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Abstract

In this paper, by using the new analysis techniques, we prove some strong
convergence theorems of the modified Ishikawa and Mann iterative sequences
with errors for a class of uniformly ¢—continuous and asymptotically quasi-
nonexpansive mappings in uniformly convex Banach spaces. Our results im-
prove and gerneralize the recent results proved by Rhoades, Schu, Tan and Xu,
Xu and Noor and many others.
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Let C' be a nonempty subset of a real normed linear space X. A mapping
T : C — C is said to be asymptotically nonexpansive if there exists a sequence {k;, }
of positive real numbers with k,, > 1 for all n > 1 and k,, — 1 as n — oo such that

[Tz = Ty|| < knllz -yl
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for all z,y € C and n > 1. This class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [2] in 1972. They proved that, if C' is a nonempty
bounded closed convex subset of a uniformly convex Banach space X, then every
asymptotically nonexpansive self-mapping 7" of C' has a fixed point. Moreover, the
set F(T) of fixed points of T" is closed and convex. Since 1972, many authors have
studied weak and strong convergence problems of the iterative sequences (with er-
rors) for asymptotically nonexpansive mapping types in Hilbert spaces and Banach
spaces.

The mapping T is said to be asymptotically quasi-nonexpansive if F(T) # () and
there exists k,, € [1,00) with k, — 1 as n — oo such that

17"z = pll < kallz = pll

for all x € C, p € F(T) and n > 1. The mapping T is said to be uniformly
¢—continuous if there exists a real function ¢ : [0,00) — [0,00) with ¢(f) — 0 as
t — 07 such that

[T"z — Ty < o(llz — yl)

for all z, y € C and n > 1. For further details on some kinds of asymptotically
nonexpansive mapping types, refer to [1].

Remark 1 If T : C — C'is uniformly Hélder continuous, i.e., there exist constants
L > 0 and « > 0 such that

[Tz = T"y|| < Lllz -y

for all z, y € C and n > 1, then it is uniformly ¢—continuous, but the converse
is not true. In particular, if 7" is uniformly L—Lipschitzian, it is uniformly Holder
continuous with constants L > 0 and o = 1.

In 1991, Schu [6, 7] introduced the following iterative sequences: Let X be a
normed linear space, C' be a nonempty convex subset of X and T : C' — C be a
given mapping. Then, for arbitrary 1 € C the modified Ishikawa iterative sequence
{zy} is defined by

(4)

Yn = (1= Bn)xn + BTz,  n2>1,
Tny1 = (1 — an)zn + anT"yn, n>1,

where {a,} and {3, } are appropriate sequences in [0, 1]. With X, C, {«,} and 21
as above, the modified Mann iterative sequence {x,} is defined by

Tyl = (1 —ap)zn + 0 T"x,, n>1 (B)



264 Y. J. Cho et al.

Schu [6, 7] established weak and strong convergence theorems of the modified
Ishikawa and Mann sequences for asymptotically nonexpansive mappings in Hilbert
spaces. In particular, he proved the following strong convergence results:

Theorem S1 ([6]) Let H be a Hilbert space and K be a nonempty closed convex and
bounded subset of H. Let T : K — K be a completely continuous and asymptotically
nonexpansive mapping with a sequence {kp,} C [1,00) for allm > 1, k, — 1 as
n— oo and Y o2 (kn — 1) < 0o. Let {an} be a real sequence in [0,1] satisfying the
condition € < ay, < (1 —€) for some € > 0. Then the sequence {x,} defined by (A)
converges strongly to some fixed point of T'.

Theorem S2 ([7]) Let H be a Hilbert space, K a nonempty closed convexr and
bounded subset of H. Let T : K — K be a completely continuous and asymptotically
nonexpansive mapping with a sequence {kp} C [1,00) for allm > 1, g, = 2k, — 1
satisfying the condition >"°° (g2 —1) < co. Let {cay,} and {B,} be real sequences in
[0,1] with € < ay, < B < b, n > 1, for some e > 0 and b € (0, L-2{(1+L*)'/2-1}).
Then the sequence {xy} defined by (B) converges strongly to a fized point of T

In 1994, Tan and Xu [11] extended Theorem S1 and Theorem S2 by establishing
weak convergence theorems of the modified Mann and Ishikawa iteration processes
for asymptotically nonexpansive mappings in uniformly convex Banach spaces. By
virtue of Xu’s inequality [9], Rhoades [5] extended also Theorem S1 to more general
uniformly convex Banach spaces. Very recently, Liu [3] extended some results of
Tan and Xu [11] to uniformly quasi-nonexpansive and uniformly Hoélder continuous
mappings. Namely, Liu [3] proved the following:

Theorem L ([3]) Let E be a nonempty compact subset of a uniformly convexr Ba-
nach space X and T : E — E be a uniformly Hélder continuous and asymptotically
quasi-nonexpansive mapping with respect to a sequence {kn} with > 2 | (k, — 1) <
00. For an arbitrary initial value x1 € E, define the modified Ishikawa iterative
sequence by
Yn = QnTn + EnTn:En + Cn¥n, n>1, (C)
Tptl = QnTp + bpnT"yn + cpttn, n>1,
where {uy}, {vn} are bounded sequences in E and {an}, {bn}, {cn}, {a@n}, {b,},
{¢én} are sequences in [0, 1] with ap + by + ¢ = ap + by + ¢, =1,

i)0<a<a, <a<l, 0<a<a,,
(i) 0<B<b, <B<1, by<B<1, n>1,

(iii) limp—oobp =0, Y 07 cn <00, Y 00 Cp < 0.



Approximating fixed points 265

Then the sequence {xy,} converges strongly to a fixed point of T.

It is our purpose in this paper to extend and improve Theorem L to uniformly
¢—continuous and asymptotically quasi-nonexpansive mappings and, moreover, to
relax the iterative parameters in our results. Also our results improve and gerner-
alize Theorems S1, S2 and the recent results announced by Rhoades [5], Tan and
Xu [11], Xu and Noor [12] and many others. Our arguments will involve certain
new ideas and techniques which are quite different from those methods that already
existed in the known literature.

In order to prove the main results in this paper, we need the following lemmas:

Lemma 1 ([1, 10]) Let {an}, {bn} and {0n} be sequences of nonnegative real num-
bers satisfying the inequality

ant1 < (1 + 6n)an + by,

If Y70 1 0p < 00 and Yo7 1 by < 00, then limy, .o ay, exists. Further, if {an} has a
subsequence converging to 0, then limy, o a, = 0.

Lemma 2 Let X be a normed linear space and C be a nonempty conver subset
of X. LetT : C — C be an asymptotically quasi-nonexpansive mapping with
F(T) # 0 and a sequence {ky} of real numbers with ky, > 1 and Y o0, (k2 —1) < oo.
Let {z,,} be a sequence in C defined by (C) with the conditions Y > | ¢, < 00 and
Yool Gy < 00. Then we have the following:

(1) limp—eo [|Tn — p| ezists for any p € F(T),

(i) limy, oo d(zp, F(T)) exists, where d(z, F(T)) denotes the distance from x to
the set F(T).

Proof. Set M = max{sup{||un, —p| : n > 1},sup{||lvp, — p|| : » > 1}}. Then it
follows from (C) that, for any given p € F(T),

anl|zn — pl| + buknllyn — pll + cnllun — p||
(1= bp)l|zn — pll + buki |20 — pll + M (cn + &)
[1+ (k2 — D)]||zn — pl| + M(cn + &).

[Zn+1 =

VANVAN VAN

Consequently, the conclusions of the lemma follows directly from Lemma 1. This
completes the proof.
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Lemma 3 ([9]) Let p > 1 and r > 0 be two fized real numbers. Then a Banach
space X 1is uniformly convex if and only if there exists a continuous strictly increas-
ing convex function g : [0,00) — [0, 00) with g(0) = 0 such that

Az + (1 = Nyll” < AP + (1 = Mly[[" = wp(MNg ([l = yl)

for all z, y € B,(0) = {z € X : ||z| < r} and all X € [0,1], where wy(A) =
AP(L—=X) + (1= A)P.

As an immediate consequence of Lemma 3, we have the following:

Lemma 4 Let X be a uniformly convex Banach space and B,.(0) be a closed ball of
X. Then there exists a continuous increasing convex function g : [0,00) — [0,00)
with g(0) = 0 such that

1Az + py + vzl < Al + pllyl® + vll21? = Aug(llz = yll)
for all x, y € B.(0) and A\, pu, v € [0,1] with A\+p+~v=1.

Proof. We first observe that %a: + 155y € B;(0) whenever z, y € B,(0) and
A, i, v €10,1] with A+ g+ v = 1. It follows from Lemma 3 that

Az + py + 2|2

= N =D+ Tl el

< G-l ol el - waa)

< Al + pllyl + A=l = (= wa(= gl =yl
< el + ol + 1P = 72=g(l - vl

< Ml + pllyll® + 1121 = Mgz — yll)

since ﬁ > 1. This completes the proof.

Now, we give the main results in this paper:

Theorem 5 Let X be a uniformly convex Banach space, C be a nonempty convex
subset of X andT : C' — C be a uniformly ¢p— continuous and asymptotically quasi-
nonexpansive mapping with F(T) # 0 and a sequence {kyn} of real numbers with
kn > 1 and 02 (k2 — 1) < co. Let {z,} be a sequence in C defined by (C) with
the following conditions:
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)

(i) >nty bn = 00,
)
)

Then we have
liminf ||z, — Tz,| = 0.
n—oo

Proof. Since T': C' — C'is asymptotically quasi-nonexpansive, we have

1Ty — DIl < Enllyn — pl| < k2||2n — pl|

for any p € F(T). By Lemma 2, we know that lim, . ||z, — p|| exists. Hence
{zn, — p} and {T™y,, — p} are all bounded sequences in X. Set
r = max{sup{||z, —p| :n > 1}, sup{T"y, —p| : n > 1},
sup{[[un — pl| : n = 1, sup{flv, — p|| : n > 1}}

for any fixed p € F(T'). Then we have {z,, — p}, {T"yn — p}, {un —p} C B;(0) for
all n > 1. By using Lemma 4 and (C), we have

lyn — pH2 = ||@n(zn —p) + Bn(ann —p) + Cp(vn — p)H2
anll@n = plI* + bl T"@n — plI* + Enllvn — plI®

IN

—&nl_)ng(H.’En —T"zy|))
(1_Bn_En)||$n_p||2+6nk721||xn_p”2+T25n (1)
[1+bu(kp = D]l — ] + r?e,
kollzn = pl* + 2.

INIA A

Again, using Lemma 4 and (C), we obtain

|Zni1 = > = llan(@n —p) + bu(T"yn — ) + cnlun — p)||°
< anllmn = plI* + bal|T"yn — pII* + cnllun — pl?
—anbng(||zn — T"ynl|)
< (1 _bn_Cn)Hxn_p||2+bnk721||yn_p||2+r2cn (2)

—anbng([[zn = T"ynl))
< (L= ba)llzn = pl* + bukyllyn — pl* + e
—anbng([[zn = T"yul)-
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Substituting (1) into (2) yields

|Zner —pl> < (1 =bp +bpkd)||zn — p||? + 20k + 12
—anbng([|lzn — T"ynl|)

< (L4 balky = Dlllzn — pl* + 12 (koéo + cn) (3)
—anbng([|zn —T"yal))
< (L (ky = Dz — pl* + 12 (ko én + cn)

—anbng([lzn = T"ynl))-

Note that Y22, (k2 — 1) < oo is equivalent to Y oo (ki — 1) < oo and so, setting
dp = r?(k} — 1), then 32, d,, < oo. Furthermore, since g : [0,00) — [0,00) is a
continuous increasing convex function and {x, —T"y, } is a bounded sequence in X,
we assert that g(||z, —T"y,||) is bounded. Thus, by setting e,, = ¢, g(||xn —T"ynl|),
we have >°°° | e, < co. Since {k;} is bounded, we have also Y °° | k2¢, < co. Now,
set

Vo = dp + €5 + rz(k,%én + cp).

Then Y >°, v, < 0o. By the assumption (i), we have (1 —b,) > (1 —b). It follows
from (3) that

[#nt1 — pl?
< lan = pl? = (1= by — cn)bng(|2n — T"ynl))
tdn + 12(k2Cn + cn) (4)
< Hzn _p||2 —(1- bn)bng(”xn - Tnyn”)
ten 4 dp +12(k2E, + )
< e — p||2 — (1 =b)bng([|zn —T"ynl|) + Yns
which leads to
(1= b)bng([len — T"ynll) < llzn — plI* = [|Zns1 — plI* + 0 (5)

and
(1 - b)anrlg(HanJrl - Tn+lyn+1H) (6)
< Nlznr = plI* = llznse — 2l + Ynra

for all n > 1. Adding on both sides of (5) and (6) and using the condition b,+1 < b,
for all n > 1, then we have

(1 =0 buprlgllznis — T Mynsall) + g(len — T"yal])] < oo
n=1
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Since Y 7, b, = 0o by the assumption (ii), we have

_ Tn—l—l

lim inf[g(||zn 11 Ynt1ll) + g(llzn — T"yall)] = 0.

n—oo

By virtue of the continuity and monotonicity of function g, we assert that there
exists a subsequence {x,;} of {z,} such that

Ty = TYn; — 0, @1 — T Ny, 11— 0
as j — oo. By the assumption (iii), we see that

[yn — znl| < EnHl'n — T"zp || + epllvn — znll — 0
as n — oo and hence ¢(||y, — z,||) — 0 as n — oo. Observe that

|20 =T zn|| < lon = T"Yul| + (| T"yn — T" 24|
< Mz = T"yull + ¢(lyn — 2nl))-

It follows that Tp; — T xn, — 0 and Tpj+1 — T”j+1$nj+1 — 0 as j — oo. Since
T"xyp, —xp, — 0 as j — oo, we have T 11 — Tp; = bnj(T”jxnj - xnj) — 0 as
j — 00. Observe that

HTnjx’flj-f—l - $nj+1H

< |TMzp0 =T an || + 1T 20, — T4l (7)
< OlJen 41—z l) + 1T @ny — @y | + ([0, 41 — 20y |
—0

as j — oo and
Hxnj-‘rl - Txnj-f—lH
< H-’If'nj+1 - Tnj+1xnj+1H =+ HTanrlwanrl - T:Enj+1H (8)
< lznger = T @1 |+ ST 0,41 = nga|)-

Therefore, it follows from (7) and (8) that |z, 41 —T@pn;41]| — 0 as j — oo. This
completes the proof.

Let {z,} be a given sequence in C. A mapping T : C — C with F(T) # 0 is
said to satisfy Condition (A) if there is a nondecreasing function f : [0, 00) — [0, 00)
with f(0) =0 and f(r) > 0 for all » € (0,00) such that

lzn = Tznll = f(d(2n, F(T)))
for all n > 1 (see [8]).

By using Theorem 5, we have the following:
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Theorem 6 Let X be a uniformly convexr Banach space, C be a nonempty closed
convezx subset of X and T : C — C be a uniformly ¢— continuous and asymptotically
quasi-nonexpansive mapping with F(T) # O and a sequence {ky} of real numbers
with ky, > 1 and Y02 (k2 — 1) < co. Let {zn} be a sequence in C defined by (C)
with the following conditions:

(i) 0<b, <b< 1 andbpsq < by foralln > 1,

(i) 3252 bn = 00,
(iil) im0 bn = 0,
(iv) D02 cn <00 and Y 02y & < 00.
If T satisfies Condition (A), then the sequence {x,} converges strongly to a fized
point p of T'.
Proof. It follows from Theorem 5 that
liminf ||z, — Tx,| = 0.
n—oo

By Condition (A), we have
liminf f(d(zy, F(T))) = 0.

n—oo

From the property of f, it follows that
liminf d(x,,, F(T)) = 0.

n—oo
It follows from Lemma 2 that d(zy, F(T)) — 0 as n — oco. Now, we can take an
infinite subsequence {w,,} of {z,} and a sequence {p;} C F(T') such that |z, —
pill <279, Set M = exp{> o ;(k2 — 1)} and write nj11 = n;j + [ for some | > 1.
Then we have

Hxnj+1 _p]H = ||:Enj+l _p]H

< [1+ (kiﬁl—l = D]llzn;+1-1 — pj
-1

< o { Dk = 1) }llow, —pil ©)
m=0

M
< —.
< 5

It follows from (9) that
2M +1
”pj+1 —ij < o
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Hence {p;} is a Cauchy sequence. Assume that p; — p as j — oo. Then p € F(T')
since F'(T) is closed, which implies that ; — p as j — oco. This completes the
proof.

Remark 2 We note that, if T': ' — C is completely continuous, then it must
be demicompact ([7]), and, if 7" is continuous and demicompact, it must satisfy
Condition (A) ([4, 8]). In view of this observation, Theorem 6 improves Theorem
L in several aspects:

(i) C may be not necessarily compact or bounded,
(ii) 7" may be not uniformly Holder continuous,

(iii) The iterative parameters in Theorem 6 are weaker than those of Theorem L.
As a corollary of Theorem 6, we have the following;:

Corollary 7 Let X be a uniformly convexr Banach space, C' be a nonempty closed
convezx subset of X and T : C' — C be an asymptotically nonexpansive mapping with
F(T) # 0 and a sequence {ky} of real numbers with ky, > 1 and Y o0 | (k2 —1) < oo.
Let {xy} be a sequence in C' defined by (C) with the following conditions:

(i) 0<b, <b< 1 andbyyi <b, foralln>1,

(i) 3252y bn = oo,
(iii) limy, 00 by = 0,
(iv) Yo en < o0 and Y o7 &y < 00.

If T satisfies Condition (A), then the sequence {x,} converges strongly to a fized
point p of T'.

Proof. Since every asymptotically nonexpansive mapping is uniformly ¢—con-
tinuous, the conclusion of the corollary follows from Theorem 6.

Remark 3 For the parameters of our theorem, we can make the following choices:

o 1 1
an—an—l—n+1——n2,
_ 1 B 1
== == 0

for all n > 1. However, Theorem S1, Theorem L and the results of Rhoades [5] and
Tan and Xu [11] do not work for such chosen parameters.
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