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1 Introduction

The theory of functional differential equations has numerous applications in various
fields of mechanics, physics, biology, technical and economic sciences. In relation
to the rapid expansion of functional differential equations in application problems
there goes a rapid development of the theory of these equations. Some of the much
investigated systems of functional differential equations are the linear systems of
differential difference equations (DDE), where the delay is constant. Here we notice
at first the fundamental works [1]-[4] where as a main problem the initial value
problem is considered, where the initial function is given in one way or another.
In some cases it is necessary to investigate the questions of existence of solutions,
where additional conditions for the solutions are given. Such boundary value prob-
lems have been considered in many works (see the review [5]). Recently in some
applied fields of science (for example, in immunology) the problem associated with
investigations of initial functions has appeared. This inverse initial value problem
(ii.v.p.) is formulated as follows: obtain the existence conditions for an absolutely
continuous initial function such that the solution of the problem studied and the
initial function itself satisfy some additional conditions.

In the present lecture some approaches to the investigation of the inverse initial
value problem for DDE are considered.

2 Statement of the problem
Consider the following initial value problem for the differential difference equation:

B(t) + ci(t — 1) = A(t)z(t — 1) + B)a(t) + f(t), t € J = [0, T]; (2.1)
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2(t) = g(t), t € Jo = [~1,0], (2.2)

where x(t) : JoUJ — R™ A(t),B(t) : J — R™™; g(t): Jo—=R" f(t):J —
R™ ¢ — const.

Definition 2.1. A function z(t) € C'[J] is said to be a solution of the initial value
problem (2.1)—(2.2) if (2.1) is satisfied for almost all t € J and the equality (2.2)
holds.

Direct initial value problem (DIVP): Obtain the existence conditions for an
absolutely continuous function x(t), which should be a solution of the initial value
problem (2.1) — (2.2) when the initial function g(t) is given.

Let the values of the functions z(¢) and (or) its derivatives (™ (t), n =T, p, be
given at some fixed points t € [—1,T:

Loy ol s 7T
x(tj)_xja =1k (2.3)

Remark 2.1. In the following we will assume that in the sequences {t9}™,,
{t} é-:l,...,{tZ}};:l the ordering conditions hold, i.e., t; < ti,4, i = 0,p. As

this takes place the cases when {5 = tf (o # B) are not ruled out.

Inverse initial value problem (IIVP): Obtain the existence conditions for an
absolutely continuous initial function g(t), t € Jy, such that the function x(t),
generated by g(t), should be a solution of the initial value problem (2.1) — (2.2) and
the conditions (2.3) hold.

3 Main results

3.1 The existence theorem

We restrict ourselves intentionally to the circle of scalar ITVP in order to demon-
strate clearly the idea of the method.
Taking into account (2.3) rewrite (2.1)—(2.2) in the form

#(t) + ci(t — 1) = a®)a(t — 1) + b(t)z(t) + f(t), t€ J =[0,T];  (3.1)
2(t) = g(t), t € Jo = [~1,0], (3.2)

et =a), i=Tm;..;a®P)=a), k=Tr; tie U  (3.3)
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T = max{1, t2,, t}, ..., 7} (3.4)
Represent the segment J in (3.1) as follows:

1T[+1 —_—
_ _ [n -1, n]v n= 17]T[;
T=U Jn { [1T], T, n=]T[+1.

n=1
Here | - [ is the integer part of a number.

Notation 3.1. The solution x(t) of the IIVP (3.1)—(3.4) in the segment J,, will be
denoted by x,(t).

Assumption 3.1. Henceforth we will consider the cases when g(t) € C?[Jy], where
o is the maximal of the upper indices i for all t € Jo U J in (3.3).

Represent the function xo(¢) in the form

G

zo(t) = Z¢8(t)gu, t € Jo. (3.5)

u=1

Here ¢ (t) are some known real functions, g, are unknown constant coefficients.

Definition 3.2. The linearly independent functions ¢(t), u = 1,G, which are
chosen out of the class C7[.Jy] are said to be the basic functions of the solution x(t).
Considering the function xo(t) in view of (3.5) as an initial function g(t) = zo(¢),
we obtain the solution of (3.1)—(3.4) on J; = [0, 1].
Rewrite (3.1)—(3.2) as follows:

(t) = b(t)x(t) + a(t)g(t — 1) — cg(t — 1) + £(t), 2(0) = 20(0) = zo, t € Jy.

Then we have
t
z(t) = 2(t)z(0) + /0 ct,s)lal(s)g(s — 1) — cg(s — 1) + f(s)] ds, (3.6)

where z(t) is the solution of the Cauchy problem

and c(t, s) is the Cauchy function.
Taking into account (3.5), represent the formula (3.6) in the form

G
zi(t) = 2(t) = Y i (O)gu + fit), tE€ I,
u=1
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where

Y1'(t) = 2(1) g (0) —|—/0 c(t, s)[a(s)Yd(s — 1) — cpl(s — 1)] ds;
fit) = /0 c(t,s)f(s) ds.

Continuing this process in just the same way on Jo, J3 and so on, for Jy =
[M — 1, M] we deduce

G
M) =D Uk (E)gu+ fu(t), tE Jur (3.7)
Here .
Y(t) = 2O (M — 1) + /M1 c(t, s)[a(s)yhy_1(s — 1) — cif(s — 1)] ds;

t

fa(t) = / (b 8) [ fara(s — 1) + f(s)] ds

M-1
Remark 3.1. In accordance with Definition 3.2 the solution x;(t) is differentiable
on J)ys corresponding with the conditions (3.3) times, i.e.,

G pr .
(1) = 3 g+ A7 ®). (3.8)

Now we are coming to the question of finding the initial function g(¢) for the IIVP
(3.1)—(3.4). Introduce the function

t if ¢ =]t[;
Jt[+1 if t #]t],

Since every point t¥ € J(;(tk) by (3.8) and (3.9), from (3.3) it follows:

d(t) =0 when t <0; 0(t) = { when ¢ > 0. (3.9)

5(0)(t Z%tO) )gn + fs0) (ti ) =af, i=Tm;

Zdtwétl gn+f§t1( ) le'7 jzlalv

5(tP Z dtpl/f(; tp gn + f(; tp)(tp) - a:.Z? k = LT (310)
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Remark 3.2. In the following the function fp(t) is assumed equal to zero when
t <0.

Denote

butjask = T, = fit (), k=TT,

and rewrite the relation (3.10) as a linear system of algebraic equations for the
unknown coefficients gy,

Ag = B, (3.11)
where A = {a;;}, ¢ =1m+I+---+r, j = 1,G, is a rectangular matrix;
g=191,92,...,96}" and B = {b1,b2,...,byiis....r}! are vectors.

Denote
Q=m-+l+- +r

Let the matrix

ain a2 -+ aig b
_ as1 az - ag b
A=

agr ag2 -+ aga bg

be the augmented matrix of the linear system (3.11). It is well known that

Theorem 3.1 The linear system (3.11) is compatible if and only if the rank of the
matriz A is equal to the rank of the matrix A, i.e., rank A = rank A.
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This result was proved independently by Rouché and Fontené, but it is now
often called the Rouché—Frobenius theorem. From this theorem there follows

Corollary 3.1. Ifrank A > rank A, then under the basic functions ¥0(t), n =1,G,
chosen in (3.5) the IIVP (3.1) — (3.4) is unsolvable.

When the linear system (3.11) is compatible the following theorem is valid:
Theorem 3.2. For the IIVP (3.1) — (3.4) let the following conditions hold:

1. the functions a(t), b(t), f(t) belong to class C°~1[J];
2. the basic functions Y0(t), n=1,G, in (3.5) belong to class C°[Jy];

3. the linear system (3.11) is compatible, therefore the number of the basic func-
tions satisfies the inequality G > rank A.

Then the inverse initial value problem (3.1) — (3.4) has a solution with respect to

the initial function
G

g(t) = > _Y(t)gu, g(t) € C7LJg). (3.12)

u=1

Moreover, there are infinitely many solutions if G > rank A, and the representation
of the solution in the form (3.12) is unique if G = rank A.

The proof of this theorem is the same as the proof of Theorem 3.2 in [6].

3.2 Variational solutions of the ITVP

Let the initial function be given as a polynomial

G
g(t) => gnt" . (3.13)
n=1
Define a functional on the set of polynomials g(t):

0
T=| / Pt polt).a(0) | (3.14)

where g (t) — a given absolutely continuous on Jy function, F(t,¢o(t), gn(t)) — the
function, satisfying the extremum conditions of the functional.

R
3.2.1. Let in (3.11) G = R, then g = A~!B and go(t) = 3 gnt" L.
n=1
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Calculate the value of the functional

0
Yo=| [ Bt eo(t) nle) e (315)
—1
Rt1
3.2.2. Let in (3.11) G = R+ 1. Then g1(t) = Y. gnt"!. Rewrite (3.11) in the
n=1
form
air a2 0 air || 91 by — a1(rR+1)9R+1
az a2 - G2R || 92 by — ag(ry1)9R+1
= () : (3.16)
Rl GR2 - ARR || JR br — Gr(R+1)IR+1
Since rank A = R,
-1
91 ain a2 - @R b1 — a1(r+1)9R+1
g2 | | @21 G222 - G2R b — A2(R+1)9R+1
gR Rl GR2 - GRR br — AR(R+1)9R+1
or in another form
gn = hn(9r+1), n=1,R. (3.17)
Then by (3.13)
R+1
g1(t,9r11) = Y hu(grin)t" !
n=1

For the functional in (3.14) we have

0
T, = / F(t,00(t), g1(t, gra)) de].
—1

By an integration we get
Y1 =Ti(gr+1)-

To obtain the minimum of the functional one takes a derivative
dY1(9r+1)/dgr+1 = 0.

Let g, be such that
min Tl = Tl(gEJrl). (318)

By (3.17) we obtain g,, n = 1, R, and by (3.13) — g1 (¢).
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Define the difference
AY; =minY; — Yo | . (3.19)

R+2
3.2.3. Let in (3.11) G=R+ 2, then 92(t) — Z gntn—l and
n=1

a1 a2 -+ @R || %1 b1 — a1(R+1)JR+1 — Q1(R+2)JR+2
az1 a2 -+ G2R || 92 be — ag(R41)9R+1 — A2(R+2)JR+2
_ (R+DIRHL ~ O2(R12) (3.20)
ARl AaRr2 ' ARR || YR br — AR(R+1)IR+1 — AR(R+2)IR+2
From here it follows that
-1
g1 a1 a2 - iR b1 — a1(R+1)9R+1 — A1(R+2)IR+2
g2 az1 a2 -+ A2R by — A2(R+1)9R+1 — A2(R+2)9R+2
= . )
gR ARl ARz ‘' GRR bR — GR(R+1)IR+1 — AR(R+2)IR+2
or in another form
9n = hn(gR+1>gR+2)7 n= 17 R. (321)

Taking into account (3.13) and (3.14), we have

0
Ty = | / F(t, 00(t), g5t gresns gresa)) .
—1

Then
T2 = Y2(9Rr+1, GR+2)-

Consider the system of two equations
9Y2(9R+1:9r+2)/0gR11 = 0,
9Y2(9Rr+1:9r+2)/09R+2 = 0. (3.22)
Let g»,, and gg_ 5 be the solutions of this system. Then
min Yy = Yo(gp 415 IRya)- (3.23)

On the other hand, by (3.21) we obtain the coefficients g,,, n = 1, R, and the initial
function go(t).
Taking into account (3.18), define the difference

AY9 = minYT; —min Ty | . (3.24)
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In the same way for G = R + k we have the system of equations

OYk(9R+1,9R+2: s GR+k)/OgR+i = 0, i = 1, k.

Let g5 1, 9% 12, " »9psr De the solutions of this system. Then we find the initial
R+k
function gi(t) = 3. gnt" ! and calculate the minimum of the functional
n=1
min T, = Tk(g?%+1ag}<%+2a T »972+k;)- (3~25)

In this case
ATy = minTp_; —min Yy | . (3.26)

Definition 3.3. The initial function gi(t) € C?[Jo] is said to be an e-variation
solution of IIVP (3.1)—(3.4) if there exists k such that AT, <e.
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