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Abstract

In this paper, we give some existence results of multiple positive solutions
to the following nonhomogeneous elliptic system

—Au=(a+1)|u*  up T+ Af(z) inQ,
—Av=(B+1) [ o] v+ pg (z)  inQ, (Sx)
u=v=0 on 0,

where ) is a regular bounded domain in RY (N >3); «,8 > 0; A and
are positive parameters and f, g are given changing sign functions. We use
separately sub — super solutions technique and variational methods.

1 Introduction

This paper is concerned with existence and multiplicity results for positive solutions
(u,v) € [HE(Q)]? of the following system of equations

—Au=(a+ 1) [u*TupfT+Af () inQ,
—Av =B+ 1) [ul* o]" v+ pg (z) inQ (Sxu)
u=v=0 on 0},

where (2 is a bounded regular domain of RV (N > 3) with a smooth boundary 952;
a, B > 0; A, u are positive parameters and f, g are changing sign data which will be
specified later.

In the nonhomogeneous case of (semilinear or quasilinear) elliptic equations,
there is an extensive literature on the existence and multiplicity results (see [7, §]
and [13] and the references cited therein).
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Many existence results had been given for a system which is derived from a
potential (see for example [1, 4] and also the references cited therein).

(Sx,u) involving pseudo Laplacian operators and critical terms had been dis-
cussed in [14]. In this paper the existence results were given by a suitable minimiza-
tion principle when the nonhomogeneous terms were chosen small in the sense of
the dual norm.

Following [5] and [9], we give existence and multiplicity results for (S ,) when
f and g are changing sign functions. By the sub-supersolution technique, we prove
that (S),) admits a minimal solution. Taking account of the fact that (S) ,) has
a variational structure, we obtain a second positive solution by finding the critical
points of an energy functional which will be defined later.

The paper is organized as follows. In Section 2 we recall some preliminary results
and notation, Section 3 contains the proof of Theorem 1 and in Section 4 we give
the proof of Theorem 2.

2 Preliminaries and main results

We consider
S:={h e C'(2)\ {0} changing sign {
—Au = h has a nonnegative solution in Hg ()},

the set S is not empty (see [6] or [12]).

First we recall some useful lemmas.
A version of the Mountain Pass Lemma (Ambrosetti-Rabinowitz [3]):

Lemma 1 Let J be a C! function on a Banach space E. Assume there are constant
a >0 and p > 0 such that

J(u) > a for allu € E with |ul| =p

and
J(0) =0 and J(vo) <0 for some vy € E with ||vo| > p.
Set
:= inf Jlg(t
¢:=inf <£}3’ﬁ [g( )]) :
where

I':={geC([0,1],E);9(0)=0,9(1) =vo}.
Then there exists a sequence (uj) in E such that J (uj) — ¢ and J' (uj) — 0 in E’
(dual of E).
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Remark 1 The proof of this lemma has been given also by J. P. Aubin and L
Ekeland [2]. It relies on Ekeland’s minimization principle.

Lemma 2 ([1], Theorem 5) Let 2 be a domain (not necessarily bounded) and o +
B < 2% —2. Then we have

B+1 —a—1
a+1\at5E (o4 1) e

Moreover, if wo realizes Saypi2(S2), then (Bwo,Cwo) realizes Sy ) (2) for any
1

S(a,ﬁ) (Q) =

constants B and C such that % = (0‘“)5 ’

B+1
where
2
Satpez(Q):=  inf JoVul"dz
ueHg ()\{0} (f [ 0O+ dw)m
Q
and

Jo <|Vu]2 + !VUIQ) dx
in —.
(uv'U)EE\{(OvO)} (f |u|o¢+1 |’U|'B+1 d$> atpF2
Q

S(a,,@) (Q) =

Definition 1 J is said to satisfy the Palais—Smale condition (PS)., where ¢ € R,
if any sequence (un,vy,) € E such that J (up,v,) — ¢ and J' (up,v,) — 0 in E' as
n tends to 400, contains a convergent subsequence in F.

Notation. We make use of the following notations:

LP(€2), 1 < p < oo, denote Lebesgue spaces, the norm L? is denoted by || - ||, for
1<p<ooand|-|for p=oc;

WP () denotes Sobolev spaces; the norm in W*? is denoted by | - ||k p:

E denotes W01’2(Q) X W01’2(Q), endowed with the norm

I, w)]2 = / Vul? + / Vol?.
Q Q

2 = ﬁ—g (N > 3) is the Sobolev critical exponent.
A solution is said to be positive if each of its components is positive.
We denote by w™ the positive part of w and by suppw the support of w.

Our results are given by the following theorems.
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Theorem 1 Assume 0 < o + 3 < = and (f,g) € S%. Then there exists a
positive number Ay such that (Sx ) has a positive minimal solution (uy ,, vz ,) for
all X\, pv € (0, Ag) with max (|uy |, |vaul) — 0 when A, u — 0.

Theorem 2 Under the same hypotheses as in Theorem 1, there exists a second
positive solution of (Sy,) for N > 4.

3 The existence of a minimal solution

We know from [6] or [12] that the following problem

(Sh)

—Au = h(z) in
u=20 on 0f2,

admits a nonnegative solution labeled wuy,.
Proof of Theorem 1. Set u := Auy and v := uv, where us (resp. vg) is the solution
of the problem (Sf) (resp. (Sy)).

Thus (u,v) is a subsolution of (S) ;) for all A, and p positive (see [10]) if

—Au = A (=Auy) = M (2) < (a+ D)o’ 4\ f (2)

and
—Av = p(—Avg) = pg (x) < (B+ D u*0” + pg ().

Let e be a solution of the following problem

—Ae=1 in§,
e=0 on 09,

the existence and uniqueness of e is assured by the Lax—Milgram Lemma. Moreover,
by the Maximum Principle, e () > 0 for all z € Q.

We propose to find a supersolution of (Sy ;) in the form (%, v) = (Ae, Be), where
A and B are positive constants.

Thus (%, ) is a supersolution of (S),) if A and B satisfy

A > (a+1) A*BH |+ L x|

and
B> (B+1) A*MBP |e|*TFH 4 pug].
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Let B =rA, where r is a positive parameter, then we get
A > (a4 1) ACTHFLEBHL oot BT 4\ 7|

and
rA > (8 + 1) AT || oA L g]

Consider the following functions

A () = <t —(a+1)e |a+6+1 B+1ta+5+1)

111

and )
pr () = 1 (7 = (B 1) el P Py,
g

Let (to, Ar (to)) (resp. (t1,u, (t1))) be the coordinates of the maximum point of the
curves A, (t) (resp. u, (t)), where

1 a+f3
(a+1)(a+ B +1)]e|*TH po+

and )

1 atp
(B+1) (a+ B +1)|e]*PH o1 '

— <5+1>%
07 \a+1
1\ 2
)\TO(tO):MTO(tO) <IZ—:::1> %

Hence there exists Ag = min ()\TO (to) s fhr, (tg)) > 0 such that for all A, u € (0, Ag)
there exists A = A (A, u) > 0 satisfying

to = t1 if we choose

Thus we have

A > (a4 1) ACHIHL |g|otBHLLEHL Ly 1)

and
roA > (8 4 1) A%+ |t LB ).
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Thus (Ae,roAe) satisfies
A=—A(4e) > (a+1)(Ae)® (rode)’ + A\ f (2)
and
roA = —A (roAe) > (B+1) (Ae)* (roAe)” + g (z) for all z €,
and hence (7 = Ae, 7 = rpAe) is a supersolution of (S ).
Taking A, u possibly smaller, we also have
Aup < Ae  and  pug < roAe.
Hence, (S),) admits at least one solution (u,v) such that
(Aug, pog) < (u,v) < (Ae,roAe).
By the maximum principle applied to
{—A (u—Aug) = (a+1D)uP1 >0 in Q,
u—Auy =0 on 0f2,

we obtain
u>Aup >0 in Q,

i.e., uy, >0 in Q and similarly v > 0 in Q.

The sub and supersolution method can be applied in the process of establishing
a minimal solution of (S) ,) (see [10]).
Let up :=u = Auy and vy := v = pv, and consider the monotone iteration for
)‘7 IS (Ov AO)
—Atpyy = (o + Dutb ™+ A f (z) inQ,
~Avpyr = (B+ Dugtlol + pg(x) in Q,
Up+1 > O,Un+1 >0 in Q,
Upg1 = Unt1 =0 on 052,
where n =0,1,2,...
For n =1, we get

—A(ug —up) = (a+1) ug‘ng +Af(z) = Af(z)=(a+1) u8‘v€+1 in Q,
uy —ug =0 on 0,
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by the maximum principle, u; > ug in €.
By induction on n and the maximum principle, we obtain

g < Uy <Ug < - <Up < ---<wu in Q.

Similarly, we have

v <V <vp < <up<---<ov  in Q.

We may assume that

Up — Uy, and v, — vy, in Q.

Then (uy,,vy,) is a solution of (S ). Furthermore, by the maximum principle,
0 <ur, <uwand 0 <wy, <wv in Q which imply that (uy,, vy ,) is the minimal

solution of (Sy ).

Moreover, it follows from the construction of super solution of (Sy ,) that

lun,u| and vy ,| — 0 as max (A, pu) — 0.

4 Existence of the second solution

In the sequel A and y are fixed. We look for a second solution of (Sy ;) of the form
(uo + u, vp + v), where (ug,vp) denotes the minimal solution given by Theorem 1

and (u,v) is a positive solution of the following problem

—Au= (a+1)|u+ u0|0‘_1 (u+ up) |v+ Uo”B—H
— (o + 1) uguy
—Av= (B+1)|u+uo* v+vlP (v + o)

-(B+1) uS‘Hfug

u=v=20

(u,v) € E is said to be a weak solution of (X) if

/ {VuVp + VoVl de — / {(a + 1) |+ uo) ™ (u + uo) v 4 volP T <p} dx
Q Q

—/ {(ﬁ +1) \u—i—uo\‘”l |v —i—volﬂ_l (v +vo)¢} dz
Q

+ [ {la+ nugel e+ 6+ Dug v} o=
Q
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for all (¢,) € E.

The corresponding energy functional of (X) is

1
7 (uy0) = = ||, 0) 2 —/G(u,v) dz,
2 0
where
(u+uO)a+1 (v + o ),3+1 _ oa—f—l 5+1
G(u,v) = —(oz—i—l)uovgﬂu—(ﬁ—i— ) o‘vav ifu>0and v>0,
0 ifu<0orwv<O0.
We note that J € C! (E).

It is well known that the nontrivial weak solutions of (X) are equivalent to the
nonzero critical points of J in E. By the regularity theory of elliptic systems each
solution of (X) is classical.

For proving Theorem 2, we need the following lemmas.
Lemma 3 (0,0) is a local minimum of J in E.

Proof. We know that

1
T (u) = 2 (u,0)? —/F<u,v> dz,
2 Q
where

Fuv) TPt LN (2)u+ g (z) v for w >0 and v > 0,
u”U =
0 foru <0orov <0,

is the associated energy functional to (S ,).

Since
Gu™,vt) — F(ug +ut,vo +v7T)
= —udTST N f () (uo +u™) — pg () (vo +v™)
+(a+ Dufvg ut + (B4 1) ug T eguT
one has

o)l = [ Ffao+ s+ o) do
(ug,vo) dx — / (A () ut + pg (@) v") da

F
(a+1 5+1 ++(5+1) a+15+>d$'

+
\\ DO =



174 M. Bouchekif and Y. Nasri

By a straightforward computation, we obtain
I(ug+u* w0 +0%) = lo,v0) P43 ot 3
—i—/Q (VuoVut + Voo Vo't) do — /QF (uo +u™, v +v") da.
Hence
J (u,v) = % [ (u, 0)||? + I (uo +u™t,vo +v") — I (ug, o).
From the fact that (ug,vg) is a local minimum of I in E, it follows that

J (u,v) > H(u*,v*)HZ for all (u,v) such that |[(u,v)|| <e

N =

with € > 0 small enough. U
Proof of Theorem 2.

Subcritical case. We first deal with the case o+ 8 < 135 when (PS), holds
for all c. Since a4 3 > 0, it follows that for every positive (u,v), J (tu,tv) — —o0
as t — 400 and there exists (u1,v1) € E such that J (uj,v1) < 0.

Let

¢:= inf max {J (v (¢)): t € [0,1]} > 0,
~yel’

where
I'={yeC([0,1],E)[v(0) = (0,0), v (1) = (u1,v1)} .
Then we apply the Mountain Pass Theorem.

Critical case (ie., a+f = ﬁ) Without loss of generality, we suppose
that 0 € Q.
Following the method in [5], we use the function

¢ (z)

— N3 > 0,
(2 +22)" T

we (z) =

where ¢ is a cut-off positive function such that ¢ =1 in a neighborhood of 0.

1
Let B and C be positive constants such that % = (%—ﬂ) ? | then (Bwe, Cw,) is

a solution of
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A careful expansion as € — 0 shows that
N
2* (1 2
sup J (tBwe,tCw.) < — | =254,8(2)
>0 N A\2"

In fact, for u and v nonnegative, we have

(u+ uo)o‘+1(v + vo)ﬁJrl

> (M gt 4 (o4 1) ugu) (1;5“ +ogt - (B+1) v{fu)

> o tlyftl 4 ug‘vaH + (a+1) ug‘ung +(B+1) ugﬂvgv + h(u,v),
where

h(u,v) = udtloPHt 4 uo‘vaH + (a+ D uu® T + (8 +1) u““vgv

+ (a+1)(B+1) uﬁ“vguv.
We know that

J (tBw.,tCw.) = = (B2 + C*) ? Vw2 - | @ tBwe, tCw,) dx < j(thE,tC'wg)
> Ja

N =

1 ‘ -
— 5 (BZ + CZ) +2 |Vw5|§ _ 42 Ba+1cﬁ+1 |Vw5 g* _ / h (thE’tha) dx.
Q

Note that

1 * *
J (tBuwe, tCwe) < 5 (B% + C?) t* Vw5 — t2 B0 |w. |5

and thus . ligrn J (tBwe, tCw,) = —oo. Therefore, sup J (tBw,, tCw,) is achieved at
—+oo >0

some t. > 0 (if t. = 0, then sup J (tBw,,tCw.:) = 0 and there is nothing to prove).
>0

Since the derivative of the function ¢ — J (t Bwe, tCw,) vanishes at t = t., we
have

(B? + C?) 12 |Vw, |2 — 252" "L B+ 0P+ | |2,

B / [Bws Oh (t: Bw, t.Cw,) 4 C Oh (te Bwe, t.Cw,)
Q ou ov

]da:zO

and therefore

1
t. < ( (B2 + C?) [V |; )2*2
e = .

2 BT [
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Thus

supJ (tBwe,tCw:) < supj(thg,tC’wg) = J (t:Bwe, t-:Cw,)
>0 >0
2* /1
< ¥ (;5(0476) (Q)>

Using lemma 1 of [5], we have

ol

+0 (e’:“%) —/h (te Bwe, t-Cwe) dz.
Q

r N+2-B(N-2) N42—(B+1)(N-2) N42—(at1)(N-2)
1€ 4 2& 4 + KK3€ 4
N42—a(N-2)

+Kye 4 + Kse if N >5,
/ h (te Bwe,t-Cw.) dx =
Q

6—2(3+1) 6—2(a+1) —2a

K18¥+K28 4 + K3e™ 1 +K4€64
+Kxe |loge| if N =4,

where K;, i = 1,5 are positive constants independent of .

Then
+0 (FJ%) -0 (£9>

vz

2% /1
< [ =
g}O)J (tBw, tCw,) < N <2* S(a,8) (Q))

where

1 7]
Nt+2-a(N-2) 4
)

N+2-B(N—-2) N+2—(8+1)(N=2) N+2—(a+1)(N-2)
0 := min 4 ’ ’ ’
4

We note that 6 < % for N > 4.
Therefore

vlz

2% /1
. 2 (1 S
ggJ (tBwe, tCw:) < ~ (2* S(a,8) (Q)> for N >4

for € > 0 small enough.
Then the problem (S) ;) has a second solution. O
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