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Abstract

In this paper, by using the new analysis techniques, we prove some strong
convergence theorems of the modified Ishikawa and Mann iterative sequences
with errors for a class of uniformly φ−continuous and asymptotically quasi-
nonexpansive mappings in uniformly convex Banach spaces. Our results im-
prove and gerneralize the recent results proved by Rhoades, Schu, Tan and Xu,
Xu and Noor and many others.
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Let C be a nonempty subset of a real normed linear space X. A mapping
T : C → C is said to be asymptotically nonexpansive if there exists a sequence {kn}
of positive real numbers with kn ≥ 1 for all n ≥ 1 and kn → 1 as n→∞ such that

kTnx− Tnyk ≤ knkx− yk
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for all x, y ∈ C and n ≥ 1. This class of asymptotically nonexpansive mappings was
introduced by Goebel and Kirk [2] in 1972. They proved that, if C is a nonempty
bounded closed convex subset of a uniformly convex Banach space X, then every
asymptotically nonexpansive self-mapping T of C has a fixed point. Moreover, the
set F (T ) of fixed points of T is closed and convex. Since 1972, many authors have
studied weak and strong convergence problems of the iterative sequences (with er-
rors) for asymptotically nonexpansive mapping types in Hilbert spaces and Banach
spaces.

The mapping T is said to be asymptotically quasi-nonexpansive if F (T ) 6= ∅ and
there exists kn ∈ [1,∞) with kn → 1 as n→∞ such that

kTnx− pk ≤ knkx− pk

for all x ∈ C, p ∈ F (T ) and n ≥ 1. The mapping T is said to be uniformly
φ−continuous if there exists a real function φ : [0,∞) → [0,∞) with φ(t) → 0 as
t→ 0+ such that

kTnx− Tnyk ≤ φ(kx− yk)
for all x, y ∈ C and n ≥ 1. For further details on some kinds of asymptotically
nonexpansive mapping types, refer to [1].

Remark 1 If T : C → C is uniformly Hölder continuous, i.e., there exist constants
L > 0 and α > 0 such that

kTnx− Tnyk ≤ Lkx− ykα

for all x, y ∈ C and n ≥ 1, then it is uniformly φ−continuous, but the converse
is not true. In particular, if T is uniformly L−Lipschitzian, it is uniformly Hölder
continuous with constants L > 0 and α = 1.

In 1991, Schu [6, 7] introduced the following iterative sequences: Let X be a
normed linear space, C be a nonempty convex subset of X and T : C → C be a
given mapping. Then, for arbitrary x1 ∈ C the modified Ishikawa iterative sequence
{xn} is defined by (

yn = (1− βn)xn + βnT
nxn, n ≥ 1,

xn+1 = (1− αn)xn + αnT
nyn, n ≥ 1, (A)

where {αn} and {βn} are appropriate sequences in [0, 1]. With X, C, {αn} and x1
as above, the modified Mann iterative sequence {xn} is defined by

xn+1 = (1− αn)xn + αnT
nxn, n ≥ 1. (B)



264 Y. J. Cho et al.

Schu [6, 7] established weak and strong convergence theorems of the modified
Ishikawa and Mann sequences for asymptotically nonexpansive mappings in Hilbert
spaces. In particular, he proved the following strong convergence results:

Theorem S1 ([6]) Let H be a Hilbert space and K be a nonempty closed convex and
bounded subset of H. Let T : K → K be a completely continuous and asymptotically
nonexpansive mapping with a sequence {kn} ⊂ [1,∞) for all n ≥ 1, kn → 1 as
n→∞ and

P∞
n=1(kn − 1) <∞. Let {αn} be a real sequence in [0, 1] satisfying the

condition � ≤ αn ≤ (1− �) for some � > 0. Then the sequence {xn} defined by (A)
converges strongly to some fixed point of T .

Theorem S2 ([7]) Let H be a Hilbert space, K a nonempty closed convex and
bounded subset of H. Let T : K → K be a completely continuous and asymptotically
nonexpansive mapping with a sequence {kn} ⊂ [1,∞) for all n ≥ 1, qn = 2kn − 1
satisfying the condition

P∞
n=1(q

2
n−1) <∞. Let {αn} and {βn} be real sequences in

[0, 1] with � ≤ αn ≤ βn ≤ b, n ≥ 1, for some � > 0 and b ∈ (0, L−2{(1+L2)1/2−1}).
Then the sequence {xn} defined by (B) converges strongly to a fixed point of T .

In 1994, Tan and Xu [11] extended Theorem S1 and Theorem S2 by establishing
weak convergence theorems of the modified Mann and Ishikawa iteration processes
for asymptotically nonexpansive mappings in uniformly convex Banach spaces. By
virtue of Xu’s inequality [9], Rhoades [5] extended also Theorem S1 to more general
uniformly convex Banach spaces. Very recently, Liu [3] extended some results of
Tan and Xu [11] to uniformly quasi-nonexpansive and uniformly Hölder continuous
mappings. Namely, Liu [3] proved the following:

Theorem L ([3]) Let E be a nonempty compact subset of a uniformly convex Ba-
nach space X and T : E → E be a uniformly Hölder continuous and asymptotically
quasi-nonexpansive mapping with respect to a sequence {kn} with

P∞
n=1(kn − 1) <

∞. For an arbitrary initial value x1 ∈ E, define the modified Ishikawa iterative
sequence by (

yn = ānxn + b̄nT
nxn + c̄nvn, n ≥ 1,

xn+1 = anxn + bnT
nyn + cnun, n ≥ 1, (C)

where {un}, {vn} are bounded sequences in E and {an}, {bn}, {cn}, {ān}, {b̄n},
{c̄n} are sequences in [0, 1] with an + bn + cn = ān + b̄n + c̄n = 1,

(i) 0 < α ≤ an ≤ ᾱ < 1, 0 < α ≤ ān,

(ii) 0 < β̄ ≤ bn ≤ β < 1, b̄n ≤ β < 1, n ≥ 1,
(iii) limn→∞ b̄n = 0,

P∞
n=1 cn <∞,

P∞
n=1 c̄n <∞.
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Then the sequence {xn} converges strongly to a fixed point of T .

It is our purpose in this paper to extend and improve Theorem L to uniformly
φ−continuous and asymptotically quasi-nonexpansive mappings and, moreover, to
relax the iterative parameters in our results. Also our results improve and gerner-
alize Theorems S1, S2 and the recent results announced by Rhoades [5], Tan and
Xu [11], Xu and Noor [12] and many others. Our arguments will involve certain
new ideas and techniques which are quite different from those methods that already
existed in the known literature.

In order to prove the main results in this paper, we need the following lemmas:

Lemma 1 ([1, 10]) Let {an}, {bn} and {δn} be sequences of nonnegative real num-
bers satisfying the inequality

an+1 ≤ (1 + δn)an + bn.

If
P∞

n=1 δn <∞ and
P∞

n=1 bn <∞, then limn→∞ an exists. Further, if {an} has a
subsequence converging to 0, then limn→∞ an = 0.

Lemma 2 Let X be a normed linear space and C be a nonempty convex subset
of X. Let T : C → C be an asymptotically quasi-nonexpansive mapping with
F (T ) 6= ∅ and a sequence {kn} of real numbers with kn ≥ 1 and

P∞
n=1(k

2
n−1) <∞.

Let {xn} be a sequence in C defined by (C) with the conditions
P∞

n=1 cn <∞ andP∞
n=1 c̄n <∞. Then we have the following:

(i) limn→∞ kxn − pk exists for any p ∈ F (T ),

(ii) limn→∞ d(xn, F (T )) exists, where d(x,F (T )) denotes the distance from x to
the set F (T ).

Proof. Set M = max{sup{kun − pk : n ≥ 1}, sup{kvn − pk : n ≥ 1}}. Then it
follows from (C) that, for any given p ∈ F (T ),

kxn+1 − pk ≤ ankxn − pk+ bnknkyn − pk+ cnkun − pk
≤ (1− bn)kxn − pk+ bnk

2
nkxn − pk+M(cn + c̄n)

≤ [1 + (k2n − 1)]kxn − pk+M(cn + c̄n).

Consequently, the conclusions of the lemma follows directly from Lemma 1. This
completes the proof.
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Lemma 3 ([9]) Let p > 1 and r > 0 be two fixed real numbers. Then a Banach
space X is uniformly convex if and only if there exists a continuous strictly increas-
ing convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that

kλx+ (1− λ)ykp ≤ λkxkp + (1− λ)kykp − wp(λ)g(kx− yk)

for all x, y ∈ Br(0) = {x ∈ X : kxk ≤ r} and all λ ∈ [0, 1], where wp(λ) =
λp(1− λ) + λ(1− λ)p.

As an immediate consequence of Lemma 3, we have the following:

Lemma 4 Let X be a uniformly convex Banach space and Br(0) be a closed ball of
X. Then there exists a continuous increasing convex function g : [0,∞) → [0,∞)
with g(0) = 0 such that

kλx+ µy + γzk2 ≤ λkxk2 + µkyk2 + γkzk2 − λµg(kx− yk)

for all x, y ∈ Br(0) and λ, µ, γ ∈ [0, 1] with λ+ µ+ γ = 1.

Proof. We first observe that λ
1−γx+

µ
1−γy ∈ Br(0) whenever x, y ∈ Br(0) and

λ, µ, γ ∈ [0, 1] with λ+ µ+ γ = 1. It follows from Lemma 3 that

kλx+ µy + γzk2

= k(1− γ)[
λ

1− γ
x+

µ

1− γ
y] + γzk2

≤ (1− γ)k λ

1− γ
x+

µ

1− γ
yk2 + γkzk2 − w2(γ)

≤ λkxk2 + µkyk2 + γkzk2 − (1− γ)w2(
λ

1− γ
)g(kx− yk)

≤ λkxk2 + µkyk2 + γkzk2 − λµ

1− γ
g(kx− yk)

≤ λkxk2 + µkyk2 + γkzk2 − λµg(kx− yk)

since 1
1−γ ≥ 1. This completes the proof.

Now, we give the main results in this paper:

Theorem 5 Let X be a uniformly convex Banach space, C be a nonempty convex
subset of X and T : C → C be a uniformly φ−continuous and asymptotically quasi-
nonexpansive mapping with F (T ) 6= ∅ and a sequence {kn} of real numbers with
kn ≥ 1 and

P∞
n=1(k

2
n − 1) < ∞. Let {xn} be a sequence in C defined by (C) with

the following conditions:
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(i) 0 ≤ bn ≤ b < 1 and bn+1 ≤ bn for all n ≥ 1,
(ii)

P∞
n=1 bn =∞,

(iii) limn→∞ b̄n = 0,

(iv)
P∞

n=1 cn <∞ and
P∞

n=1 c̄n <∞.
Then we have

lim inf
n→∞ kxn − Txnk = 0.

Proof. Since T : C → C is asymptotically quasi-nonexpansive, we have

kTnyn − pk ≤ knkyn − pk ≤ k2nkxn − pk

for any p ∈ F (T ). By Lemma 2, we know that limn→∞ kxn − pk exists. Hence
{xn − p} and {Tnyn − p} are all bounded sequences in X. Set

r = max{sup{kxn − pk : n ≥ 1}, sup{Tnyn − pk : n ≥ 1},
sup{kun − pk : n ≥ 1, sup{kvn − pk : n ≥ 1}}

for any fixed p ∈ F (T ). Then we have {xn − p}, {Tnyn − p}, {un − p} ⊂ Br(0) for
all n ≥ 1. By using Lemma 4 and (C), we have

kyn − pk2 = kān(xn − p) + b̄n(T
nxn − p) + c̄n(vn − p)k2

≤ ānkxn − pk2 + b̄nkTnxn − pk2 + c̄nkvn − pk2
−ānb̄ng(kxn − Tnxnk)

≤ (1− b̄n − c̄n)kxn − pk2 + b̄nk
2
nkxn − pk2 + r2c̄n (1)

≤ [1 + b̄n(k
2
n − 1)]kxn − pk2 + r2c̄n

≤ k2nkxn − pk2 + r2c̄n.

Again, using Lemma 4 and (C), we obtain

kxn+1 − pk2 = kan(xn − p) + bn(T
nyn − p) + cn(un − p)k2

≤ ankxn − pk2 + bnkTnyn − pk2 + cnkun − pk2
−anbng(kxn − Tnynk)

≤ (1− bn − cn)kxn − pk2 + bnk
2
nkyn − pk2 + r2cn (2)

−anbng(kxn − Tnynk)
≤ (1− bn)kxn − pk2 + bnk

2
nkyn − pk2 + r2cn

−anbng(kxn − Tnynk).
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Substituting (1) into (2) yields

kxn+1 − pk2 ≤ (1− bn + bnk
4
n)kxn − pk2 + r2bnk

2
nc̄n + r2cn

−anbng(kxn − Tnynk)
≤ [1 + bn(k

4
n − 1)]kxn − pk2 + r2(k2nc̄n + cn) (3)

−anbng(kxn − Tnynk)
≤ [1 + (k4n − 1)]kxn − pk2 + r2(k2nc̄n + cn)

−anbng(kxn − Tnynk).
Note that

P∞
n=1(k

2
n − 1) < ∞ is equivalent to

P∞
n=1(k

4
n − 1) < ∞ and so, setting

dn = r2(k4n − 1), then
P∞

n=1 dn < ∞. Furthermore, since g : [0,∞) → [0,∞) is a
continuous increasing convex function and {xn−Tnyn} is a bounded sequence in X,
we assert that g(kxn−Tnynk) is bounded. Thus, by setting en = cng(kxn−Tnynk),
we have

P∞
n=1 en <∞. Since {kn} is bounded, we have also

P∞
n=1 k

2
nc̄n <∞. Now,

set
γn = dn + en + r2(k2nc̄n + cn).

Then
P∞

n=1 γn <∞. By the assumption (i), we have (1− bn) ≥ (1− b). It follows
from (3) that

kxn+1 − pk2
≤ kxn − pk2 − (1− bn − cn)bng(kxn − Tnynk)

+dn + r2(k2nc̄n + cn) (4)

≤ kxn − pk2 − (1− bn)bng(kxn − Tnynk)
+en + dn + r2(k2nc̄n + cn)

≤ kxn − pk2 − (1− b)bng(kxn − Tnynk) + γn,

which leads to

(1− b)bng(kxn − Tnynk) ≤ kxn − pk2 − kxn+1 − pk2 + γn (5)

and

(1− b)bn+1g(kxn+1 − Tn+1yn+1k) (6)

≤ kxn+1 − pk2 − kxn+2 − pk2 + γn+1

for all n ≥ 1. Adding on both sides of (5) and (6) and using the condition bn+1 ≤ bn
for all n ≥ 1, then we have

(1− b)
∞X
n=1

bn+1[g(kxn+1 − Tn+1yn+1k) + g(kxn − Tnynk)] <∞.
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Since
P∞

n=1 bn =∞ by the assumption (ii), we have

lim inf
n→∞ [g(kxn+1 − Tn+1yn+1k) + g(kxn − Tnynk)] = 0.

By virtue of the continuity and monotonicity of function g, we assert that there
exists a subsequence {xnj} of {xn} such that

xnj − Tnjynj → 0, xnj+1 − Tnj+1ynj+1 → 0

as j →∞. By the assumption (iii), we see that
kyn − xnk ≤ b̄nkxn − Tnxnk+ c̄nkvn − xnk→ 0

as n→∞ and hence φ(kyn − xnk)→ 0 as n→∞. Observe that
kxn − Tnxnk ≤ kxn − Tnynk+ kTnyn − Tnxnk

≤ kxn − Tnynk+ φ(kyn − xnk).
It follows that xnj − Tnjxnj → 0 and xnj+1 − Tnj+1xnj+1 → 0 as j → ∞. Since
Tnjxnj − xnj → 0 as j → ∞, we have xnj+1 − xnj = bnj (T

njxnj − xnj ) → 0 as
j →∞. Observe that

kTnjxnj+1 − xnj+1k
≤ kTnjxnj+1 − Tnjxnjk+ kTnjxnj − xnj+1k (7)

≤ φ(kxnj+1 − xnjk) + kTnjxnj − xnjk+ kxnj+1 − xnjk
→ 0

as j →∞ and

kxnj+1 − Txnj+1k
≤ kxnj+1 − Tnj+1xnj+1k+ kTnj+1xnj+1 − Txnj+1k (8)

≤ kxnj+1 − Tnj+1xnj+1k+ φ(kTnjxnj+1 − xnj+1k).
Therefore, it follows from (7) and (8) that kxnj+1 − Txnj+1k→ 0 as j →∞. This
completes the proof.

Let {zn} be a given sequence in C. A mapping T : C → C with F (T ) 6= ∅ is
said to satisfy Condition (A) if there is a nondecreasing function f : [0,∞)→ [0,∞)
with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞) such that

kzn − Tznk ≥ f(d(zn, F (T )))

for all n ≥ 1 (see [8]).
By using Theorem 5, we have the following:
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Theorem 6 Let X be a uniformly convex Banach space, C be a nonempty closed
convex subset of X and T : C → C be a uniformly φ−continuous and asymptotically
quasi-nonexpansive mapping with F (T ) 6= ∅ and a sequence {kn} of real numbers
with kn ≥ 1 and

P∞
n=1(k

2
n − 1) < ∞. Let {xn} be a sequence in C defined by (C)

with the following conditions:

(i) 0 ≤ bn ≤ b < 1 and bn+1 ≤ bn for all n ≥ 1,
(ii)

P∞
n=1 bn =∞,

(iii) limn→∞ b̄n = 0,

(iv)
P∞

n=1 cn <∞ and
P∞

n=1 c̄n <∞.
If T satisfies Condition (A), then the sequence {xn} converges strongly to a fixed
point p of T .

Proof. It follows from Theorem 5 that

lim inf
n→∞ kxn − Txnk = 0.

By Condition (A), we have

lim inf
n→∞ f(d(xn, F (T ))) = 0.

From the property of f , it follows that

lim inf
n→∞ d(xn, F (T )) = 0.

It follows from Lemma 2 that d(xn, F (T )) → 0 as n → ∞. Now, we can take an
infinite subsequence {xnj} of {xn} and a sequence {pj} ⊂ F (T ) such that kxnj −
pjk ≤ 2−j . Set M = exp{P∞

n=1(k
2
n − 1)} and write nj+1 = nj + l for some l ≥ 1.

Then we have

kxnj+1 − pjk = kxnj+l − pjk
≤ [1 + (k2nj+l−1 − 1)]kxnj+l−1 − pjk

≤ exp
n l−1X
m=0

(k2nj+m − 1)
o
kxnj − pjk (9)

≤ M

2j
.

It follows from (9) that

kpj+1 − pjk ≤ 2M + 1

2j+1
.
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Hence {pj} is a Cauchy sequence. Assume that pj → p as j →∞. Then p ∈ F (T )
since F (T ) is closed, which implies that xj → p as j → ∞. This completes the
proof.

Remark 2 We note that, if T : C → C is completely continuous, then it must
be demicompact ([7]), and, if T is continuous and demicompact, it must satisfy
Condition (A) ([4, 8]). In view of this observation, Theorem 6 improves Theorem
L in several aspects:

(i) C may be not necessarily compact or bounded,

(ii) T may be not uniformly Hölder continuous,

(iii) The iterative parameters in Theorem 6 are weaker than those of Theorem L.

As a corollary of Theorem 6, we have the following:

Corollary 7 Let X be a uniformly convex Banach space, C be a nonempty closed
convex subset of X and T : C → C be an asymptotically nonexpansive mapping with
F (T ) 6= ∅ and a sequence {kn} of real numbers with kn ≥ 1 and

P∞
n=1(k

2
n−1) <∞.

Let {xn} be a sequence in C defined by (C) with the following conditions:

(i) 0 ≤ bn ≤ b < 1 and bn+1 ≤ bn for all n ≥ 1,
(ii)

P∞
n=1 bn =∞,

(iii) limn→∞ b̄n = 0,

(iv)
P∞

n=1 cn <∞ and
P∞

n=1 c̄n <∞.
If T satisfies Condition (A), then the sequence {xn} converges strongly to a fixed
point p of T .

Proof. Since every asymptotically nonexpansive mapping is uniformly φ−con-
tinuous, the conclusion of the corollary follows from Theorem 6.

Remark 3 For the parameters of our theorem, we can make the following choices:

an = ān = 1− 1

n+ 1
− 1

n2
,

bn = b̄n =
1

n+ 1
, cn = c̄n =

1

n2

for all n ≥ 1. However, Theorem S1, Theorem L and the results of Rhoades [5] and
Tan and Xu [11] do not work for such chosen parameters.
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