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1. ABSTRACT

In this project we introduce and investigate the notions of "Semi-corings
and Semi-comodules" over semi-rings that generalize the notions of "Corings
and Comodules" over rings, which have been attracting the interest of many
algebraists since the begin of the current century. The notions we introduce can
also be considered as dual to the well-studied notions of "Semi-rings and Semi-

modules".

The theory of "Semi-corings and Semi-comodules" will be developed
from scratch. In particular we provide non-trivial examples of semi-corings that
are not corings and investigate their structure. Particular attention will be paid to
the category of semi-comodules for a given semi-coring. Properties of such
categories will be studied in details and results we obtained earlier for

comodules of corings will be generalized.

As important tools for investigating categories of semi-comodules for

semi-corings, we introduce and investigate two new notions for semi-modules:

semi-modules sub-generated by a specific semi-module and locally projective
semi-modules. These notions (for modules over rings) proved to be very useful
in investigating categories of comodules for corings and are expected to play an

important role in our project.

We also introduce and investigate the notions of semi-coalgebras
(respectively semi-bialgebras, Hopf semi-algebras) over commutative ground
semi-rings, which generalize the classical notions of coalgebras (respectively

bialgebras, Hopf algebras) over commutative ground rings.
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3. INTRODUCTION

We assume familiarity with the different notions from the theory of
"Corings and Comodules" as in [BWO03] and the theory "Semi-rings and Semi-
modules" as in [Gol99a].

Our intent is to generalize both notions of rings and corings (modules and

comodules) by laying the basis of a theory of semi-corings (semi-comodules).

According to our definitions, every ring (module) is a coring (comodule) in a
canonical way, which turns to be a semi-coring (semi-comodule) as well. To the
best of our knowledge, the notions of semi-corings & semi-comodules were not

considered before which means that we develop the theory from scratch. Our

model will be the theory of corings and comodules as developed in the recent
monograph by T. Brzezinski and R. Wisbauer [BWO03].

Given a semi-ring A and an A-semi-coring C, we find sufficient (and
necessary) conditions for the category of right C-semi-comodules to be

isomorphic to of..C], the category of C-subgenerated left 'C -semi-modules.

Here "C is the A-semi-ring of left A-semi-linear maps from C into the ground
semi-ring A, with the convolution product. Properties of this category will be
investigated. In particular we generalize our results on the category of right
comodules for corings in [Abu03] to the category of right semi-comodules for

semi-corings. To achieve this we introduce and investigate two new notions for

semi-modules: subgenerated semi-modules and locally projective semi-modules
which proved to be very useful for investigating comodules for corings.

In case the ground semi-ring A is commutative, we introduce and
investigate A-semi-coalgebras (respectively A-semi-bialgebras, Hopf A-semi-
algebras) and generalize to them results that were obtained earlier for coalgebras

(respectively bialgebras, Hopf algebras) over commutative ground rings.



4. LITERATURE REVIEW

First of all we remark that (to the best of our knowledge) not a single
paper is published on the subject of the project and that the notions of semi-
corings and semi-comodules have not been even defined yet. In what follows
we collect some background on "Corings and Comodules" and "Semi-rings and

Semi-modules" separately.

Semi-rings and Semi-modules:

Apart from the trivial examples of semi-rings which are not rings, namely

the set of non-negative integers N and the set of non-negative real numbers R+
with the usual addition and multiplication, the non-trivial examples of semirings
first appear in the work of German mathematician Richard Dedekind [Ded] in

1894, in connection with the algebra of ideals of a commutative ring

Later they were studied independently by algebraists, especially by the
American mathematician H. S. Vandiver, who worked very hard to get them
accepted as a fundamental algebraic structure, being basically the “best”
structure which includes both rings and bounded distributive lattices [Van34].
He was not successful, however, and — with only a few exceptions — semirings
had fallen into disuse and were well on their way to mathematical oblivion until
they were “rescued” during the late 1960’s when real and significant
applications were found for them. Numerous applications of semi-rings are
obtained in Automata Theory, Optimization Theory, generalized fuzzy
computation, Baysian networks and belief propagation, algebraic geometry over

the optimization algebra*. Many of these applications are documented in the

*This part of the literature review is taken from a recent talk by J. Golan at the INTERNATIONAL
CONFERENCE ON ALGEBRA. IN MEMORY OF KOSTIA BEIDAR. National Cheng Kung University.
Tainan, Taiwan, March 6-12, 2005.



8
nice books on the subject by J. Golan [Gol99a], [Gol99b], [Gol03] as well as in

[Heb93] and [Kui86].

The theory of semi-modules over semi-rings was developed by several
authors. For the foundations of the theory of semi-modules over semi-rings we
refer to the fundamental series of papers by M. Takahashi [Tak79] - [Tak85] in
addition to Golan’s books [Gol99a], [Gol99b] and [Gol03].

Corings and Comodules:

In 1941, the first example of Hopf algebras appeared in algebraic
topology in the work of the German mathematician H. Hopf [Ann. Math. (2).
Vol. 42 (1941), pp. 22-52]. However, the first paper to attract the attention of
algebraist was on graded Hopf algebras by J.W. Milnor and J.C. Moore [Ann.
Math., II. Ser. 81, 211-264 (1965)].

During the 1960s and 1970s, Hopf algebras were studied intensively
from a purely algebraic point of view. The first book in this direction was that

of M. Sweedler Hopf Algebras, Benjamin, New York (1969)]. A subsequent

book of this nature, with more flavor of algebraic geometry, is that of E. Abe

[Hopf Algebras, Cambridge Univ. Press (1980)]. Hopf algebras appear in

many fields of mathematics: number theory (formal groups), algebraic
geometry (affine group schemes), Lie algebras (the universal enveloping
algebra is a Hopf algebra), graded ring theory (gradings are coactions), Galois
Theory, the theory of Azumaya algebras and Brauer groups, etc.




9
In 1975, M. Sweedler [Trans. Amer. Math. Soc. Vol. 213 (1975), pp.

391-406] introduced the notion of corings. However they did not get much

appreciation because of the lack of examples at that time.

Since 1986, when V.G. Drinfe'ld published his milestone “Quantum
Groups” [Dri86], the subject received a huge impetus because of the discovery
of interesting applications in quantum mechanics, statistical mechanics and knot
theory. This resulted in a revival of the algebraic theory of Hopf algebras, since
the late 1980s, making it one of the mainstream subjects in mathematics in the
1990's. Many books on quantum groups, which are certain non-commutative
and non-cocommutative Hopf algebras, have been published since the late
1980's. In addition, there were two books that concentrated on the purely
algebraic aspects of the theory of Hopf algebras: one by S. Montgomery [Hopf
Algebras and their Actions on Rings, Am. Math. Soc., Providence RI (1993)]

and another by S. Dascalescu et, al. [Hopf algebras. An introduction. Marcel
Dekker (2001)].

Intensive investigations were conducted by several authors of the so
called Doi-Koppinen data and the associated categories of Doi-Koppinen

modules (see e.g. the monograph by S. Caenepeel et. al. [Frobenius and

Separable Functors for Generalized Module categories and Nonlinear Equations.

Lecture Notes in Mathematics, Vol. 1787. Springer-Verlag, Berlin, (2002)].
Doi-Koppinen modules were generalized in a work in mathematical physics by
T. Brzezinski and S. Majid [Comm. Math. Phys. Vol. 191 (1998), pp. 467—492]
to the so called entwining structures and entwined modules. These attracted

(and are still attracting) the attention of many researchers.
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In 1999, M. Takeuchi pointed out that entwining structures, give rise to

new examples of corings. This was in fact behind the revival of the theory of

corings and their comodules in the recent years. With the many new examples

discovered, it turned out that corings might have a variety of unexpected and
wide-ranging applications, to topics in non-commutative ring theory, category
theory, Hopf algebras, differential graded algebras, and non-commutative

geometry.

Recent and Current Research (2000 - Now):

Since the revival of their theory at the beginning of the current century,
“corings and comodules” are gaining the attention of many algebraists. Many
aspects of the theory of corings and comodules are dealt with in the recent

monograph by T. Brzezinski and R. Wisbauer [Corings and Comodules,

Cambridge Press (2003)], which is the first book to stress the fact that corings
(comodules), over arbitrary ground rings, can be thought of as generalization of

rings (modules) and not only as dual to them.

Although it is impossible to include all (or even almost all) main trends

and aspects in the recent and current research of this very hot subject, we include

below samples of the main papers dealing with aspects that are related to the

research interests of the applicant and related to the proposed research project:

* Constructing new classes of corings. In addition to the nice known

examples of corings, like Sweedler’s coring associated to an extension of rings
and corings arising from entwining structures that led to the revival in the theory
of corings, several new classes of corings were constructed and extensively

studied recently.
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One of the most new interesting classes are the so called comatrix

corings (first constructed by first by E. El-Kaoutit and J. Gomez-Torrecillas
[EG-TO03]). This class of corings has been extensively studied recently and is
attracting continuously the attention of researchers in the theory of corings and
comodules, e.g. [BG-T03], [G-TV], [EG-T04], [EG-T05b], [G-TV] and [Z-Da].

Recently a new class of corings termed “base ring extension of a coring
by a module” was constructed and studied in by T. Brzezinski, E. El Kaoutit and
J. Gomez-Torrecillas in [BEG-T06].

* Studying the structure of corings. Several papers were devoted to

investigating the structure of corings and to study special types of corings, e.g.
semisimple corings, coseparable corings, semiperfect corings, etc. Among the
papers dealing with these topics are [Brz02], [Brz03a], [Brz03b], [CI05], [EG-
TL04] and [G-TLO3].

* Establishing a Galois Theory for corings and comodules. The classical

Galois Theory has been generalized to corings and has been investigated by
several authors, including the applicant [AbuO5a]. Moreover, special types of
corings (comodules) called Galois corings (Galois comodules) introduced by T.
Brzezinski in [Brz02] ([Brz05]) are intensively investigated. Among the
references that investigated these topics, in addition to the three papers above,
are [Boh05], [BWO05], [Cae04], [Cd-GO5], [EG-T03], [EG-TL04], [GT-V],
[Kad05], [Wis05a] and [Wis05b].

* Studying Morita Contexts for corings. Several Morita contexts related to

corings (having some projectivity properties as modules) were constructed and
studied in several papers including one by the applicant, e.g. [Abu05a], [BV],
[BKWO05], [Cd-GO5], [CVWO04] and [CVWO05].
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* Studying Dualities for categories of comodules of corings: Morita

duality and Colby-Fuller duality for categories of comodules for corings were

investigated, e.g. [EG-T05a].

* Studying functors related to categories of comodules for corings.

Several authors studied adjoint pairs functors related to categories of comodules
for corings, e.g. the induction and coinduction functors between categories of
comodules induced by a morphism of corings, e.g. [Abu05b]. Characterizations
of functors between categories of comodules for corings to be Frobenius,
separable etc. were investigated in several papers. Among the papers that dealt
with these topics are [Brz02], [Brz03], [G-T02], [G-TZ-D] and [ZD-b].

* Equivalences between categories of comodules for corings were studied

in several papers e.g. [C-IG-TWO03], [Cd-GO5], [EG-T03], [EG-T04], [EG-

T05a] and [Z-Da]. Moreover, equivalences between categories of comodules

and module categories have been studied, e.g. in [Ver].

* Interactions with Non-commutative Geometry. Nice applications and

interpretations of theorems in the theory of corings and comodules were found

in Non-Commutative geometry, e.g. [BWO05].
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S. PROJECT OBJECTIVES

In addition to the general mains objects of unifying the theories of “semi-rings

and semi-modules” and “corings and comodules” and laying the basis for the

theory of “semi-corings and semi-comodules”, the following more concrete

objectives should be reached in order to conduct the proposed research project:

e Introducing and investigating the notions of semi-corings (semi-

comodules) over arbitrary (not necessarily commutative) semi-rings.

e Constructing non-trivial examples of semi-corings that are not corings and

studying their structure.

e Introducing and investigating the notion of sub-generated semi-modules

and the category of, M] of M-sub-generated semi-modules for some

semi-module M over a given semi-ring T.

e Introducing and investigating the notion of locally projective semi-

modules.

e Finding sufficient (and necessary) conditions for the category of right

semi-comodules for a semi-coring C to be isomorphic to o..C], the

category of C-subgenerated left 'C -semi-modules, and investigating the

properties of this category.

e Introducing and investigating Semi-coalgebras (resp. semi-bialgebras,
Hopf semi-algebras) over commutative semi-rings that generalize

coalgebras (resp. bialgebras, Hopf algebras) over commutative rings.
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6. PROPOSED RESEARCH

First of all we fix some definitions: with a semi-ring we mean an
algebraic structure, consisting of a non-empty set A on which we have defined
two operations, addition (usually denoted by "+") and multiplication (usually
denoted by "-") such that the following conditions hold:

(1) Addition is associative, commutative and has a (unique) neutral elemento0, .
(2) Multiplication is associative and has a (unique) neutral elementl, .
(3) Multiplication distributes over addition from either side.
(4) a0, = 0, = 0,aforallacA.
The first trivial examples of semi-rings are the set of non-negative

integers N and the set of non-negative real numbers R+ with the usual addition

and multiplication.

Given a semi-ring A, a right A-semi-module is a non-empty set M on
which we have operations of addition and scalar multiplication by elements of A
(on the right) defined such that:

(1) Addition is associative, commutative and has a (unique) neutral element 0,, .

(2)(ma)p =m(ab), m(@@+b) = ma+mb, (m+mfa = ma+m'avabeA &m,m'eM.
(3) mi, =m and mo, = 0,, =0,a forallacA &meM.

We remark that every Abelian monoid has a trivial structure of a right (left) N-
semi-module in the obvious way. For two right A-semi-modules M and N we

callamap f :M - N of N-semi-modules A-semi-linear, provided
f (0,,)=0, andf (ma)=f (m)a forallmeM & acA.
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Left A-semi-modules and left A-semi-linear maps between left A-semi-
modules are defined similarly. One can also define A-semi-bimodules and A-

semi-bilinear maps between A-semi-bimodules in the obvious way.
If A is a semi-ring and W is a right (respectively left) A-semi-module, then
we have an equivalence relation, called lizuka relation, defined by
W =, W' 3w "eW such thatw +w "=w '+w ".
The set of equivalence classes of W with respect to this relation is a cancellative
right (respectively left) A-semi-module eW ):={w]:w eW} and we have a

surjective map of right (left) A-semi-modules g, : W — W ), w > [w].

The tensor product of semi-modules over a semi-ring was defined by

Takahashi in [Tak82a]: if A is a semi-ring, M is a right A-semi-module and N is

a left A-semi-module, then M ®, N is an N-semi-module with a map of N-
semi-modules

"M xN ->M ®, N, (mn)—>m®,n

satisfying the following
universal property:

For every cancellative N-semi-module G and every A-balanced map

B:M xN —G, there exists a unique map of N -semi-modules y:M ®, N -G

such that p=yor,1.e. y(m®, n)=p(m,n) foralmeM,neN .

Special attention should be paid to the fact that for any right (respectively left)

semi-module W over a semi-ring A we have isomorphisms of right (respectively
left) A-semi-modules eW ) 2

|
W

~

€

W ®, A (respectivelye@W ) = A®Q,W ).
We define a semi-coring over a semi-ring A as an A-semi-bimodule C with
A-semi-bimodule maps A:C ->C ®,C, ¢ Y ¢, ®,¢, and £:C - A, such that

(id ®, A)oA=(A®, id)oA and (id. ®, e)cA=¢lo &, (¢®,id.)oA=¢. o & . For
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every A-semi-ring C, there is a semi-ring structure on "C:=Hom, (C,A), the set

of left A-semi-linear maps from C into A, with multiplication given by the
convolution product (f * g)c)=>f (c,g(c,)) and unity ¢.

We define a right semi-comodule over an A-semi-coring C as a right A-
semi-module M with a right A-semi-linear map p:M - M ®,C such that
(idy, ®, A)op=(p®,id.)op and (id, ®,&)op=g/,°e,. A C-semi-colinear
morphism between right C-semi-comodules (M, p,,) and (N,p,) is defined to
be a map of right A-semi-modules f :M — N such that (f ®, id.)op, =p, - The

category of right C-semi-comodules and right C-semi-colinear maps is denoted

by SM C . Similarly, we can define left C-semi-comodules and left C-colinear
morphisms between left C-semi-comodules. The C-semi-bicomodules and C-

semi-bicolinear morphisms between them are defined in the obvious way.

Task I. Investigating the notions of '"'Semi-corings and Semi-comodules'':

During the 1% stage of the project, we intend to examine and investigate the
provided definitions of semi-corings and semi-comodules given above. We
construct non-trivial examples of semi-corings that are not corings and study
their structure. We introduce and investigate also the notions of right (left) semi-
coideals, sub-semi-comodules, simple and semi-simple semi-corings etc. In
particular we generalize different basic results on the structure of corings

(comodules) over rings to semi-corings (semi-comodules) over semi-rings.

Task II. Introducing and investigating new classes of semi-modules: Given a

right semi-module M over a semi-ring T, we introduce the category of, M ] of
M-subgenerated left T-semi-modules, i.e. left T-semi-modules that are sub-semi-
modules of M-generated left T-semi-modules. We investigate to what extent

properties of categories of this type for modules over rings, as developed in
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[Wis91] and [Wis96], can be generalized to semi-modules over semi-rings.

We introduce and investigate also locally projective semi-modules that
generalize locally projective modules as defined in [Zim76]. As in the theory of
comodules for coring, local projectivity is expected to play an important role in

investigating categories of semi-comodules for semi-corings.

Task III. Investigating the category of Semi-comodules: During the 3™ phase

of this project, we plan to investigate the category of semi-comodules for a
given semi-coring. In particular we seek conditions for this category to be
Grothendieck, respectively of type o[M ]. Here flatness and local projectivity of
the semi-coring under consideration are expected to play an important role.
Several results on categories of comodules for corings will be generalized
(under suitable conditions) to categories of semi-comodules for semi-corings.
Among others simple, semi-simple, injective and projective semi-comodules will

be introduced and studied extensively.

Task IV. Laying the basis for the theory of Hopf semi-algebras: In the last

phase of the project we introduce and investigate the notions of semi-coalgebras
(respectively semi-bialgebras, Hopf semi-bialgebras) over commutative semi-
rings that generalize the notions of coalgebras (respectively bialgebras, Hopf

algebras) over commutative ground rings.

7. PERSONNEL REQUIREMENTS

None
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8. SCHEDULING

PHASE | 15— 3
month
PHASE II 4™ _6™ month
PHASE 111 7h gt
Month
PHASE IV 10" - 12"
month
Remarks:

(1) The applicant has already spent several months in collecting and reading the
references needed to carry out the proposed research project (especially books
and papers on Semi-rings and semi-modules). This has started long before
proposing the project to shorten the time needed to carry out the project.

(2) The applicant is aware of the many challenging “technical difficulties” that

will accompany the generalization of results from the theory of “corings and
comodules” to “semi-corings and semi-comodules”. Among the many expected
technical difficulties is dealing with the different notions of exactness of
sequences of semi-modules and the subtle definition of projective semi-modules
using surjective maps (which were confused with epimorphisms, see [TW89]).
However, careful examining of some of the first expected results by the

applicant showed that such difficulties can be overcome. The applicant had a

similar experience of facing such difficulties as he was generalizing results on
coalgebras and Hopf algebras over base fields to the more general case of
commutative ground rings and later from the commutative to the arbitrary (non-
commutative) case.

(3) Developing the theory of semi-corings and semi-comodules will take indeed
more than one year (the period proposed by the applicant). However, the

applicant found it more suitable to devote this project to laying the basis of the

theory. Depending on the extent to which the investigator succeeds in his tasks,
further research projects will be carried out in the future to establish more

advanced aspects in the theory of semi-corings and semi-comodules.
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9. MONITORING and EVALUATION

The best way to evaluate the project results is to have them published in reputed
refereed journals and proceedings of international conferences. We expect to

publish 1-2 papers including the expected results of this research project.

10. UTILIZATION OF RESULTS

The project is considered as “basic research”. We are still not aware of any

direct applications of semi-corings and semi-comodules as the subject has not

been even considered before. However, the results of this project are expected to

be very useful in:

(1) Developing a new & wide area of research that was NOT considered before.

(2) Unification of the theories of "Semi-rings and Semi-modules" and "Corings
and Comodules™ which have been developed separately so far. This will bring

two big groups of researchers together and will enhance research in both areas.

(3) Investigating new concepts in the theory of “semi-rings and semi-modules”,

which are interesting on their own, e.g. subgenerated semi-modules and locally

projective semi-modules.

(4) Applications of semi-corings are expected in different areas. The expectation

is real and justified, due to the fact that semi-rings (which turn out to be trivial

semi-corings) have many applications, as documented in [Gol99a], [Gol99b],
[Gol03], [Heb93] & [Kui86]. Moreover, coalgebras, which are (roughly
speaking) semi-corings over commutative ground rings have many nice
applications, especially in Computer Science, as clarified in many conferences

devoted to such applications, e.g. [FHRRO5], [AMO04], [Mos02].
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