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1. ABSTRACT

In 2001, R. Nekooei and L. Torkzadeh [NT01] introduced the concept
of coprime coalgebras over base fields as a generalization of simple
coalgebras. On the set of coprime subcoalgebras of a given coalgebra, they
defined a topology whose properties reflect (and are reflected by) the
structure of the coalgebra under consideration. For reasons to be

clarified in the sequel, we call these coalgebras pre-coprime.

Through this research project, we generalize that concept pf pre-
coprime coalgebras to pre-coprime comodules for corings over (not
necessarily commutative) ground rings by replacing the wedge product
of subcoalgebras in the original definition of (pre-)coprime coalgebras
with the internal coproduct of fully invariant subcomodules of the
comodule under consideration. Moreover we investigate the properties
and the structure of E-prime (E-semiprime) comodules, i.e. comodules for
which the ring of colinear endomorphisms is prime (semiprime). We
investigate also the relations between these new coprimeness conditions
of a comodule of a given coring with other (co)primeness conditions of
the comodule in the literature (considered as a bimodule over the dual
ring of its ground coring and over its ring of comodule endomorphisms),
as well as their relations with simple, semisimple and irreducible

comodules.

In this project, we plan mainly to undertake an extensive and

intensive study of these [new] notions with the goal of obtaining a
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complete characterization of comodules having these properties. We

plan also to construct a topology on the set of pre-coprime subcomodules
of a given comodule and study the interplay between the topological
properties of that topological space and the structure of the comodule

under investigation.

The results we get for comodules will be applied then to develop a
theory of pre-coprime corings that not only dualizes but also generalizes

the theory of prime rings (recall that every ring is a coring in a natural

way).
With the results we get on pre-coprime corings and pre-coprime
comodules we will try to shed some light on the answer of the following

crucial problem:

How to define colocalizations for corings and comodules that dualize and

generalize the classical localizations of rings and modules?

We hope to be able to give (at least partial) answer to this open question.
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3. INTRODUCTION

We assume familiarity with the different notions from the theory of
"Corings and Comodules" as in [BWO03]. For any undefined notions from the

theory of "Rings and Modules" we refer to [Wis91].

Coprime coalgebras over commutative base fields were introduced by R.

Nekooei and L. Torkzadeh [NTO1] as a generalization of simple coalgebras:
simple coalgebras are coprime; and the converse holds for finite dimensional
coalgebras. Although the original definition of coprime coalgebras over base

fields using the so called wedge product of subcoalgebras is not applicable for

corings over arbitrary ground rings, we observe that the wedge product of

subcoalgebras over base fields is nothing but the internal coproduct of these

subcoalgebras (in the sense of [RR-MW]). Since there are several notions of
coprime modules in the literature (e.g. [Ann], [BJKN80], [RR-MW] and since
coprime modules in the sense of [RR-MW] are exactly those for which some
specific preradical is coprime, we call them pre-coprime modules and call

coprime coalgebras in the sense of [NT01] pre-coprime coalgebras.

Let C be a coring over a ground ring A, ,C flat and M be a right C-
comodule. The internal coproduct of fully invariant C-subcomodules L',L cM
is the fully invariant C-subcomodule (L'3, L):=(){f"(L): f € End“(M), f(L') = 0}.

A fully invariant C-subcomodule K =M will be called pre-coprime in M (pre-

cosemiprime in M), iff for any two (equal) fully-invariant C-subcomodules

L' LcM, the inclusion K c(L';, L) implies K< L' or K< L. The C-comodule

M will be called pre-coprime (pre-cosemiprime), iff M is M-coprime (M-

cosemiprime).
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As a coalgebras C over base fields is pre-coprime if and only if the dual

algebra C*=End“(C)* is prime, we investigate in general right comodules M for
which the ring of C-colinear endomorphisms Ej:=End“(M)*® is prime
(respectively semiprime, domain, reduced) and call these comodules E-coprime
(respectively ~ E-cosemiprime, completely E-coprime, completely E-

cosemiprime).

Our pre-coprime and E-prime comodules generalize simple comodules in
the following sense: every simple comodule is pre-coprime; and the converse
holds for finitely generated comodules of a left locally projective coring over a
right Artinian base ring (e.g. finite dimensional comodules of coalgebras over
base fields).

One of the goals of this project is to study these new coprimeness notions
for comodules and get complete characterizations for comodules having them.
We also consider different (co)primeness conditions from the literature for a
right C-comodule M, considered as a left “C -module and as a right E},-module,
and study their relations with the new coprimeness conditions. We intend also to
find out special classes of comodules for which the different primeness and

coprimeness conditions coincide.

One of the means we intend to apply in studying the structure of a given
comodule is to construct a topology on the set of pre-coprime subcomodules of
the comodule under consideration and study the interplay between the
topological properties of the topological space we obtain and the algebraic
structure of the comodule under consideration. Staring with a pre-coprime or
irreducible comodule, that topological space is expected to have nice properties

that we intend to investigate.
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The results we get for comodules will be applied then to develop a

theory of pre-coprime corings (recall that any coring can be considered as a
bicomodule over itself in a natural way). A coring C will be called right pre-
coprime (resp. right pre-cosemiprime) provided C is so as a right C-comodule.
The left notions are defined similarly. We also characterize corings for which
the dual rings "C = “End(C) and C = End“(C)*® are prime (respectively

semiprime, domain, reduced).

In particular, a ring T, considered as a coring via the natural isomorphism
T=T®, T, is right pre-coprime (pre-cosemiprime) as a coring if and only if
T = End_(T) = End"(T) is prime (semiprime) as a ring. So, the notions and

results we get for corings generalize the corresponding ones for rings.

Till now, there is a lack of a good concept of localization for coalgebras
(corings). This hampered, for example, the development of cohomology theories
for coalgebras. One of the main tasks in this research project will be a serious
attempt, depending on the results we get for pre-coprime corings, to shed some
light on this problem and try to lay the basis for a colocalization theory for
corings and comodules dual to the classical theory of localization for rings and

modules.
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4. LITERATURE REVIEW

First of all we remark that (to the best of our knowledge) all published
papers in the literature that dealt with coprime coalgebras or localization in the

theory of Hopf algebras were in the case of commutative base fields.

In what follows we collect background and main contributions mainly

from all papers on "coprime coalgebras" that we are aware of:

In [NTO1] the authors introduced the notion of coprime (sub)coalgebras.
A non-zero subcoalgebra P of a given coalgebra (C,A,&) (over a base field) is

said to be coprime in C if and only if PcXAY = PcXorPcYfor any

subcoalgebras X' and X of C, where the wedge product of X' and X is defined as

Ty @7y

X'AX =Ker (C—A>C ®C — C/X' ®C/X). The coalgebra C is said to be
coprime iff C is coprime in C. In Proposition 1.2, it is proved that a
subcoalgebra Pc C is coprime in C if and only if P*={f eC'|f (P)=0} is a
prime ideal, where C" is the dual algebra with the convolution product. In

particular C is a coprime coalgebra if and only if 0 .=C* is a prime ideal,

equivalently C" is a prime algebra.

For a coalgebra C, let X be the set of all coprime subcoalgebras of C. The
authors prove then that every simple coalgebra is coprime, and that finite
dimensional coprime coalgebras are necessarily simple. After proving that every
cocommutative coprime coalgebra has a unique simple subcoalgebra, they
conjecture that every infinite dimensional (cocommutative) coalgebra with a
unique simple subcoalgebra is necessarily coprime. For any subcoalgebra Ec C,

let V(E) be the set of coprime subcoalgebras of C contained in E and
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7 ={X-V(E) : E  C subcoalgebra}. The authors show that (X, ) is a topological

space, whose properties reflect and are reflected by the structure of the
coalgebra C. So, they show for example that (X,z) is connected if C is
irreducible (Proposition 2.3), and is compact (Lindelof) if C has a finite
(countable) number of simple subcoalgebras (Proposition 2.4); if (X,zr) is

Hausdorff then every coprime subcoalgebra of C is simple (Theorem 2.2), etc.

In [JMR], P. Jara et. al. study coprime subcoalgebras of path coalgebras
over base fields. After defining the path coalgebra C associated to a graph, they
show in particular that the path coalgebra defined by a graph (V,E) is coprime if
and only if the graph is strongly connected (Theorem 3.3). The problem of
characterizing coprime subcoalgebras of path coalgebras is reduced then to the

case of path coalgebras with at most two vertices (Theorem 6.2).

In [XLZ92], the authors use the structure of a given coalgebra C over a
base filed to describe some properties of the dual algebra C". In particular they
gave sufficient and necessary conditions for the dual algebra of coalgebra to be
prime (Theorem 3), domain or reduced (Corollary, page 509). Moreover they
prove that if for an infinite dimensional coalgebra C, there exists some f eC

with dim(f -C) < dim(C) then C is not prime (Theorem 2).

In her Ph.D. thesis, V. Rodrigues (a student of M. Ferrero, Universidade
Federal do Rio Grande do Sul, Brazil) studied prime (semiprime) comodules and
prime (semiprime) coalgebras over base fields (the main results are included in
[FR]): A right comodule M of a given coalgebra C over a base filed is said to be
prime provided M is a prime rational left C"-module, and a coalgebra C was said
to be prime provided the right C-comodule C®C® is prime, i.e. C®C® is a

prime rational left (C®C™) -module. Observing that for any comodule of a



12
coalgebra C over a base field, the algebra C*/ann(..M) is left Artinian, prime

(semiprime) comodules were characterized as those that are direct sums of
simple (prime) subcomodules. Investigating prime coalgebras carefully it turned
out that these are just the simple coalgebras (i.e. finite dimensional coprime

coalgebras in the sense of [NTO01]).

A study of primeness conditions of comodules of coalgebras over their
rings of collinear endomorphisms is carried currently by Inda Wijayanti (a
current Ph.D. student of Prof. Wisbauer, Heinrich-Heine Universitaet,
Duesseldorf-Germany) [Wij]. The applicant is in continuous contact with Mrs.

Wijayanti on the new developments in her research.

A well-established theory of "colocalization" for coalgebras is still far
from being achieved. Given a coalgebra C (over a base filed), it's not clear how

to choose a good "localizing set" S to define a new coalgebraC,,. One approach

[s*
to handle this problem was suggested by M. Takeuchi [Tak85], namely to work
in the category of topological coalgebras. In [FS98], M. Farinati and A. Solotar
followed this approach and considered the localizing sets as multiplicatively
closed subsets of the center of the topological dual algebra. Such localizations

were used then to study cohomology theories for topological coalgebras.

In [NT96] C. Nastasescu and B. Torrecillas applied results on
colocalizations for general Grothendieck categories to study colocalizing full
subcategories of the category of right C-comodules of a given coalgebra C over

a base field.
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S. PROJECT OBJECTIVES

In order to conduct the research under consideration we have to:

e Develop a theory of pre-coprime comodules.

e Study different possible notions of pre-coprime comodules, clarify the
relations between them and give conditions for these various coprimeness
notions to coincide.

e Construct a topology on the set of pre-coprime subcomodules of a given
comodule, study its properties and clarify the interplay between the
topological properties of this space and the algebraic structure of the
comodule under consideration.

e Apply the results we get for comodules to corings over arbitrary base
rings to develop a theory of pre-coprime corings that dualizes and
generalizes the theory of prime rings.

e Shed some light on the problem of colocalization for corings and
comodules in the hope to share in laying the basis of a theory of
colocalization for corings analogous to the classical localization theory of

rings and modules.



14
6. PROPOSED RESEARCH

First of all we fix some notation:

Throughout, C denotes a non-zero coring over a (not necessarily

commutative) ring A, "C:=Hom, (C,A) denotes the ring of left A-linear maps

from C into A with multiplication (f * g)c)=>f (c,9(c,)) and M ¢ denotes

the category of right C-comodules. To avoid any technical difficulties we

assume C to be flat as a left A-module, so that M ¢ becomes a Grothendieck
category. With M we denote a non-zero right C-comodule and with
Ey=(EndM)*)® its ring of C-comodule endomorphisms (with the opposite
composition). We consider M as a ("C,E) -bimodule in the usual way and call a

C-subcomodule K =M fully invariant provided K is also a right E-submodule.

A fully invariant C-subcomodule K =M will be called E-coprime (resp. E-
cosemiprime, completely E-coprime, completely E-cosemiprime) in M, iff the
ideal Ann(K):={f €Ej|f(K)=0} is prime (resp. semiprime, completely prime,
completely semiprime). In particular we call M an E-coprime (resp. E-
cosemiprime, completely E-coprime, completely E-cosemiprime) comodule, iff
the ring Ej, is prime (resp. semiprime, domain, reduced). The corresponding

notions for left C-comodules are defined analogously.

The coring C will be called right E-coprime (resp. right E-cosemiprime,
completely right E-coprime, completely right E-cosemiprime) provided C is so
as a right C-comodule. We all C left E-coprime (resp. left E-cosemiprime,
completely left E-coprime, completely left E-cosemiprime) provided it's so as a

left C-comodule. The coring C will be called E-coprime (resp. E-cosemiprime,
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completely E-coprime, completely E-cosemiprime), iff it's so as a right and as

a left C-comodule.

In what follows we give a brief description of the tasks we plan to undertake

during this research project.

Task 1. Developing a Theory of Coprime Comodules: During the 1*

phase of this project, we plan to undertake an extensive and intensive study
of these new coprimeness conditions for comodules. This will include for

example:

1. Clarifying the relations between E-coprime (E-cosemiprime) & simple
(semisimple) comodules. This will include in particular constructing non-
trivial examples which show that these are different concepts in general as
well as studying the cases where they coincide.

2. Giving sufficient and necessary conditions for a comodule to be
(completely) E-coprime, E-cosemiprime and obtaining a complete
characterization of these comodules.

3. Considering the right C-comodule comodule M as a ("C, Ef, )-bimodule in

the usual way, we clarify the relation between the E-coprimeness (E-
cosemiprimeness) of M as a right C-comodule and the different
primeness (semiprimeness) properties of M as left "C-module and as a

right Ej,-module.

In addition, we consider pre-coprime comodules inspired by the notion of
internal coproduct of fully invariant submodules (e.g. [BJKN80], [RR-MW]).
Given a right C-comodule M, we define the internal coproduct of two fully

invariant C-subcomodules L,L' ¢ M as (L'yL):={f"(L):f €End“(M), f(L")=0}. A
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C-subcomodule K =M will be called pre-coprime (pre-cosemiprime) in M, iff

for any tow (equal) fully invariant C-subcomodules L.L'c M, the inclusion
Kc(LyL) implies KcLor KcL'. In particular we call M a pre-coprime
comodule (pre-cosemiprime comodule) provided M is pre-coprime (pre-

cosemiprime) in M.

This notion of pre-coprime (pre-cosemiprime) comodules will be studied
in details. In particular:

1. We study the relation between pre-coprime (pre-cosemiprime) and E-
coprime (E-cosemiprime) comodules and give sufficient conditions for
both concepts to coincide.

2. We study the properties and structure of pre-coprime (pre-cosemiprime)
comodules. As pre-coprime (pre-cosemiprime) comodules are closely
related to E-prime (E-semiprime) comodules, the results we get for them
are expected to be analogous to those we expect to get for E-coprime (E-

cosemiprime) comodules.

Task I1. Study the pre-coprime topology: During the P phase of this project,

we plan to construct a topology (X,r) on the set X of pre-coprime
subcomodules of a given right C-comodule M (analogous to the one defined in
[NTO1] on the set of (pre)-coprime subcoalgebras of a given coalgebra over a
base field). In this phase we intend mainly to clarify the interplay between the
topological properties of (X,z) and the comodule structure of M. In particular

we aim to answer several questions like:

(1) When is (X, r ) Hausdorff, connected, compact or Lindelof?
(2)  What can we say about (X,7r) in case M is pre-coprime or

irreducible?
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Task II1. Study of coprime corings: In this phase we apply the results we get

in the 1* and the 2™ phases to corings. Corings can be considered not only as
dual structures to rings but also as generalizations of rings. So in the 3™ phase of
this research project we seek possible generalizations of results on prime rings to

pre-coprime corings.

Task IV. Lay the basis for colocalization theory: In this phase we use the

results we obtain for pre-coprime comodules and pre-coprime corings in the first
three phases to shed some light on the problem of colocalization for corings and
comodules. Among the first and main questions we have to answer in this stage
is: In localization of corings and comodules, what can play the role of prime

(maximal) ideals in the classical localization theory of rings and modules?

7. SCHEDULING

PHASE I 15t gt

month
PHASE II oth _ 14"

month
PHASE III 170 - 20™
month
PHASE IV 21% 27"
month

Remarks:

1. The scheduling given above is approximate.

2. Parts of the work in the 3" phase will be done parallel to the work done in
the first two phases (this is why the scheduled time for that phase is
restricted to 4 months).

3. The 4™ task is expected to be very difficult; however we expect that the
results we get during the first three phases of the research project will

provide us by the necessary means to undertake the fourth task.
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8. PERSONNEL REQUIREMENTS

(None)

9. MONITORING and EVALUATION

The best way to evaluate the project results is to have them published in reputed
refereed journals and proceedings of international conferences. I expect to
publish (at least) three papers including the expected results of this research

project.

10. UTILIZATION OF RESULTS

The results of this project are expected to very useful in developing a theory of
colocalization for corings and comodules that not only dualizes but also

generalizes the theory of localization for rings and modules.
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A. Principal Investigator:
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Project Duration: 30 months
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C. Equipment & Stationary: 06,5000

Printer 1500

Scanner 0500

Software 3000

Stationary & Miscellaneous 1500

(Including Software)

TOTAL 48.900 SR

13. RESUME

See the attached CV



