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1 Introduction

This note regards the existence of nonoscillatory solutions of the linear difference
retarded functional equation

0
v) = [ a(t=r©)do) (1)
where x (t) € R, r(f) is a positive real continuous function on [—1,0] and ¢(f)
is a function of bounded variation on [—1,0], normalized in a manner such that
q(—1)=0.

In the case where ¢(0) is a step function, with a number p of jump points, we
obtain the important class of delay difference equations

z(t) = Zajx(t—rj), (2)

where the a; are nonzero real numbers and each r; is a positive real number
(j=1,...,p).

Considering the value [|r|| = max{r(0): —1 <6 <0}, by a solution of (1)
we mean a continuous function x : [— |||/, +o00[ — R, which satisfies (1) for every
t > 0. A solution is said to be oscillatory whenever it has an infinite number of zeros;
otherwise it will be said to be nonoscillatory. When all solutions are oscillatory,
the equation (1) is called oscillatory. If (1) has at least one nonoscillatory solution,
then the equation will be said to be nonoscillatory.

We will say that a function ¢ : [—1,0] — R is increasing (decreasing) on
J C [-1,0], if ¢ is nonconstant on J and for every 601,02 € J such that 6; < 62, one
has ¢(61) < ¢(02) (respectively, ¢(f2) < ¢(01)). For a given 0 € [—1,0], if for every
e > 0, sufficiently small, ¢ is increasing (decreasing) in [0 — ¢,0 + €] ([—¢,0] if § = 0,
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[-1,—1+4¢] if @ = —1), 6 will be said to be a point of increase of ¢ (respectively, a
point of decrease of ¢).

Letting 6y € [—1,0] be such that r (6g) = ||r]|, in [1] it is shown that if  (0) <
r(6p) for every 6 # 6y and 6y is a point of increase, then (1) is nonoscillatory.
With respect to (2), the same holds provided that aj > 0, where the integer k is
determined by the relation r, = max{r;: j=1,...,p}.

In Section 2 we will show that under the situation of having r (6) differentiable
on [—1,0], (1) and (2) can be nonoscillatory in a different framework. Fot that
purpose we will denote by DT the family of all positive real functions which are
differentiable on [—1,0].

2 Nonoscillations

It is well known that any solution of (1) exhibits an integral exponential bounded-
ness (see [3]). Therefore by [4] we can conclude that (1) is oscillatory if and only
if 0
[ e o 0)) dao) < 1,
~1

for every real A (see [1]). So, (1) is nonoscillatory if and only if there exists a real
A such that

0
/ exp (—Ar (8)) dg(0) > 1.

-1
Assuming that —1 < a < 5 <0, let R(«, ) be the family of all delay functions
r(0), in DT, which are increasing on [—1,«], constant on [, 3] and decreasing on

[8,0].
Theorem 1 Let r (0) be any delay function in R(c, 3). If ¢(0) > 0 and

0  foreveryf e [—1,q], (3)
0  forevery 0 € [53,0], (4)

then (1) is nonoscillatory.

Proof. Using the integral decomposition

0 @
/ exp (—Ar (6)) dg(0) = / exp (—\r (6)) dg(0)

-1 -1

B 0
+ / exp (—Ar (0)) dq(6) + /B exp (—Ar (6)) dq(6),
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and integrating by parts each one of the integrals in the right-hand side of this
equation, one has

0

[ exp (=30 0) da(0) = exp (<A (0)) 4(0)
«a 0

+ / Aexp (=Ar (0)) q(0)dr (6) + / Aexp (—Ar (6)) q(6) dr (0) .

1 8

Since Ar (6) exp (=Ar (0)) < e !, for every real A and r € R(a, 3), the assumptions
(3), (4) imply that

0
/_ e (=M (0)) da(0) > exp (=) (0)) a(0)

+et [/a q(@)dlnr(@)+/0q(9)dlnr(9)} .

1 8

As ¢(0) > 0, one easily sees that the function

f(A) =e[l —exp(=Ar(0)q(0)],

is increasing, f(\) — —oo as A — —oo and f(\) — e as A — +o0o. Thus, there
exists Ag € R such that

«@ 0
/ q(0)dInr (0) + / q(0)dInr (0) = e[l —exp (—Aor (0)) ¢(0)]
-1 8

and, by consequence,

0
/ exp (—Aor (0)) dg(6) > 1.

~1
Hence (1) is nonoscilatory. |
With 6y € [—1,0], denote by R (6p) the family of all delay functions, 7 () , which
are increasing on [—1,6p] and decreasing on [fg,0]. By putting in the Theorem 1,
a = 8 = 0y, the following corollary is obtained.

Corollary 2 Let r(0) be any delay function in R (0y). If ¢(0) > 0 and

q(0) <0 for every 0 € [—1,0¢],
q(0) =0  for every 0 € [0y,0],

then (1) is nonoscillatory.
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By choosing g = —1, we obtain an important particular case of the Corollary
2.

Corollary 3 If q(0) > 0 for every 6 € [—1,0], with q(0) > 0, then (1) is nonoscil-
latory for all delay functions, r (0) in DT, which are decreasing on [—1,0].

The conditions of Corollary 2 cannot be fulfilled when 6y = 0, that is when  (6)
is increasing on [—1,0], since in that case one has necessarily ¢ (0) = ¢(6p) = 0.
However, in this situation the following theorem holds:

Theorem 4 Let q(0) < 0 for every 0 € [—1,0], with ¢(0) = 0. Then (1) is
nonoscillatory for all delay functions, v (6) in DT, which are increasing on [—1,0].

Proof. Integrating by parts directly, we obtain
0 0

/ g (0) - / O 0)ar 6). (5)
Taking A < 0, since 7 (0) is increasing, we have

0 0

/ X e dg (6) = Ae M (—1) / X q(0)dInr(0).
Letting for A € |—o0, 0],
_exp(ir(—1))

="

one easily sees that f is decreasing, f(\) — 0 as A — —oo and f(\) — —o0 as
A — 07. So there exists A\g < 0 such that

0 e)\()’f‘(*l)

and, consequently,

0
/ e dg (0) > 1,
—1

which achieves the proof. ]
The results above are illustrated by the following examples.

) -1-0 if -
q =
1-60 if -

Example 5 Let

> ©
VAA
U!!N)
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and r € R(—%,_%) CAs
and
3
q(#) <0  for every 0 € [—1, _g] 7

q(0) >0  for every 0 € [—%,O} ,

by Theorem 1, the corresponding equation (1) is nonoscillatory.

Example 6 Let

—2(1+6) if —-1<60<-3,
q(0) = 0 if 0=—3,
5-30 if —1<60<0,

q(0) <0 for every 6 € [_17 _%} 7

1
q(0) =0 for every 6 € [—5,0] ,

by Corollary 2, the corresponding equation (1) is nonoscillatory.

Example 7 The equation
0
o) = [ at-r@na(@+16-17)
-1
is nonoscillatory, by Corollary 3, for every delay function, 7(f) in DT, decreasing

on [—1,0].

Example 8 By Theorem 4, one easily verifies that the equation

0

x(t) = / x(t—7r(0))d@(0+1))

-1

is nonoscillatory, for all delay functions, r(f) in D", which are increasing on [—1,0] .
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Remark 9 If, aditionally, ¢(f) is a step function, in Corollary 2 one easily can
conclude that 6y is a point of increase of ¢(#). The same holds with —1 in Corollary
3 and with 0 in Theorem 4. This means that the corresponding consequences which
can be obtained for equation (2) are already covered by the results obtained in [1].

The main assumptions in the preceding results fall upon the function ¢(0), im-
plying then that (1) is nonoscillatory for a certain class of delay functions. The
following theorems are of different kind since beyond having r () monotonous, they
involve a mixed type condition on r (6) and ¢(6).

Theorem 10 Let r(0), in DT, be decreasing on [—1,0] and q(6) < 0 for every
0 € [-1,0], with ¢ (0) = 0. If

: P
/lq(Q)dlnr(H) > - 10) e, (6)

then the equation (1) is nonoscillatory.
Proof. Proceeding as in the proof of Theorem 4, from (5) we have for every
A €10, 4o00]
0 0
[ e a0 da0) > ar @) exp (<3 (<) [ a(0)dr 0),
-1 -1
since r (0) is decreasing and ¢(f) < 0 on [—1,0]. For X in ]0, +o00[, the function

_exp(Ar(=1))
g(\) = )

tends to +o0o either as A — 400 or A — 07. Moreover,

I (r(in) - rr(<_o§)e

is the minimum of g on ]0, +00[. So, by (6) there exists Ag such that

0
Mor(0) exp(rr (=1)) / g(0)dlnr (0) =1,

-1
and therefore 0
[ e (or 0)da(®) > 1
-1
which completes the proof. [
By changing in the proof of Theorem 10, r(0) with r (—1), we obtain, analo-
gously, the following theorem.
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Theorem 11 Let r (), in DT, be increasing on [—1,0], and q(8) = 0 for every
0 € [-1,0], with ¢(0) =0. If

0
[ awyanro) > 1 M)
then (1) is nonoscillatory.

The examples below illustrate these results.

Example 12 Applying Theorem 10, we can conclude that the equation
2 (t) = /01 2 (t — (2 — 0)) d(306% + 800)
is nonoscillatory, since
/01 g(0)dinr (0) = —/01 80229—1820%9 ~ 5, 3767

is larger than

1
r=h, _ 26%4,0774.

We notice that by [2], Corollary 15, when r () , in D™, is decreasing and ¢ (#) < 0
on [—1,0], with ¢ (0) = 0, and

0
/lq(e)dlnr(9)<e, (8)

then (1) is oscillatory. Asin (6), 7 (—1) /r (0) > 1, one easily observes that verifying
(6) we are in the opposite of (8). The same holds in Theorem 11.

The Theorems 10 and 11 applied to equation (2) give, respectively, the following
corollaries.

Corollary 13 Ifri > -+ > 1y,

p
Zaj:Q Zaj <0, foreveryl <k<p-—1,
j=1

Jj=1
and
p—1
Tk+1 1
aj | In =2 > Ze 9)
£ T Tp
k=1 \j=1

then (2) is nonoscillatory.
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Corollary 14 Ifr < --- <1y,

p
Z:aj:()7 Zaj >0, for everyl <k <p-—1,
j=1

j=1
and
p—1
Tkt T
Zaj In =L > P, (10)
- Tk T1
k=1 \j=1

then (2) is nonoscillatory.

Example 15 The equation

2o (e-2) o (1 2 e (i-1).

is nonoscillatory, since Z?:l a; is equal to —2, —8 and 0, for £ = 1,2 and 3, respec-
tively, and

& i T 3 1
ST a2 = ~2In: ~8lng ~9,8105
k=1 \j=1 Tk
which is larger than

1
"2 — Ze ~0,543668.
™ 5

Note that by [2], Corollary 18, when ry > -+ > 1, Z?:l a; =0, Z?:l a; <0
forevery 1 <k <p—1, and

p—1 k r

Z Zaj In 4L < e, (11)
: Tk

k=1 \j=1

then (1) is oscillatory. Since r1/r, > 1, we notice that under (9) we are in the
complementary of (11). A similar situation happens with (10) of Corollary 14.
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