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Abstract
The nonlocal boundary value problem for the hyperbolic-elliptic equation

Cul) 4 Ay(t) = f(t)  (0<t<1),

at?
2
— T 4 Au(t) = g(t) (-1 <t<0),
u(0) = ¢, u(l) = u(-1)
in a Hilbert space H is considered. The difference schemes approximately
solving this boundary value problem are presented. The stability estimates for
the solution of these difference schemes are established. In applications, the

stability estimates for the solutions of the difference schemes of the mixed type
boundary value problems for hyperbolic-elliptic equations are obtained.

1 Introduction

It is known (see [1]-[4]) that various boundary value problems for hyperbolic-elliptic
equations can be reduced to the nonlocal boundary value problem

Ful) L Au(t) = f(t)  (0<t<1),

dt?
—LHD 4 Au(t) =g(t) (-1<t<0), ()
u(0) = ¢, u(1) = u(~1)
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for differential equations in a Hilbert space H, with the self-adjoint positively defi-
nite operator A.

A function u(t) is called a solution of problem (1) if the following conditions are
satisfied:
i. u(t) is twice continuously differentiable in the region [—1,0)(J(0, 1] and continu-
ously differentiable on the segment [—1,1]. The derivatives at the endpoints of the
segment are understood as the appropriate unilateral derivatives.
ii. The element u(t) belongs to D(A) for all t € [—1,1], and the function Au(t) is
continuous on [—1,1].
iii. u(t) satisfies the equation and boundary value conditions (1).

Theorem 1 [5] Suppose that ¢ € D(A), and let f(t) be continuously differentiable
on [0,1] and g(t) be continuously differentiable on [—1,0] functions. Then there is
a unique solution of the problem (1) and the stability inequalities

< 1/2 1/2
(max | u(t) [#=< M[H@HHJr (max AT g () o+ max || AT ]

1/2 < [ 1/2
s Sl s 1 AY2(0) = M) A2

¥ / I 90) N it + 0/ I ]

—_— <
max || S i+ max | Au(t) 1< M) Ag i + 1 9(0)

2

1
1 £O) [l + / PO / | £ 1 dt
—1 0

hold, where M does not depend on f(t), t € [0,1], g(t), t € [-1,0] and .

In the paper [5] the first order of accuracy difference scheme for approximately
solving the boundary value problem (1)

w + Augr1 = fr, fu = f(tk—i-l)’
thr1=(k+1)7, 1<k<N-1, Nr=1,
=S Sl = Aug = gr, gr = 9(tr), @

7_

ty =k, —-N+1<k< -1, uy=¢,

UN = U_N, Ul —Uy=1UQ)— U_]
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was investigated.

A study of discretization, over time only, of the nonlocal boundary value prob-
lem also permits one to include general difference schemes in applications, if the
differential operator in space variables, A, is replaced by the difference operators Ay,
that act in the Hilbert spaces Hj, and are uniformly self-adjoint positively definite
in A for 0 < h < hg.

Theorem 2 [6] Let ¢ € D(A). Then the solution of the difference scheme (2) obeys
the stability inequalities

<M A—1/2 A—1/2
e e fla< [II Pl +  max ] gk Nl + ) _max || fellu |,
max | A g max | AY 2 || M| AV g
—N+1<k<N T —N<k<N B
-1 N—-1
+ 3 ol Xl ],
k=—N+1 k=1
Up1 — 2up + U1
Aug |n< M| A
v max o = e+ max A |la< M| A |la

-1

N1
+lgallm+ 1 Ala+ D lor—grllm+ D Il fr— fr ||H}>

k=—N+1 k=2

where M does not depend on 7, ¢, and fr, 1 < k<N -1, g, —-N+1< k< —1.

Methods for numerical solutions of the nonlocal boundary value problems for
partial differential equations have been studied extensively by many researches (see
[8-17], [22-26] and the references therein).

In the present paper the second order of accuracy difference schemes approxi-
mately solving the boundary value problem (1) are presented. The stability esti-
mates for the solution of these difference schemes are established. In applications,
the stability estimates for the solutions of the difference schemes of the mixed type
boundary value problems for hyperbolic-elliptic equations are obtained. The the-
oretical statements for the solution of this difference scheme are supported by the
results of numerical experiments.
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2 The second order of accuracy difference schemes

Applying the second order of accuracy difference schemes of paper [7] for hyperbolic
equations and the second order of accuracy difference scheme for elliptic equations,
we will construct the following second order of accuracy difference schemes for
approximately solving the boundary value problem (1):

(et 2ut Ay 4 T A2 = i,

—
fo=Ff(ty), ty=kr, 1<k<N-1, N7 =1,

Up1—2Up+Up—

SR Aug = g, (3)
gk:g(tk), tk:kT, —N—i—lSkS—l, Uy = @,

uy = u_y, ur —uo — 5 (fo — Aug) = ug — u_1 — (g0 — Au),

90 =9(0), fo= £(0),

and
Y Pttt 4 LAy 4 L Augy + Aug) = fr,

T

fe=f(te), th=kr, 1<E<N -1, Nt =1,

_uk+1*2;12k+uk—1 + Aug = gg,
gk:g(tk), tk:kT, —N+1§k§—1, ug = @, (4)

un = u-n, (I+Z2) (w1 = uo) — 5 (fo — Aug)
=UuUy — U-1 — 7-—22(90 — AUO),

90 =9(0), fo= f(0).

Theorem 3 Let ¢ € D(A). Then the solution of the difference scheme (3) obeys
the stability inequalities

max || ug [[g< M [H ¢ llg+_ max A7 Vil + _max || ATV2fy ||

—N<k<N +1<k<0 0<k<N-1
Uk — Ug—1 1/2 [ 1/2
A < M| A
B N e L el e e
+ Z ar ||H+wa|fk I,
—N+1

—2 _
mae | SR | Au < M| Ag |
—N+1<k<N-1 T —N<k<N
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0

N-1
gl + 1 follm+ S gk —gnor la+ 3 I fio— Feoa U],
k=1

k=—N+1
where M does not depend on 7, ¢, and fr, 0 < k<N -1, g, —N+1 <k <0.

The proof of Theorem 3 follows the scheme of the proof of Theorem 2 and is
based on the formulas

wp = (D(rAY?) — D(=7AY?) 7 (D(—7AY?) — 1) DF (7 AV/?)
+(I — D(rAY2)) DF1 (=7 AV2)Jug
+(D(TAY?) — D(—7AY?)"H(D*(r AY2) — DM(—7 AY2)) (ug — uy)

+Z(D(rAV2) = D(—r A2 (DH(rAV2) - DH(=r AV)(fo — go)
k—1
_ Z 2li1471/2[Dk‘fS(TAl/Q) _ Dka(_TA1/2)]fS’

1<k<N-1, DrAY?) =1+irAY? - T)—1,
up = R Fug + (I — R?N)"HRN=F — RN RNug — u_y]

—1
+(I—R2N)_1(RN_k _ RN—l—k}) Z B_l[RN_s _ RN+S]R—1(2+7_B)—1987_

s=—N+1
+ Z YR — REH) 2 4 )T R g,
—N+1
Ar + AV2/TTA ]
_N+4l<k<-1, R=(1+rB)"!, B=2% - rare

_n =T{(D(rAY?) — D(—7 AY?)) " [(D(-7AY?) — ) DN~} (7 AM/?)
+(I = D(rAY?))DN (=7 AY?)Jug + (D(7AY?) — D(—rAV?)) 7!
x (DN (rAY2) — DN (=1 AY?))ug — (D(TAY?)
D(—7AY?)"H(DN (7AY?) — DN (—7AY?))

X{Ru0+(I_R2N)—1(RN+1 —RN_l)RNU0+(I—R2N)_1(RN+1 —RN_l)
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-1
x > BYRYT - RNPIRTN(247B) gt
s=—N+1

-1
+ Y B YR -R"™)2+7B) 'R g7}
s=—N+1
+(D(rAV2) = D(—r AV2)) 7 (DH(rAV2) = DH(=r AV)(fo = go)

N-1
. Z §A71/2[DN73(7_A1/2) B DNfs(_TAl/Q)]fs}’
1
s=1

T = (I-(—R¥MN)™Y(RN* - RN (D(rAY?)
—D(=7AY?)TH (DN (rAY?) — DN (=7 AV2)) 7!

and on the estimates

| DETAY?) < 1, 7 || AV2D(E7AY?) [lg—n< 2,

| (k7B)*R* ||g—g< M(1+67)%, k>1,0<a<1,6>0, M>0,
and on the following lemmas.
Lemma 1 The estimate holds:
I[DN (iTA1/2> — exp{FiAYV A g < %
Proof. We use the identity

1
DN (iTA1/2> — exp{FiA'Y/?} = /\Il’(STAl/2) ds,
0

where
W(sTAY2) = DN (isml/?) exp{Fi(1 — 5)AV21,

The derivative W/ (sTAY2) is given by

2.2 13/2
W/ (s7AY?) = DN+ (q:srAl/Q) (xi%) exp{Fi(l — 5)AY21.

95

(6)
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Thus,
DN <i7’A1/2> — exp{FiA'/?}

1
1
= :;:/DNJrl (ﬂ:STAl/2> (iA3/2) §T282 exp{Ti(1 — s) A%} ds.
0
Using the last identity and estimates (6) and

| exp{i(1 — 5)AY2}|| < 1, (8)
we obtain

JDN (#7412) — exp{FiA A7 g

1
1
< 3 / |DY (£574"2) 1_prrs
0

1
x||rsAY2D (iSTAl/Q) ]| exp{Fi(1 — $)AYV2}| s ds < T/Sds - %
0

Lemma 2 The following estimate holds:
| T |lg—u< M, (9)
where M does not depend on T.
Proof. Since

T = (I-R*™)I-R*™+ (RN - RN1)(D(rA?)
—D(-TAY2)TH (DY (7AY?) — DY (-1 AV2)) !

and
T — {I — exp{—2AY2} + 2425(1) exp{—A'/?}}!
= T{I — exp{—2A4"%} +24'25(1) exp{—A'/2}} 1
{R*N — exp{—2A%} + 2A125(1) exp{—A'/?} — (RN — RN 1)
(D(rAY?) = D(=7AY?))"H(DN (7 AY?) — DV (=7 4'2))}
and

| {1 — exp{—2A4Y2} + 24" 25(1) exp{—AYV2}} 7 | g u< M, (10)
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to prove (9) it suffices to establish the estimate
IR?N — exp{—2A4Y2} 4 24Y25(1) exp{—AY?} — (RN — RN=1) (11

x(D(tAY?) — D(—71AY?)) Y (DN (rAY2) — DN (7 AY2)) ||y < M.
Here N
T — (I _ RQN + (RN+1 _ RN—I)(D(TAI/Q)
~D(~7AY2) DV (rAY2) - DV (—r4/2)) 7,
PALZ AL
21
The estimate (10) was proved in [4]. Finally, using the identity

s(1) = A128

RN _ exp{—2AY2} + 24'25(1) exp{—AY/?} — (RNFL — RN 1)
x(D(rAY?) — D(—7AY2)) 7Y (DN (rAY?) — DN (—rAY?))

= RN — exp{—2AY2} + [24Y25(1) — %(DN(TAI/Q) — DN (~7AY?))] exp{—A"/?}
—i—%(DN(TAl/Q) — DN (=7 A?))[exp{—A"?} — RN

+%(DN(TA1/2) - DN(—TA1/2))[RN _ (RN-H _ RN_l)(D(TA1/2) o D(—TA1/2))_1]
and the estimates (5), (6) and (7), we obtain the estimate (11).

Theorem 4 Let ¢ € D(A%2). Then the solution of the difference scheme (4) obeys
the stability inequalities

1
< M[ I+ ZirAY?
g e < M) (1 547 ) ¢

+7NI£la§Xk:§0 FA™ gi [l +0§%a§71 | A7 fe llm |

U — Up—
max || ——"L ||g + max || AY?u ||y
—N+1<k<N T —N<k<N

< M[H Al/2 <I:t %z’TAl/2> o |l
N_

0 1
DI A PR SN
k

=—N+1 k=0
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I Ugq1 — 2Up + Up—1

A
—N+Ilr§81?;N—1 72 In +—]\III£;};N I Ave |l

1.
<Ml (12547 ol + o L + 1 o

0 N-1
+ 3 lg—gea g+ > N fe— feor lla

k=—N+1 k=1
where M does not depend on 7, ¢, and fr, 0 < k<N -1 g, - N+1<k<0.

The proof of Theorem 4 follows the scheme of the proof of Theorem 2 and is
based on the formulas

we = (D(rAY?) — D(—=7AY?) (I — D(—7AY?)) DF 1 (—r AM?)
+(D(TAY?) — DYDF1 (7 AY?)]uyg
+(D(TAY?) — D(—7AYV?) YDk (7 AV?) — D*(—7 AY?)) (I + T?TA)—l(uO —u_1)
- (D(rAY?) — D(=7AY?)) Y (D*(r AY?) — DF(—r AM2)(T + TQTA)I(fo )
+> I+ T)‘l(D(TA” 2) = D(—7AY?) T DM (7 AY2) — DEE (7 AV £,

iTAL/? iTAY?

1<k<N-1, DxrAY?) =17

up = R Fug + (I — R?N)"YRN =% — RNTF)RNug — u_y]
-1
+(I_R2N)71(Rka_RN+k) Z Bfl[RNfs_RN+S]R71(2+TB)71987_
s=—N-+1

-1
+ Z B_I(R_(k+s) — R'S_kl)(Q + TB)_IR_IQST,
s=—N-+1

AT+ AVA/TPA 44
= 5 :

~N+1<k<-1, R=(01+7B)"'Y, B

u_y = T{(D(rAY?) = D(=7AY?))7 (I — D(—TAY?)) DN~} (-7 AY/?)
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+(D(rAY?) = DN (r AV?)ug + (D(TAY?) — D(-7AY?))7!

x  (DN(rAY?) — DN (=7 AV2))(I + T?TA)luo
— (D(rAY?) = D(-7AY?)"Y(DN (1 AY?) — DN (7 AY?))

X{RUO+(I_R2N)71(RN+1 _RNfl)RNuo_i_(I_RQN)fl(RN+1 _RNfl)

-1
x Y BTURNT - RNPIRTN2 4 7B) gt
s=—N-+1

-1
+ Z B7Y(R'Y™* — RY™)(2+7B) 'R g7}
s=—N+1

+ %Q(D(TA1/2) — D(—7AY2)H(DF(r AV?)

DH(—r A1+ )1 gy — go)

N-1
o § : %A71/2[DN73(TA1/2) - DNfs(_TAl/Q)]fs}’
7
s=1

T = (I-(I-RM)"YRNTI— RN"1)(D(rAY?)
— D(—r AV DN (A2 - DN (—r A1 + DAY

and on the estimates (6) and

iTAl/?
I+ —-
2

I D(ETAY?) o< 1, 7| AY2( ) lr—m< 2,

and on the following lemmas.

Lemma 3 The estimate holds:

IDN (£r4M2) — exp{FiAV2NA " lgm < T

99

(12)
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Proof. We use the identity
1
DN <:|:7'A1/2> — exp{TiAY/?} = /\IJ'(STAI/2) ds,
0

where
U(sTAY?) = DN (iSTA1/2> exp{Fi(1 — s) A2}

The derivative W' (s7A'/?) is given by

W (s7AL2) = pN-1 <:]:STA1/ 2) (iz’Al/ 2)

-2
X <—i7‘282A> <I + %iTA1/2> exp{Ti(1 — s)AY2}.

Thus,
DN (iTA1/2> — exp{FiA'/?}

1

-2
= :|:/DN_1 (is¢A1/2> <iA3/2> 37282 <I:|: %iTA1/2> exp{Fi(1 — s) A%} ds.

Using the last identity and the estimates (12) and (8), we obtain

1
H[DN <:|:7'A1/2) — exp{IFiAlp}]A_lHHHH < %/HDN_l (:I:STAl/2> |gr—ms
0

2l 1 - ,
X || ZSA1/2§7' (I + EZTA1/2> Itz || exp{Fi(1 — s)AY?}|| g ds

1
i
ds = —.
/SS 1
0

Lemma 4 The following estimate holds:

<

NS

I T |asm< M, (14)

where M does not depend on T.
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Proof. Since

T = (I-R™)(I-R¥+ RV - RV"H(D(rAY?)

— D(—r AV DN (A2 - DN (—r A1+ Ty

and
T— {I - exp{—2A1/2} + 2A1/28(1) exp{—A1/2}}*1
= T{I — exp{—2A4"%} + 2425(1) exp{—AY/?}} 1

x  {R?N — exp{—24Y2} +24"25(1) exp{—AY?} — (RNF!1 — RN 1)

x  (D(rAY?) = D(—7AY2)"H(DN (7 AY?) — DN (—r AY2)(I + %)—1}

and (10), to prove (14) it suffices to establish the estimate
|IR?N — exp{—2A4Y2} 4 24Y25(1) exp{—AY?} — (RN — RN=1)  (15)

A

X(D(rAY?)=D(=7 AY2)) Y (DN (7 AY2) - DN (—r AV2))(1+Z5) oy < MV,

Here
T =(I—R*N 4+ (RV+! — RN7Y)(D(7AY?) — D(-7AY?))7!

2 A
x(DN(rAY?) = DN (=7 AV + —=)") 7
Finally, using the identity
RN — exp{—2AY2} +24'25(1) exp{—A"/?} — (RNF1 — RN 1)

X (D(rAV?) — D(—7AY?))"Y (DN (r AY?) — DN (=7 AY2))(I + %)_1

= B expl~2AY2) + [2AV25(1) — LD (r41/2) - DY(—r A2 exp{—-AY2)
+%(DN(7'A1/2) _ DN(—TAl/Q))[eXp{—A1/2} _ RN]
+%(DN(7'A1/2) _ DN(—TA1/2))[RN _ (RN+1 _ RN_l)
2A

X(D(rAY?) = D(=rAM?) (1 + Z25) 7]

and the estimates (6), (12) and (13), we obtain the estimate (15).



102 A. Ashyralyev et al.

3 Applications

First, for application of Theorem 1 and Theorems 3, 4 we consider the mixed prob-
lem for hyperbolic-elliptic equation

Vyy — (@(x)ve)e +6v = f(y,z), O0<y<l1 0<z<l,

—vyy — (a(x)vp)e + 00 = g(y,z), —-1<y<0,0<z<1,

v(l,z) =v(-1,2), ©v(0,z)=p(z), 0<z<I1, (16)
U(y,O) = U(ya 1)7 Uz(y,O) = Ufr(y7 1)7 -1 < Yy < 1a
(v(0+,2) =v(0—,2), vy(0+,2) =vy(0—,z), 0<z<1

The problem (16) has a unique smooth solution v(y, ) for the smooth a(z) > 0
(z € (0,1)), ¢(z) (z € [0,1]) and f(y,z) (y € [0,1], = € [0,1]), g(y,2) (y €
[—1,0], z € [0, 1]) functions and § = const > 0. This allows us to reduce the mixed
problem (16) to the nonlocal boundary value problem (1) in a Hilbert space H with
a self-adjoint positive definite operator A defined by (16). Let us give a number of
corollaries of the abstract Theorem 1.

Theorem 5 The solutions of the nonlocal boundary value problem (16) satisfy the
stability estimates

s o)l ooy < M| max [79)]|zapo

+ max 90 lzaon + el o)

_max Jo@)lwzpy <M [0?3% 1f @)l L2101

+ _max 19 0,17 + Hcprzl[OJ]} ,

e o) lwzion +_max oy 0)llizoy < M leluzon + 1500

Hllg O afo,n + max [1fy W)l zafo,n + _m2x gy (W) zafo,y

hold, where M does not depend on f(y,x) (y € [0,1],z € [0,1]), g(y,z) (y €
[_170]7 UAS [07 1]) and 90('%') (:L' S [07 1])
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The proof of this theorem is based on the abstract Theorem 1 and the symmetry
properties of the space operator generated by the problem (16).

Now, the abstract Theorems 3 and 4 are applied in the investigation of difference
schemes of second order of accuracy with respect to one variable for approximate
solutions of the mixed boundary value problem (16). The discretization of problem
(16) is carried out in two steps. In the first step let us define the grid space

0,1]p ={z: z, =nh, 0<n <M, Mh=1}.

We introduce the Hilbert space Loy, = Lo([0, 1]1,) of the grid functions ¢ () defined
on [0, 1], equipped with the norm

, M—1 N2
I = (X " @)Ih) ™
n=1

To the differential operator A generated by the problem (16) we assign the
difference operator A7 by the formula

A" (@) = {=(a(@)ps)on + S}, (17)

acting in the space of grid functions ¢"(z) = {p"}}! satisfying the conditions
WO =pM ol — 0 =M _ pM=1 Tt is known that A7 is a self-adjoint positively
definite operator in Lo, . With the help of A7 we arrive at the nonlocal boundary-
value problem

d2 h ,
LGt 1+ Azt (y, @) = f(y,2), 0<y <1, wel(0,1,
d2 h
_ Udy(ztﬂi) + szh(y’x) = fh(y’x), -1 < Yy < 0, T € [O, 1];“ (18)

Uh(—l,l‘) = ’Uh(Lx)? Uh(()?x) = (ph(l‘% T [07 1]h7
\'Uh(o—’_’x) = ’Uh(o_vx)a U3(0+,$) = U3(0_7$)7 YIS [07 1]h

for an infinite system of ordinary differential equations.
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In the second step we replace problem (18) by the difference scheme (3)

( uﬁJrl(a:)—Quk( )—‘,—u,c 1 ()

+ Aul + Z(AD2uf = @),z €[0,1],
f/?( )—{f(yk,%) M= 1, yp=k7, 1<k<N-1, Nt =1,

ul - (z)—2ul (x)+u
_ Ui (@) f2( )+uk_ (@) +Ahuk —gk( x), x€10,1]p,

Q

M) ={g(rz) " pe=kr, -N+1<k< -1,
ha) = (), ul(z)=ul y(z), x€][0,1],

1 (@) —uf(@) = F ([ (2) — Afuf()

ufi(z) —uly () — S (gh(x) — Afuli(x)), @ € [0, 1],

2
\g[’}(:n) =g"(0,z), fl(z)=f"0,2), =x€][0,1].

e

<

Theorem 6 Let 7 and h be sufficiently small numbers. Then the solutions of the
difference scheme (19) satisfy the following stability estimates:

h h
<
ax gy, < My|| max | fi |lLa,
S 7 PR e P
max Mk = )y, max ke 1< M| max
_N+1<E<N h T _N<E<N 2h = 0<k<N-1 2h
h h
S 7 P P
max (|77 (ug = 2uf +up )|y, + max | (ugp)e
1<k<N-1 + M _N<k<N | TPE T2k

—1/rh h h
<[ a7 = A o+ 1

-1/ h h h h
SN L v ) P P P (O P E

Here M, does not depend on T, h, ¢"(x) and f,?(x), 0<k<N-1, g,];, —-N+1<
k<O0.
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The proof of Theorem 6 is based on the abstract Theorem 3, and the symmetry
properties of the difference operator A} defined by the formula (17).

Now we replace problem (18) by the difference scheme (4)

( uz_‘_l(x)fQuZ (x)JruZ_l( )

2 Ahuk i(Ai“ZH + Apup ) = f (@),
T e [07 1]h7 ]?(:L') = {f(ykhxn)}l 717 Yk = kr, 1<k<N-1, Nt =1,
h _
_uk+1(5€) 2u7,f2( )-‘ruk 1(1‘) +Ahuk _ gk( )7 = [0, 1]}“

(@) = {g(yry 2n) 7Y g =k, —N+1<k < —1,

uf(z) = ¢"(x), ufy(@) = ul y(2), = €[0,1]s,

(I + ZAD) (b (z) — uf(z)) — S (fi(x) — Aful(z))

= ug(z) —uly(z) — 5 (g6 (2) — Afug(2)), «€[0,1],
98(‘%) = gh(O,(E), fél(x) = fh(ovx)v T € [07 1]h‘

(20)

Theorem 7 Let 7 and h be sufficiently small numbers. Then the solutions of the
difference scheme (20) satisfy the following stability estimates:

< h
ekl < M) e
T 7 P P P

-1/, h h .
e G 1)\ Lz, + Cmax (e llza, < M [ogglgaﬁf(_l are
+_ymax |l I 2o, PR Ly, + T (32 ||L2h}’

2, h
1§1}(€n§a§[(71 HT (ukJrl 2uk +uk 1)HL2h + ]\I[Iéak)iN H {( )m n} HL2h

—1/¢rh h h h
< [ e T = ) D+ 8 s + 18

-1/ h h h h
+_ymax 7k = gk1) o H1(02)a} I +T||(s0:z)m||L2h]-

Here My does not depend on 7, h, ¢"(z) and fi(z), 0 <k<N-1, g8, —N+1<
k<0.
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The proof of Theorem 7 is based on the abstract Theorem 4, and the symmetry
properties of the difference operator A} defined by the formula (17).

Second, let €2 be the unit open cube in the n-dimensional Euclidean space
R" (0 <z <1, 1<k<n)with boundary S, Q=QUS. In [0,1] x Q we con-
sider the mixed boundary value problem for the multidimensional hyperbolic-elliptic
equation

n
Vyy — 2 (ar(2)Vg, )2, = f(y, ), y >0, 2= (z1,...,2,) €Q,
r=1
n

—Vyy — 2 (ap(2)Vg, )z, = 9(y,x), y <0, x=(x1,...,2,) €Q, (21)

r=1

o(l,z) = v(-L,z), v(0,a)=p(@), zc T
\u(.%x):(h .’L'ES, _1Sy§17

where a,(z) (z € Q), ¢(z) (x € Q) and f(y,2) (y € (0,1), © € Q), g(y,z) (y €
(—1,0), z € Q) are given smooth functions and a,(z) >0 .

We introduce the Hilbert spaces L(f2) — the space of all integrable functions
defined on €2, equipped with the norm

1 1= {/ / |f(x)|2da:1~-dxn}1/2.

z€Q
The problem (21) has a unique smooth solution v(y, z) for the smooth a,(z) > 0
and f(y,z), g(y, ) functions. This allows us to reduce the mixed problem (21) to
the nonlocal boundary value problem (1) in a Hilbert space H with a self-adjoint

positively definite operator A defined by (21). Let us give a number of corollaries
of the abstract Theorem 1.

Theorem 8 The solutions of the nonlocal boundary value problem (21) satisfy the
stability estimates

max o)l < M goas 1),

tlelm +  max ol m),

IN

My max. || £() Iz,

max Hv(y)||W21(§) 0<y<1

~1<y<1

tlelwm + max lo@)l,em)



On difference schemes for hyperbolic-elliptic equations 107

_max o)l + max, vy @)l L,

< My max [[fyW)llL,@+ I FO) ll,@)

+ Il ng(ﬁ) + 1 9(0) HLQ(E) +_1{%%§0 I 94(y) ”LQ(ﬁ)

hold, where My does not depend on f(y,x) (y € (0,1), =z € Q), g(y,z) (y €
(—=1,0), z € Q) and p(zx) (x € Q).

The proof of this theorem is based on the abstract Theorem 1 and the symmetry
properties of the space operator generated by the problem (21).

Now, the abstract Theorems 3 and 4 are applied in the investigation of difference
schemes of the second order of accuracy with respect to one variable for approximate
solutions of the mixed boundary value problem (21). The discretization of problem
(21) is carried out in two steps. In the first step let us define the grid sets

Qh: {x:a','m: (hlml,...,hnmn), m = (mla"'7mn)7
0<m, <N, h.N,=L, r=1,...,n},
QhZQhﬂQ, Sh:flhﬂS.

We introduce the Banach space Ly, = Lo(€) of the grid functions ¢/ (z) =
{e(himq,..., hymy,)} defined on Qp, equipped with the norm

/
1" = (3 1@ R0 o)

z€Q

To the differential operator A generated by the problem (21) we assign the difference
operator A7 by the formula

n

Aiuﬁ == Z(ar@)ug)xr,jr (22)

r=1
acting in the space of grid functions u(z), satisfying the conditions u(z) = 0
for all € Sj. It is known that A7 is a self-adjoint positively definite operator in
Lo(€2,). With the help of A7 we arrive at the nonlocal boundary-value problem

¢ 2o , ~
% +Alzzvh(y7x) = fh<y7x)7 0< Y < 17 HAS Qha

_d%dh_y(;f,a:) + AR (y, ) = fiy,x), —1<y<0, z€,
vh(—1,2) = o1, z), VM0,2) =M (x), z€ Qh’

\vh(0+7$) = ’Uh(o_vx)a U3(0+ax) = U3(0_7$)7 z €

(23)
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for an infinite system of ordinary differential equations.
In the second step we replace problem (18) by the difference scheme (3)

uz+l(x) 2uh(x)+uk ()

C + AUl + TADU = fl(@), @ € O,
) = {Flyp,z) Y, yp=kr, 1<k<N-1, N7t =1,

ul (z)—2u +u 0
A gy g, sc

%@zwwxuMmzﬂMm,$d%
h
1

Theorem 9 Let 7 and |h| be sufficiently small numbers. Then the solutions of the
difference scheme (19) satisfy the following stability estimates:

h h
<
_]\%%};N”uk”Lgh < M [Ogglga]@c_l | fi o
h h
s g, e

n
I e = uit )|, + max ZH(UZ)WTHL%

max
—N+1<k<N —N<k<N
<My | ma A, + max, ol HL2h+ZH Voo |2y Bigr]

n
_ h h
s s 2l e S0

1, ¢h  h h
< M; 155?137&1 |77 (fk = fr—1) lan + 11 f0 Nl L2

n
-1/ h h h h
7Nrfla§Xk§O H T (gk - gkfl) HL2h + H 90 HLzh +7; H’(‘P ):frmmerLzh :

Here My does not depend on 7, h, ¢"(z) and fi(z), 0< k< N-1,g}, —-N+1<
k <0.
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The proof of Theorem 9 is based on the abstract Theorem 3, and the symmetry
properties of the difference operator A} defined by the formula (22).

Now we replace problem (18) by the difference scheme (4)

(wh  (z)—2ul(z +ul z T
k41 () 71_62() —1(T) lAh z+ (Ahuk+1+Ahuk 1) f,?(:ﬁ),

$€§h7 fl?(x):{f(ykvxn)}iw_ 3 yk:kTa 1Sk§N_17 NT:lv

_ u2+1(aj)—2u2(m)+u271( x)
2
pu

+ Aful = gl (x), € Qy,

gi(@) ={glyr z) W ye=kr, -N+1<k<-1, (25)

up(z) = "(z), uly(e) =uly(2), =€y,

(I + T AT (uh(z) — uf(z)) — S (fi(x) — Aful(z))

= ult(z) —u"(z) — F(gh(z) — Afub(z)), = € Qy,
(b (2) = g"0,2), fi(@)=f"0,2), x€

Theorem 10 Let 7 and |h| be sufficiently small numbers. Then the solutions of
the difference scheme (25) satisfy the following stability estimates:

h h
I < M max
—]\%}iN Huk” 2h = ! [0<k:<N—1 H fk ||L2h

n
h h h
+7N1«Tkllagxk§0 Il 9r o +Hl€" Loy +7 E (e )ffmerL2h:|7

r=1
n
*Nﬂa’ﬁ}ng HT (uk - uk 1)HL2h + ]\]}Iia’k}iNZI H(uk)mherL%
< h
< M [Ogrglga]%c_l I 2o + L I 9% | Lan

n n
16z N + T DNz 2 |
r=1 r=1

2/, h h
1g§gngaz€/(_1 |77 (ugg1 — 2uk + uk Dz, + ]\?E}QNZ 1(wi)z 20, Lan

—1/¢h h h h
<[ e 1T = ) a1 s+ 1 8
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—1/. h __  h
+7Nrfﬁgxk§0 |77 (9% — 9k—1) [l Lan

n n
h h
+Z ||(SD )i'rl'merlQh + TZ ”(90 )ijTxTijHLQh N
r=1 r=1

Here My does not depend on 7, h, ¢"(z) and fi(z), 0< k< N-—1,g}, —-N+1<
k <0.

The proof of Theorem 10 is based on the abstract Theorem 4, and the symmetry
properties of the difference operator A} defined by the formula (22).
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