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Abstract

A discrete analogue of an impulsive system with a small delay is considered.
If the corresponding system without delay has an isolated w-periodic solution,
then in any neighbourhood of this orbit the discrete system also has a periodic
solution.

1 Introduction

In the mathematical simulation of the evolution of real processes in physics, chem-
istry, population dynamics, radio engineering etc. which are subject to disturbances
of negligible duration with respect to the total duration of the process, it is often
convenient to assume that the disturbances are instantaneous, in the form of im-
pulses. This leads to the investigation of differential equations and systems with
discontinuous trajectories, or with impulse effect, called for the sake of brevity im-
pulsive differential equations and systems.

Impulsive differential equations with delay describe models of real processes and
phenomena where both dependence on the past and instantaneous disturbances are
observed. For instance, the size of a given population may be normally described
by a delay differential equation and, at certain instants, the number of individuals
can be abruptly changed. The interaction of the impulsive perturbation and the
delay makes difficult the qualitative investigation of such equations. In particular,
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the solutions are not smooth at the instants of impulse effect shifted by the delay
2].

In the present paper we derive a discrete analogue of an impulsive system with
a small delay. If the corresponding system without delay has an isolated w-periodic
solution, then in any neighbourhood of this orbit the discrete system is shown to
have a periodic solution.

2 Statement of the problem. Main result

Consider the system with impulses at fixed instants
Az(ty) = Lj(z(t;), =(t; — ), JjEZ, (1)

where x € Q CR", f: Rx QxQ — R” Qis a domain in R"; Z is the set of

all integers, N is the set of positive integers; Ax(t;) = x(t; + 0) — z(t; — 0) are

the impulses at instants ¢; and {t;};ez is a strictly increasing sequence such that
lim t; = Fo0; [; : 2 x Q — R" (j € Z); h > 0 is the delay.

j—too

As usual in the theory of the impulsive differential equations [1, 4], at the points
of discontinuity ¢; of the solution x(t) we assume that x(t;) = x(t; — 0). It is clear
that, in general, the derivatives &(t;), j € Z, do not exist. On the other hand,
there do exist the limits ©(¢; & 0). According to the above convention, we assume
.’ﬁ(tj) = :ic(tj — O).

Similarly, the derivative & does not exist at the other points of discontinuity
of the right-hand side f(t,x(t),z(t — h)), i.e., at the points t; + h, j € Z. We
require the continuity of the solution x(¢) at such points if they are distinct from
the moments of impulse effect ¢;.

For the sake of brevity we shall use the notation Z(¢) = z(t — h), and we will
denote by Z the last argument of the functions f and I;.

In the sequel we require the fulfillment of the following assumptions:

A1l. The function f(¢,z,z) is continuous (or piecewise continuous, with disconti-
nuities of the first kind at the points ¢;) and w-periodic with respect to ¢,
continuously differentiable with respect to z,z € €, with locally Lipschitz
continuous with respect to x, T first derivatives.

A2. The functions Ij(z,Z), j € Z, are continuously differentiable with respect to
x, T € Q, with locally Lipschitz continuous with respect to x, Z first derivatives.
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A3. There exists a positive integer m such that tj 1, = tj+w, [j1m(z,z) = I;(x, Z)
for j € Z and z,Z € Q).

Suppose, for the sake of definiteness, that
O<ti <ta < - <ty <uw.
Let hg > 0 be so small that for any h € [0, hg] we should have

h<ti, t;j+2h<tjp1, j=1m—-1,t, +h <w. (2)

If in system (1) we put h = 0, we obtain the so called generating system

{a’:(t) = f(t,z(t), z(t)), t # tj,

Az(ty) = Ij(z(t)), z(t;)), JE€Z, (3)

and suppose that

A4. The generating system (3) has an w-periodic solution (t) such that i(t) € Q
for all t € R.

There exists a positive number g such that € contains a closed pg-neighbourhood
QO of the periodic orbit {z = (t); t € R}. We also denote by €/, a closed
o/ 2-neighbourhood of this orbit.

One of the most widely used techniques in the study of models involving ordinary
differential equations is to approximate the system by means of a system of difference
equations, whose solutions are expected to be samples of the solutions of differential
equations at discrete instants of time as in the case of Euler-type methods and
Runge-Kutta methods. Let us recall that convergent difference approximations
for nonlinear impulsive systems of differential equations in a Banach space were
obtained in [3].

We choose a uniform discretization step size h equal to the delay in system (1)
and such that N = w/h is an integer. For convenience we denote [t/h] = i (the
integer part of t/h), x(ih) = x;, i € Z, [tj/h]| = nj, j € Z. By virtue of (2) and A3
{n;};ez is a strictly increasing sequence of integers such that nj;1 —n; > 1 and
n]+m:n]+N, ]EZ

Now we approximate system (1) by the discrete system

Tig1 = @ + hf(ih, x5, 21), 1€ Z\{nj}jez,
Tn;+1 = Tn; +Ij(xnjawnj—1)a J €.

(4)
By analogy with the continuous-time case we also consider the system

Ti+1 :.Il—i-hf(lh,ﬂf“lﬁz), 1 € Z\{nj}j€Z7
xnj—l—l - l'nj + Ij<xnj7$nj)> j S Z?

which we also call generating system.
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A5. For each number Ny > 0 there exists an integer N > Ny such that for h =
w/N the generating system (5) has an N-periodic solution {t;};cz such that
i € Qo for all 1 € Z.

Here we may assume that Ny > w/hy.

So there exists a strictly increasing sequence of integers { Ny }ren such that for
each member of this sequence condition A5 is valid. Henceforth IV is a member of
this sequence.

Now define the linearized system (also called system in variations) with respect

to {ti}iez:

. (6)
Yn;+1 = (E+ Bj)yn,, J €L,

where E' is the unit (n X n)-matrix,

0
Ai - %f(t,a:,a:)

{yi+1 = (E+ hA;)y, i €L\ {nj}jeZ:

3[]. (x, l‘)

’ Bj:@x

T=1;

w=¢n]~

If hg > 0 is small enough, i.e., if Ny is large enough, then for h € (0, hg] the matrices
E + hA; are nonsingular. We also assume that

A6. The matrices F + Bj, j € Z, are nonsingular.

Now we can write down system (6) in the form
yir1 = (E+ Di)ys, i€, (7)

where

Di _ {hAz for ) ¢ {nj}jez, (8)

B; for i=mn;, jecZ.

Obviously, D;+n = D; for i € Z. The fundamental solution {X,};cz of system (7)

is given by
i

[1(E+ D), 1> 0,
v=1
Xi= E, i=0,
—i—1
H (E + Di+y)_1’ 1 < 0.
v=0

Now we make the additional assumption

AT. If {X,}iez is the fundamental solution of system (6), then the matrix £ — Xy
is nonsingular.
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This means that the only N-periodic solution of system (6) is y; = 0 for all i € Z.
If conditions A6, A7 are valid, then the nonhomogeneous system

Yiv1 = (B + Di)yi + gi, i € 74, 9)

where D; are given by (8) and g;+n = ¢;, has a unique N-periodic solution

N-1
yi=» G(i,v)gy, i=0,1,...,N—1, (10)
v=0

where Green’s function G(i,v) is defined by
Xi(F - Xn)7'X ! =0,1,...,i—1
Qi) = 4 VE AN K PO L
Xnyi(B—=XN)T X4, v=1ii+1,...,N—1,
and continued by periodicity for all ¢ € Z.
Our result in the present paper is the following

Theorem 1 Let conditions A1-A7 hold. Then there exists a number N1 > 0 so
that for any integer N > Ny such that for h = w/N the generating system (5) has
an N -periodic solution {1;};cz, system (4) has a unique N -periodic solution {z;}icz

such that lim max |z; — ;| = 0.
N—000<i<N-1

3 Proof of the main result
In system (4) we change the variables according to the formula

and obtain the system

Yir1 = (E+hA)y + hQi(yi) + ho f(ih, xs,251), @ € Z\ {n;}jez, (12)
Yn;+1 = (E + Bj)yn] + J](yn]) + 51]'(13”]-,(13”].,1), J €L,
where

are nonlinearities inherent to the generating system (5), while

5f(ih,a:l-,xi,1) = f(ih,xi,:pi,l)—f(z'h,a:l-,xi),

6Ij($nj7$nj*1) = Ij(xnﬁw"j*l)_Ij(x"j’w"j)
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are increments due to the delay.

We can formally consider (12) as a nonhomogeneous system of the form (9) with
nonhomogeneities

gi = hQi(yi) + h5f(ih,xi,$i_1), 1€ Z\ {nj}jez,
Jj(yNj)+5Ij(xnj7wnj—1)7 .] € L.
Now let us introduce the set I = {0,1,..., N — 1} \ {n;}],. Clearly, I is a set of

N — m integers. Then the unique N-periodic solution y = {y; };cz must satisfy the
operator equation

y = Uny, (13)

where

Uny)i = b)Y G(i,v)Qulw) +h Y G(i,v)5f (vh,zy, 2y 1)

vel vel
+ Z G(i, nj)Jj(ynj) + Z G(i, nj)élj(:nnpivnj*l)
j=1 Jj=1

= S1y)i + M(Sw)i + (Ssy)i + (Say)i-

For the sake of brevity we still write z; instead of v¢; + y; in §f(ih,z;, z;—1) and
01;(zp i Tn, j_l) as well as in Soy and Sgy. Moreover, in §3.2 we will further transform
the expressions Soy and Sgy under the assumption that {x,},cz is a solution of
system (4).

An N-periodic solution {x; };cz of system (4) corresponds to a fixed point {y; }icz
of the operator U}, in a suitable set of N-periodic sequences. To this end we shall
prove that U), maps a suitably chosen set into itself (§3.2) as a contraction (§3.3).

We first need to introduce some

3.1 Notation

For a vector z = (z',22,...,2™)T we denote |z| = max |z¥|. Denote by Py, the
1<k<n

space of all sequences w = {w;};cz of n-vectors w; such that wiyn = w; for all

1 € Z, equipped with the norm

lwl = max wi.
0<i<N-1

We recall that 21 and €2, 5 are respectively closed po- and po /2-neighbourhoods
of the orbit {z = ¢(t); t € R}. For x,z € {; the functions f(¢,z,Z) (¢t € [0,w]) and
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Ii(z,z) (j = 1,m) are bounded, together with their first derivatives with respect
to x, Z. Let us denote

M = sup{\G(i,y)\: i,V:O,N—l},
My = max{sup{\f(t,m,f)\ cte0,w], z,z e},

sup{|L;j(z,z)|: j=T,m, z,T € Ql}},

M, = max{sup{\amf(t,m,a_c)\ s te0,w], z,T € Ql},

sup{|0sf(t,z, )| : t € [0,w], 2,7 € O},
Sup{‘amjj('r?i.ﬂ : ]: ,m, T,T € Ql}a

R
<
m
>
[y
—
——

sup{\aglj(x,:i)] cj=1m

Let L be the greatest Lipschitz constant for the first derivatives of f(¢,z,z), t €
[0,w], z,Z € Q1, and of I;(z,Z), j = 1,m, z,T € O, whose existence is provided
by conditions A1, A2 and the compactness of the set ;.

For p € (0, po/2] define a set of sequences

T, = {yePnn: lyl<p}

We shall find a dependence between N € { Ny }ren (or h = w/N) and p so that the
operator Uy, in (13) maps the set 7, into itself as a contraction.

3.2 Invariance of the set 7, under the action of the operator U,

Let y € 7, and N € {Ni}ren. Then z; = ¢; + y; € Q1. We shall estimate |(Upy);]
using the representation

Uny = h(S1y + Say) + Sy + Sy

and system (4).

First we have

1
Jj(ynj) = {/0 [aﬂﬁlj(wn]’ + synpwnj + Synj) - 3:r[j(¢nj;¢nj )] ds

1
+ /0 [8£I]('¢n] + Syn]wwn]‘ + SQn]-) - 8£Ij('¢nj»¢nj )] ds}ynj'
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Here vy, € Q5 and ¢p; + syn; € 2 for 0 < s <1, thus

1
Ti(yn,)] < 2 /0 L2slyn, | ds - lyn, | = 2LIyn, 2

and for m
(Ssy)i = Y G(i,15);(yn, )
j=1
we have
ISsyll < 2mMLy?.
Similarly,

1
Qu(yv) = {/0 [&cf(”ha Yy + Yy, Yy + Syu) - 8$f(l/h, Yy, %)] ds

1
+/0 [0z.f (Wh, ¥y + syv, ¥y + syy) — Oz f (Vh, 1y, wy)]ds}yy,

thus .
Quin)l <2 [ Z2sly]ds- ] = 2Ll

and for

(Sly)z = Z G(Za Z/)Ql/(yll)

vel

we obtain

ISyl < 2(N —m)MLy*.
Now

|hS1y + Ssy|| < (Nh — mh + m)2MLy?
= w4+ m(l—h)2MLu* < 2(w + m)MLy?

and we can choose fip € (0, uo/2] so that for any p € (0, fip] we have
1hS1y + Szyll < /2. (14)

Further on, since n; —nj_1 > 1, we have

1
0L (T, Tn;—1) :/ 0z (Tn;, 5Tn;—1 + (1=58)Tpn,) ds-(Tn;—1—Tn;) (15)
0

1
= —h/ Oz lj(n;, 8Tn;—1 + (1=8)wy,) ds- f((nj — 1), Tn,—1,Tn,-2),
0
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thus
161 (n;, Tny—1)| < MoMih
and for -
(Say)i = ZG(i,nj)(st(a:nj,xnj_l)

j=1

we have
|Say|| < mMDMoM;h. (16)

Similarly,

Of(vhyxy, 1) (17)

1
= / Oz f(vh,xy,sxy_1+ (1 — 8)xy,)ds - (xy—1 — xp).
0

If v — 1 # n; for any j = 1,m, then

Ty—1— Ty = —hf(vh,zy_1,Ty_2) (18)
and
](5f(uh,x,,,wl,,1)\ S M()Mlh. (19)
If, however, v — 1 = n; for some j € {1,...,m}, then
LTy—1 — Ty = _Ij(xnjaxnj—l) (20)
and
’(Sf(l/h, Ty, xy_l)’ S M()Ml. (21)
Now for

(Say)i = Z G(i,v)df(vh,xy,zy—1)

vel
from (19) and (21) we find

[Soyll < [(N —2m)h + m] MMyM. (22)
Adding together the estimates (22) and (16), we obtain
HhSzy + S4y\| < MMoMl [Nh + (1 — h)m}h < (w + m)MMngh.

Now we can choose N(u) > Ny so that for any N, N € {Ng}ren, N > N(u), and
h =w/N we have
[hSay + Sayl| < /2. (23)

Finally, by virtue of the estimates (14) and (23) we obtain
Uyl < p,

i.e., the operator Uy, maps the set 7, into itself for u € (0, fip] and h = w/N, where
N > N([L) and N € {Nk}keN'
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3.3 Contraction property of the operator U,
Let v/,y” € 7,. Then

Uhy, — Uhy” = h(Sly/ — Sly”) + h(Sgy/ — Sgy”)
+ (S3y' —S3y") + (Say' — Suy”).

First we consider
(Ssy' — S3y")i = ZG(ivnj)(Jf(y;lj) = Ji(m,))-
We have

Ji(Wn,) = J5(¥n;)
= (Li(n; + Yn,s ¥y +n,) — Li(n; +yn s +yn))) — Bilyn, —yn,)

1
— {/0 (021 (Wn; + sy, + (1= 8)yp s n; + syp, + (1= 5)yp,)
- 8$Ij(¢njawnj)] ds

1
+ / [0 1 (vn; + 5y, + (1= 8)yp s n; + 55, + (1= 5)yp.)
0

- 8i[j(wnja¢nj )] ds} ’ <y’;lj - y%)?

thus 1

T3 (Yn,) = Ji(Yn,)| < 2/0 2L [s|yp, | + (1=5)|yn, ] ds - [y, — vp,| < 4Lplly" —y"||
and ISsy — Ssy"|| < AmMLply — o). (24)
Next,

Sy = S1y")i =Y G, )(Quy,) — Quyl))

vel
As above we have

Qu(y{/) - Ql/(yly/)
1
= {/0 [(%Cf(l/h, l‘y(S), SEV(S)) - 8$f(1/h, ¢V7 QJZ)V)] ds

1
+ / [8cif(yh7$1/(8)7xl/(s)) - 8ff(uh7wl/7¢u)] dS} ' (yllj - yl///)7
0
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where z,(s) = ¢, + sy, + (1 — s)y,. Thus

1
Qo) — Quly)] < / L [slyl) + (1—s)[y"l] ds - 1, — "] < 4Lully’ — o/

and
1S1y" — S1y"|| < AN —m)MLplly' — y"||. (25)

From (24) and (25) we obtain
[(S1y — S1y") + (Ssy’ — Ssy")|| < 4[Nh +m(1 — h)]MLully' —o"|
and finally
17(S1y’ = S19") + (Ssy — S3y”)|| < 4w +m)MLully —y"|. (26)

In order to estimate Syy' —S4y” we use the representation (15). Let 2’ = ¥+y/, 2" =
Y +1y". Now

m
(St = Sw")i = 3 G(i,n) 01wl w1, ) — Ti(ah, 1))
j=1
and
51](1",77,]’1”;’1]—1) - 51](1"2]7:1”;’;]—1)
- /0 [0 (a sty 1 + (1= 8)a ) F((ny — Doy, 1.2%, )
— Ozlj(ay, sy, g + (1= s)ay ) f((ng — Dhyay _y a5 _5)] ds.
Further on,
|0z 1 (x n_1+(1—5) Df((ng = Db,y _q 27, _9)
—0z1; ( Ty + (L= s)ap ) f((ng = V)h,ah _y,h )|
< ‘al n71+(1_s) ) 81( n71+(1_8)$;€j)|
‘f nj — hvwnj—lvw%j—2)‘
+ ‘al n71+(1_s) )‘ ‘f((n]_l)haxn 71,$In 72)
- f((nj - )ha:U;;j—la:E;;j—Q)‘
< LMo (lyn, — vn,| + slyn, -1 = Yn,—1l + (1 = 9)lyn, — vn, 1)
+ M7 (Iyn, -1 — ynj—lf + Yn,—2 = Yn,—2l)
and thus

1S4y’ = Say/"|| < 2mM (LMo + MP)h|ly —y"||. (27)
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Similarly, in order to estimate Soy’ — Say” we use the representation (17) with (18)
or (20). If v — 1 # n; for any j = 1,m, then

16f(Why @y, @, _y) = 6 f (vhyay, @y _1)| < 2(LMo + MP)hlly' —y"|.
If, however, v — 1 = n; for some j € {1,...,m}, we have

|5f(1/h,ﬂ$:,,$;j,1) - 5f(Vh7$”a33Z71)| S Q(LMO + M12)Hy/ - y//Hv

v

and as above we obtain
1Say" — Say"|| < 2[(N — 2m)h +m]M(LMo + M7)|ly' — y"|I. (28)
From (27) and (28) we obtain

[A(S2y" = Sa2/") + (Say/ — Say”) |
< 2M(LMy+ M7)[Nh+ (1 — h)m]hly’ —y"|
< 2M(LMy+ M3)(w 4+ m)hlly —o"|.

Choose an arbitrary number ¢ € (0,1). By virtue of (26) we can find p; € (0, fio]
so that for any u € (0, 1] we have

[n(Sty/ = Suy) + (Say/ = Say") | < 2lly/ — .
Next we find Ny > N(u1) so that for any N € {Nj}ren, N > Ny and h = w/N we
have

[1(S2y’ = S2") + (S’ = Say”) || < g”yl =yl
Then for any p € (0, 1] and N € {Ng}ren, N > Ny and h = w/N, the estimate

Uy —Uny"|| < dqlly —y"l,  q€(0,1),

is valid for any v/, vy" € 7,,.

Thus the operator U}, has a unique fixed point in 7,, which is an N-periodic
solution {y; }icz, yi = yi(h), of system (12). Now {z;}icz, ©; = xi(h) = ¥; + yi(h),
is the unique N-periodic solution of system (4). For any g > 0 we can choose

N so large that for h = w/N, i = 0, N — 1, we have |z; — ¢;| = |yi| < u, i.e.,

lim max |z; — ;| = 0. This completes the proof of Theorem 1.
N—00 0<i<N—1
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