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Abstract

The aim of this paper it to discuss some methods of parameter estimation,
such as the direct use of the instrumental variables and an extension of Aitken’s
method with the least square method, applied to the multiplicative version of
some model.

Let us consider the model

al —
YA +u, t=1T, (1)

where x; is an independent variable in the error process and

Ut

u~ N, 0%I), u=(uy, ug, ..., up). (2)

We want to present a method of parameter estimation for (1), (2).
First, we shall reduce the model to

= )\ _ —_—
{yt ary + AYi—1 + Wy, t—3T. (3)

Wy = U — AUg—1,
If we deal with (3), we shall loose an observation. The simplest choice of the

instrumental variable of estimation is zy, T¢_1.
The instrumental equations to be solved are

L T T
adY xi+ A Ty = Y Ty,
=2 t=2 t=2
T T T
QYT T A T Y1 = D, Te—1Yt-
i= =2 =2

Solving this system and replacing in (3), we obtain

T T -1 T
~ > a7 > Ty > Tiwy
Y () | =2 =2 =2 — 4
A by T T T

Z Tt—1T¢ Z Tt—1Yt—-1 Z Tt—1Wt

t=2 t=2 t=2
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-1

T T
_ x2 TeYp— T
}V\ A T T T TZ Ti—1
DMoxp1xTe Y Te—1Yi—1 t=
t=2

i=2
(4')
If we suppose that the explanatory variable is not random and the probability
limit of the matrix that lies in the second member of (4), multiplied by 7', is finite
and is not stochastic, then these estimations are consistent. This is true because

pTlgrolof Z zi_w; =0, =0, 1.
t=i+1
In what follows we shall suppose that (2) is satisfied or w; are independent
variables, with the same finite variance o and with finite absolute moments of the
third order. We shall use the second assumption.
We shall need the next result [1]:

Theorem 1 Let (z4)ien+ be a sequence of random m-dependent variables, with the
expectation E(z;) = 0 and (3)K € Ry such that E(|z,*) < K3, (V)t € N*. Let us
consider

= lim — E Aixr,
n—oo n

A; = 2Cov (2444, l‘i+m) + Var (iym),

where Cov (Tiyj, Titm) is the covariance of xiij, Titm and Var (xitm) is the vari-
ance of Tiym.
If [Cov (%itj, Titm) + Var (xitm)] is uniformly convergent with respect to i, then
T
> Tt
the asymptotic distribution of =1

VT

Let us consider the sequence of scalars

is N(0,02).

st = (a1t + agwi—1)wy .

We have to calculate the quantity

m—

Z S’L+17 Sz + Var (52+m)
=1
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that satisfies o
JLII;OEER1+T:R<OO (5)
uniformly with respect to r.
In this case m = 1 and (5) holds because
R; = 2(a12; + aowi—1)(a1%i41 + aox;) B(wiwi1) + (a12i41 + aow;) 2 E(w? )
= o?(1+ A?)ayas X -

A
2’x_q — pe (2'x + 2'x_q) ay
ag ’

2 2) e
Tip1 T ReyqTiitl
A / / / 2\

TiTi41 — )\Z—_H(J} T+ 21772) Txr— )\Q—_HLUiiEZ‘+1

It results that, asymptotically:

T
1 T
72 (o J 0. 250,

t=2
where
By = (14 )?) -
/ 2\ .0 A 2
. 1 xrxr — >\2+1£L‘ Tr—_1 TiXj41 — )\Z__H(xl + $i+1$i71)
tlggof /._A(2+, 1) 2 2\ .4 J
T Ti-1 N1 Ty, T Ti41T5-1) X3 )\2+1x T—-1
/ t t t
Tr = (xg, ceey {IJT) , L1 = (.’L‘l, L2y « v vy .’I?T_l) , L2 = (O,xl, T2y « v vy {IZT_Q) .

In order to finish we need the probability limit in (4).
It can be seen that

T T

_ *
thytfl = th(Oﬂ?t_l + Utfl)
t=2 t=2

because
al N
Yt—1 = 7= )\L@’t—l +up—1 = x| + U1,
where
t—1
* * *
= (2], ..., zp) and x}= NiTp—;
i—0
Since
T
pTlirrolo E g1 = 0,
—
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we deduce that

p lim — g TiUi—1 = & hm — E T4y
T—oo T T—oo T =

and using
T
Tlféo ngtxt 1= hm —a'Dx_q,
where
1 0 0
A 1

\T-1 AT-2 \T-3 1

() () -roen

-1

So, asymptotically

where
Cy = 0?A;'By (A7)

We discuss about the estimator proposed by Koyck.
We reduce the model and we obtain

Yt = A\yp—1 + axy + (up — Aug—1). (6)

Koyck proposed to obtain the OLS estimator for o and A from the previous
relation and to solve the system

T, T T
ot Z i+ A Z TpYp—1 = Z Tyt
T (7)
aY mam A YR = Y gy + ALY
t§:2 t§:2 =t tz—:z 1“‘)‘
in order to give the final estimation for o and A.
We shall deduce these estimations in a different way.
The covariance matrix of the error terms from (6) is

L4+ A2 - 0 e 0
-\ 14+A2 -\ e 0
Cov (w) = o> - 1+X2 ... 0 = 020,

0 0 . X 1+ )2
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where
t 57
w = (wa,ws, ..., wr)", wy=u — Awg—_1, t=2,T.

Minimizing with respect to  and A the quantity
Q=(y—oax—Xy 1) By —az—Iy_1), (8)

we obtain the minimum estimation, x?, of the parameters from (6).
In (8) we denote

Yy = (y27 e 7yT)t7 T = (332, cee 7xT)t7 Yy-1= (y27’ ) yT—l)t‘

Since the inverse is difficult to obtain and w; are 1-dependent variables, if we
neglect the dependence, then Cov (w) can be written as

Cov (w) = (1 + A?)I.

Replacing in (8) and minimizing with respect to « and A, it results:

1
Q= v y-1) (v ¥-1) ¥
ar'z + A\r'y_q = 2y,
, s N (10)
ay—12 + Ay y—1 = yy-1 + T ww.

It can be seen that we have the same result as in (7).
Solving (10) we obtain
'y — Arhy_q

'z

and
N [(@'2)(yqy-1) = (2'y-1)(@'y)] + A [(y1y1 — y'y)a'z + (2'y)® — (2'y-1)?]

= [(@'2)(y1y-1) = (2'y-1)(2"y)] = 0. (11)
The estimation of X is considered to be the smallest root in (11) and will be
denoted by A. Then the estimation of o will be:
'y — Xm’ly,l
=22 v 12
'z (12)
Now we prove that the solutions of (11) and (12) give consistent estimations for
a and .
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We write (11) in standard form:
N4rbr—1=0,

where
(-1 —yy)'z + (2'y)* — (2'y-1)?

(2'z)(y_1y-1) — (2'y-1)(2'y)

b=

The solutions are

s_ b V@i
i

and

—plimb + /plim b2 + 4
plim 2plm + N

pfim X =

L (2'y)? — (2'y—1)?

lim A = lim 13
PR A = P ) — Wy @) (13)

is the probable limit of the two roots.
The previous relation holds because

Y 1y — Yy =y} —vh

In order to determine the limit (13) we suppose that the sequence (z;):ez satisfies
the conditions:

e there exist and are finite the limits:

T

li 15

Cr = lim — TT—

T T%ooT,lttTy
1=

at least one is nonvanishing and ¢, = c_,, (V).

Let us consider
1 1S 1
ZER SO S DRDWEREITE DT
i=0  t=2 t=2
Since ¢ and u; are independent, the second term in the right-hand side of (14)

is zero and

lim ~a
1Im = = (X0
pT—>oo T Y 0
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where

We observe that

oo T T
:E/y = E A E TiTi—i—1 + E TiTt—1 =
=0 t=2 t=2

1 141 o
phm Tfﬁy 1—E>\Cz+1 )\2;)\ Cit+1 = )\(UO—CO)-

But, by definition:

lim —2'x = ¢.
T—oo T

Finally, to evaluate 3’ ;y, we introduce the notation

- al
= Ty.
Yt T— L t
Then:
Y = Yr + U,

T T T T
y'_ly = Z YtYi—1 + Z Yrur—1 + Z Yt_1ur + Z UpUt_1 -
t=2 t=2 t=2 t=2

Since x¢, u; are independent and Cov (ug, uz—1) = 0, then

p lIn — = 1m

To evaluate this limit, we remark that

y = ar+ \y-1,
vy = ax'yoi+ Ny, (15)
LTRTD ) WITE yER
=0 j=0

~l_ 2 AV
=0 j=
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Adding all the terms that contain o, we obtain

o
2i 90
O‘()Z)\Z— 1_)\2.
=0

Therefore,
1., o0 1 .. a?
lim —7'7 = o? Ne; | = ——— (200 — o).
o TYY T 1—)\2+1—)\2; ¢| =1y (Zoo—c)
But,

lim Lo = lim Lo
T—o0 Ty_ly_l  Too Ty 4
and using (15), it can be deduced that
N N .1,
e A N
2 2

_a_(0_0)+ Ao
DN

_7>\2(20'0 — CO) =

_a
A1 = \?)

1— )2

. 1., -
Jim 17 = (00— ca + Noo) =

p lim b=

T—o0
—(1 =N £ (14 A 1
RS Y A
A
Therefore, if we choose the root with the least modulus in (11), we obtain a

consistent estimation for A since |A| < 1.
From (12) it results that

ptim A= 2N

.~ aog—a(og— )
p lim a= = q,
T—o0 Co

i.e., & is a consistent estimation for a.

Remark 1 If b > 0, then ‘XW = ‘ﬁf@‘ <1
If b < 0, then ]X”:‘ﬁ;@‘q'

If we consider A € (0, 1), then we have also to prove that at least one root is in
the interval (0,1).
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