [ y’f (y)dy

125

_ J‘ 206 —20(y -12.5) )dy

j (x +12.5)° (20e ™ )dx. 9)
0
By Example 2.1, the integral in (9) is evaluated as

sz 20e 2> dx +2(12. S)J 20e‘2°x)dx +(12.5) _[ 20e‘20x)d
0

2

" 20
=157.505

12012 5)—+12 52(1)

Therefore the variance in (8) is given by V (Y ) =157.505-12.5* =1.255 (cf. Montgomery,

Runger, and Hubele [1], pp. 59-62).

We remark that the method discussed here is easily applied to most other continuous
distributions. In case a pdf does not explicitly have a continuous parameter, we can formally
insert it into the pdf and apply the technique discussed.
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