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Q1. Show that for n = 2, 3, 4, 5, ....

Sn := sin
π

n
· sin 2π

n
· ... · sin (n− 2)π

n
· sin (n− 1)π

n
=

n

2n−1
.

Solution: For k = 1, ...n− 1 and 0 < θk := kπ
n

< π we have

0 < sin θk = |sin θk| =
1

2

∣∣eiθk − e−iθk
∣∣ =

1

2

∣∣1− e2iθk
∣∣ .

Notice that

p(z) = zn − 1 =
n−1∏
k=0

(z − ek· 2πi
n ) = (z − 1)

n−1∏
k=1

(z − ek· 2πi
n ),

hence

Sn =
n−1∏
k=1

sin θk = 1
2n−1

n−1∏
k=1

∣∣∣1− ek· 2πi
n

∣∣∣
= 1

2n−1 limz 7→1

n−1∏
k=0

∣∣∣z − ek· 2πi
n

∣∣∣ = 1
2n−1 limz 7→1

∣∣ zn−1
z−1

∣∣
= 1

2n−1 limz 7→1 |zn−1 + ... + z + 1| = n
2n−1 .�

Q2. Let Ω ⊆ C be a region and f : Ω → C be such that the differential of f exists and
is different from 0 at z0 ∈ Ω. Show that f is conformal at z0 if and only if

lim
r 7→0

e−iθ f(z0 + reiθ)− f(z0)

|f(z0 + reiθ)− f(z0)|
, r > 0

exists and is independent of θ.

Solution: Consult (Rudin: Real and Complex Analysis, 2nd. edition, Theorem 14.2).
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Q3. Consider the linear fractional transformation

f(z) =
z − i

z + i
.

What is the image of the real line R (respectively R ∪ {∞}) under the map w := f(z)?

Solution: For x ∈ R we have

F (x) =
x− i

x + i
=

x2 − 1

x2 + 1
+ i

−2x

x2 + 1
.

Parametrizing the real line by

x(t) = tan(t), − π

2
< t <

π

2

we get

Re(F (x(t))) = tan2(t)−1
tan2(t)+1

= sec2(t)−2
sec2(t)

= sin2(t)− cos2(t) = − cos(2t),

Im(F (x(t))) = −2 tan(t)
tan2(t)+1

= −2 tan(t)
sec2(t)

= −2 sin(t) cos(t) = −2 sin(2t).

As t movers form −π
2

to π
2
, F (x) traces the unit circle, from which the point (1, 0) is

removed, counterclockwise. If we consider R ∪ {∞},then F (∞) := lim
z 7→∞

z−i
z+i

= 1, i.e. the

image is the whole unit circle.�

Q4. Find a linear fractional transformation which carries

C1 := {z ∈ C : |z| = 1} and C2 := {z ∈ C :

∣∣∣∣z − 1

4

∣∣∣∣ =
1

4
}

into cocentric circles. What is the ratio of the radii?

Solution: If a linear fractional transformation f(z) = az+b
cz+d

satisfies the desired prop-
erty, then the same is true for g(x) = c1f(z) + c2 with arbitrary constants c1 6= 0 and c2.
So the problem is reduced to finding a linear fractional transformation w = f(z) with

f(C1) = C1; f(C2) = C3 = {z ∈ C : |z| = r} for some r > 0, r 6= 1; and f(1) = 1.

Notice that C0 := R (which can be considered as a circle of infinite radius) is orthogonal
to both C1 and C2. Since w = f(z) is conformal, f(R) is orthogonal to both cocentric circles
C1 and C3, which is possible only if f(R) is a straight line through the common center of
C1 and C3. Since f(1) = 1, we conclude that f(R) = R.

By the properties of w = f(z) we have indeed

f(1) = 1, f(−1) = −1, f(0) = ρ = ±r and f(
1

2
) = −ρ.
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Taking (w.l.o.g.) d = 1 we get b = c = ρ and a = 1, so that

g(z) =
z + ρ

ρz + 1
.

From g(1
2
) = −ρ, we get ρ = ρ1,2 = −2±

√
3 < 0, r = −ρ = 2±

√
3 > 0.

Since ρ1ρ2 = 1, the possible transformations are

g1(z) =
z + ρ1

ρ1z + 1
, g2(z) =

z + ρ2

ρ2z + 1
=

ρ1z + 1

z + ρ1

=
1

g1(z)
.

The ratio of the radii of g(C1) and g(C2) has two possible values 2±
√

3.�

Q5. Find a conformal mapping that takes the half plane on and to the left of the line
y = mx (m > 0) onto the unit disk.

Solution: Consider 0 < α := tan−1(m) < π
2
. Then S(z) = e−iαz maps the indicated

half plane onto the upper half plane (including the real line). Moreover the linear fraction
transformation

T (z) =
z − i

z + i

maps the upper half plane onto the unit disk (check!!). So the desired conformal mapping
is given by

(T ◦ S)(z) =
e−iαz − i

e−iαz + i
.�

Q6. Show that any conformal mapping of the unit disk onto itself is of the form

h(z) = eiθ z − β

1− βz
, |β| < 1.

Solution: Consult (Bak & Newman: Complex Analysis, 1982, Lemma 13.14 and
Theorem 13.15).�

GOOD LUCK
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