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Abstract

The so called dense pairings were studied mainly by D. Radford in his work
on coreflexive coalegbras over fields. They were generalized in a joint paper with J.
Goémez-Torricillas and J. Lobillo to the so called rational pairings over a commutative
ground ring R to study the interplay between the comodules of an R-coalgebra C' and
the modules of an R-algebra A that admits an R-algebra morphism x : A — C*. Such
pairings, satisfying the so called a-condition, were called in the author’s dissertation
measuring a-pairings and can be considered as the corner stone in his study of
duality theorems for Hopf algebras over commutative rings. In this paper we lay
the basis of the theory of rational modules of corings extending results on rational
modules for coalgebras to the case of arbitrary ground rings. We apply these results
mainly to categories of entwined modules (e.g. Doi-Koppinen modules, alternative
Doi-Koppinen modules) generalizing results of Y. Doi , M. Koppinen and C. Menini
et al.

Introduction

Let (H, A, C) be a right-right Doi-Koppinen structure over a commutative ring R, M(H)9
the corresponding category of Doi-Koppinen modules and A#°PC* the Koppinen opposite
smash product. If zC'is flat, then M(H)9 is a Grothendieck category with enough injective
objects. A sufficient, however not necessary, condition for M(H)S to embed as a full
subcategory of M gxoc+ is the projectivity of rC' [24, Proposition 3.1]. A similar result
for a left-right Doi-Koppinen structure (H, A, C') was obtained by Y. Doi [14, 3.1], where
the corresponding category of Doi-Koppinen modules 4 M (H) was shown to be naturally
isomorphic to the category of #-rational #(C, A)-modules. In this paper we show that
these results can be obtained under a weaker condition, that gC' is locally projective,
as corollaries from the more general theory of rational modules for corings over a (not
necessarily commutative) ring. Moreover, we show that these categories are of type o[M],
the theory of which is well developed (e.g. [39]). This extends our results in [3] and [2] on
the category of rational modules of an R-coalgebra. A fundamental tool in our work is the
so called a-condition, introduced in [3] for commutative base rings, which proved also to
be very helpful in the author’s study of duality theorems for Hopf algebras [2].
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The concept of a coring over an arbitrary ground ring R is due to M. Sweedler [33] and
is a generalization of the concept of a coalgebra over a commutative ground ring. In the
first section we give the needed definitions as well as the basic properties of the category of
comodules of a coring. We introduce also the category of measuring left (resp. measuring
right) R-pairings Py, (resp. Pm,) and the category of measuring R-pairings Pp,. For each
(A,C) € Py (resp. (A,C) € P,,,) we consider two right (resp. left) linear topologies on A,
namely the weak linear topology A[Z],(C)] and the C-adic topology T_¢(A) (resp. A[T' (C)]
and 7¢_(A)) and show that A[Z7 (C)] = T_¢(A) (resp. A[TL(C)] = Tc—(A)).

In the second section we define the rational modules of a measuring left (resp. right)
R-pairing satisfying the so called a-condition. The main result (Theorem 2.9) charac-
terizes the measuring left R-pairings (4, C) satisfying the a-condition as those for which
rC is locally projective and kp(A) C *C is dense (equivalently, those for which M¢ =
0[Ca] = o[C+c]). Theorem 2.11 provides a dual version for measuring right R-pairings. For
a measuring left a-pairing (A, C) we prove for Rat®(M ) = o[C4] the important Finite-
ness Theorem (2.24). The properties of the right linear topology 7_¢(A) = A[%],(C)]
introduced in the first section will be used then to give topological (besides the algebraic)
characterizations of the rational modules (Proposition 2.28).

In the third section we give some applications of our results in the first and second
sections to the category of entwined modules MG (1)) corresponding to an entwining struc-
ture (A, C,1) with rC locally projective, where R is a commutative ground ring. Our
observations generalize results of Y. Doi [14] and M. Koppinen [24] on the category of Doi-
Koppinen modules M (H)S corresponding to a Doi-Koppinen structure (H, A, C) with zC
projective and results of C. Menini et al. (e.g. [27], [26]) on the category of relative Hopf
modules M with rH projective.

Throughout this paper R denotes an associative ring with 1z # 0. We consider R as a
right (and a left) linear topological ring with the discrete topology. With Mg (resp. g M,
rMEg) we denote the category of right R-modules (resp. left R-modules, R-bimodules).
All R-modules are assumed to be unital. For every right (resp. left) R-module M we
denote by ¥, : M @z R — M (resp. ¥, : R@r M — M) the canonical isomorphisms.
With R we denote the opposite ring. For a right R-Module M and a left R-module
N we denote with 7 : M ®zg N — N ®pro» M the canonical twist Z-isomorphism. For
a left (resp. a right) R-module K we consider K as a right (resp. a left) module over
its ring of endomorphisms End(gK)% (resp. End(Kg)) and a left (resp. a right) module
over Biend(gK) := End(Kgna(k)er) (resp. Biend(Kgr) := End(gnacx,) K)), the ring of
biendomorphisms of K (e.g. [39, 6.4]).

For an R-ring A and an A-module M we call an A-submodule N C M R-cofinite, if
M/N is f.g. as an R-module. If U is an R-bimodule, then for every right (resp. left) R-
module L we consider Hom_g(U, L) (resp. Homg_(U, L)) as a right (resp. left) R-module
through (fr)(u) := f(ru) (vesp. (rf)(u) := f(ur)). Moreover U* := Hom_g(U, R) (resp.
*U := Hompg_ (U, R)) is an R-bimodule through the right (resp. left) R-action given above
and the left (resp. right) R-action given by (rf)(u) := 7f(u) (vesp. (f7)(u) := f(u)r).
With *U* := Hompg_g(U, R) we denote the R-bimodule of R-bilinear maps from U to R.
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1 Preliminaries

By an associative R-ring we mean an R-bimodule with an R-bilinear map (multiplication)
s A®g A— A, such that

frao (pa®@ida) = pao (ida ® pa).
If there exists an R-bilinear map 74 : R — A, such that
pao (ida®na) =07 and pa o (na ®ida) =0y,

then we call n4 the unity of A. If A and B are R-rings (with unities 74, 7z), then an
R-bilinear map f : A — B is called a morphism of R-rings, if fou, =pgo (f ® f) (and
fona =ng). The set of morphisms of R-rings form A to B is denoted by Rngy (A, B).
The category of associative R-rings with unities will be denoted by Rng.

Dual to R-rings are R-corings presented by M. Sweedler [33]:

1.1. A coassociative R-coring is an R-bimodule C associated with an R-bilinear map (co-
multiplication) Ac : C — C ®@g C, such that the following diagram is commutative:

C = CorC
Aci \Lid@Ac
C®grC Aowid C®rC®rC

If there exists an R-bilinear map ¢ : C — R, so that the following diagram

C

R@RCWC@RCZ,WC@)RR

is commutative, then we call e¢ the counity of C. Unless the contrary is assumed, we make
the convention that an R-coring has a counit. If R is a commutative ring, then R-corings
are called R-coalgebras (see [34]).

Let (C,A) be an R-coring. For ¢ € C we use Sweedler-Heyneman’s ) -notation:
Ac) = ch ®co € CRRC.
Moreover we define A,, inductively as A; := A and
A, = (A®id" oA, :C—C", cr— ch ® ... ® Cpyq for n > 2.

1.2. The category of R-corings. For two R-corings (C,Ac), (D, Ap) (with counities
gc,ep) we call an R-bilinear map f : D — C an R-coring morphism, if the following
diagram

D C
ADL J{Ac
D®rD 7Y C®grC



is commutative (and eco f = ep). The set of R-coring morphisms from D to C is denoted by
Cogr(D,C). The category of coassociative R-corings with counities is denoted by Corngy,.

Definition 1.3. Let M be a right (resp. a left) R-module and N C M an R-submodule.
We call N — M W -pure for some left (resp. right) R-module W, if 0 — NQgW — M@gW
(resp. 0 > W ®gr N — W ®gr M) is exact in zM. We call N < M pure (in the sense
of Cohn), if N < M is W-pure for every left (resp. right) R-module W. If M is an R-
bimodule and N C M is an R-subbimodule, then we call RNg C rMpg pure, if N C M is
pure as a right as well as a left R-submodule.

1.4. Let (C, A¢,ec) be an R-coring. We call a pure R-subbimodule D C C an R-subcoring,
if A¢(D) € D®grD. We call an R-subbimodule K C C a C-bicoideal (resp. a C-coideal), if
Ac(K) CIm(C@prK)NIm(K®RC) (resp. Ac(K) € KAK :=Ke(C®rC — C/K®rC/K)).
A right (resp. aleft) R-submodule K C C is called a right C-coideal (resp. a left C-coideal),
if Ac(K) C Im(K QR C) (resp. Ac(K) C Im(C SR K))

1.5. The Dual rings of a coring. ([22]) Let C be a coassociative R-coring. Then
*C := (Hompg_(C, R), ;) is an associative R-ring, where

(f*19)(c chlfcg))forallf,ge *C and ¢ € C;

C* := (Hom_gr(C, R), *,) is an associative R-ring, where

(f *rg)(c Zf (g(c1)es) for all f,g € C* and ¢ € C;

*C* := (Hompg_g(C, R), *) is an associative R-ring, where
(f*9g)(c chl (co) for all f,g€ *C* and c € C.

If C has counity e¢, then ¢ is a unity for *C, C* and *C*.

1.6. Let (A, ) be an R-ring (not necessarily with unity). A right A-module M will
be called wnital (resp. A-faithful), if MA = M (resp. the canonical map p,; : M —
Hom_g(A, M) is injective). For right A-modules (M, p,,), (N, py) an R-linear map f :
M — N will be called A-linear, if py o f = (A, f) o py;. The set of A-linear maps from M
to N will be denoted by Hom_ 4(M, N). With M 4 (resp. MVA) we denote the category of
unital (resp. A-faithful) right A-modules. Analogously we define left A-modules. For left
A-modules M and N, the set of A-linear maps from M to N is denoted by Hom4_ (M, NV).
The category of unital (resp. A-faithful) left .A-modules is denoted by 4 M (resp. A/\/l)

Let A, B be R-rings. A (B,.A)-bimodule M will be called unital (resp. (B,.A)-faithful),
if gM and M 4 are unital (resp. if M is B-faithful and A-faithful). For (B,.4)-bimodules M
and N we denote the set of B-linear A-linear maps from M to N (called (B, .A)-bilinear)
by Homp_4(M, N). The category of unital (resp. (B,.A)-faithful) (B,.4)-bimodules and
(B, A)-bilinear maps is denoted by gM 4 (resp. BJT/I/A).



Dual to modules of R-rings are comodules of R-corings:

1.7. Let (C, A) be an R-coring (not necessarily with counit). A right C-comodule is a right
R-module M associated with an R-linear map (C-coaction)

o i M = M@RC, mi— Y meps @ mars,

such that the following diagram is commutative

M Om M®RC
QM\L lidM®A
M@RCWM@RC@RC

If 0,, is injective, then we call M counital. For right C-comodules M, N € MC we call an
R-linear map f : M — N a C-comodule morphism (or C-colinear), if the following diagram

1S commutative

M ! N

o o

The set of C-colinear maps from M to N is denoted by HomC(M , N). The category of couni-
tal right C-comodules and C-colinear maps is denoted by MC. For a right C-comodule N
we call a right R-submodule K C N a C-subcomodule, if (K, o;;) € M® and the embedding
K <& N is C-colinear.

Analogously we define the left C-comodules. For two left C-comodules M, N we denote
by “Hom(M, N) the set of C-colinear maps from M to N. The catgeory of counital left
C-comodules will be denoted by ¢ M.

Lemma 1.8. (Compare [11, Lemma 1.1.]) Let (C,A) be an R-coring. If C has counity ¢,
then a right C-comodule (M, 0,,) is counital iff 9%, o (idy ® €) 0 05y = idps. Hence, if M is
counital, then o0,, is a splitting monomorphism.

Definition 1.9. Let € be a category with finite limits and finite colimits. A functor
F : € — D is called left-exact (resp. right-exact), if F' preserves finite limits (resp. finite
colimits). F is called ezxact, if it’s left-exact and right-exact.

For forthcoming reference we list some properties of the category of right comodules of
an R-coring C. These can be found in several references (e.g. [8], [12], [36]).

Proposition 1.10. Let (C,Ac,ec) be an R-coring.
1. We have a covariant functor
- ®RC . MR — MC, M — (M@RC,ZCZM ®Ac)

Moreover — @p C is right adjoint to the forgetful functor F : M¢ — Mg and left
adjoint to the functor Hom®(C, —) : M® — Mp.
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2. —®pC: Mr — MC is left-exzact and F : M — Mg is right-exact (since a right
adjoint functor preserves limits and a left adjoint functor preserves colimits (e.g. [32,
Proposition 16.4.6]).

3. F is exact iff rC is flat iff — @r C : Mp — M preserves injective objects (for the
commutative case see [40, Proposition §]).

4. The category MC is cocomplete and has cokernels. The direct limits and direct sums
are formed in Mp. Moreover — @ C : Mp — MC respects direct limits (i.e. direct
sums and cokernels).

5. If Q is a cogenerator in Mg, then Q ®rC is a cogenerator in MC. In particular MC
has a cogenerator.

6. If rC is flat, then M€ is a Grothendieck catgeory with enough injective objects. In this
case — @ C : Mpr — MC respects inverse limits (i.e. direct products and kernels).

7. If Ry is a cogenerator, then C is a cogenerator in MC. If rC is flat and Ry, is injective,
then C is injective in MC.

Remark 1.11. If C is an R-coring such that MC is Grothendieck, then zC need not be flat. A
counter example is [17, Example 1.1.]. This shows that the conjecture of M. Wischnewsky
[40, Conjecture 14] is false for corings.

1.12. Bicomodules. Let (M, ¢§,) be a right C-comodule, (M, o)) be a left D-comodule
and consider the left D-comodule (M ®x C, o5 @ ide) (resp. the right C-comodule (D ®x
M,idp ® ¢5;)). We call M a (D,C)-bicomodule, if ¢§;, : M — M ®pg C is D-colinear
(equivalently, if ¢, : M — D ®g M is C-colinear). For (D,C)-bicomodules M, N we
call a D-colinear C-colinear map f : M — N a (D,C)-bicomodule morphism (or (D,C)-
bicolinear). We say a (D, C)-bicomodule is counital, if it’s counital as a left D-comodule and
as a right C-comodule. The category of counital (D, C)-bicomodules and (D, C)-bicolinear
maps is denoted by P MC.

The weak linear topology

Next we introduce the categories of left (resp. right) R-pairings P, (resp. P,) and the
category of R-pairings P. For each left (resp. right) R-pairing P = (V, W) we consider
V with a right (resp. a left) linear topology, the weak linear topology V[Z] (W) (resp.
V[ZL(W)]) (e.g. [23, 10.3], [30]).

1.13. The category of R-pairings. With a left R-pairing we denote a right R-module V
and a left R-module W with an R-linear map xp : V — *W (equivalently xp: W — V*).
For left R-pairings (V, W) and (V', W') a morphism of left R-pairings (£,0) : (V! W') —
(V,W) consists of a morphism of right R-modules £ : V' — V' and a morphism of left
R-modules 6 : W’ — W, such that

< &), w >=<v,0(w') > forallveV and w' € W' (1)
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The left R-pairings with the morphisms described above (and the usual composition of
pairings) build a category, which we denote by P;. Analogously we define the category of
right R-pairings P,.

With an R-pairing we denote R-bimodules V' and W with an R-bilinear map kp : V —
*W* (equivalently xp : W — *V*). If (V, W) and (V', W’) are R-pairings, then a morphism
of R-pairings (£,6) : (V!,W') — (V,W) consists of R-bilinear maps £ : V. — V' and
0 : W' — W with the compatibility condition (1). The category of R-pairings is denoted
by P.

1.14. The finite topology. Let E be a right (resp. a left) R-module, W a set and
identify the direct product EV with the set of all maps from W to E. If we consider E
with the discrete topology and the right (resp. the left) R-module E" with the product
topology, then the induced linear topology on an R-submodule Z C E"W is called the finite
topology and has a neighbourhood system of 0y :

Bf(0z) :== {An(F)| F' = {wy,...,w,} C W is a finite subset}.

1.15. Let P = (V, W) be a left (resp. a right) R-pairing and consider the right (resp. the
left) R-submodule *W C R (resp. W* C R") with the finite topology. Then there is on V/
aright (resp. a left) linear topology, the weak linear topology V[Z;.(W)] (resp. V[T . (W)]),
such that kp : V. — *W (resp. kp : V — W¥) is continuous. The neighbourhood system
of Oy w.r.t. this topology is given by

B (0y) = {F* := kp' (An(F))| F = {wy, ..., w} C W is a finite subset}.
The closure X of any subset X C V is then given by

X = ﬂ{X + F+ | F C W is a finite subset}. (2)
Hence V[Z7 (W)] (resp. V[T (W)]) is Hausdorff iff V LW (resp. V <5 W*) is an
embedding.

Next we state some properties of the weak linear topology without proof. For
the proofs and other details the interested reader may refer to [1]. For the case of a
commutative ground ring a reference is [2, Anhang].

Lemma 1.16. Let P = (V,W) be a left R-pairing and consider V' with the weak linear
topology V'[S],(W)].

1. X C X+ for any subset X C V. Consequently every orthogonally closed right R-
submodule of V' is closed.

2. If Rg s noetherian, then all open R-submodules of V' are R-cofinite.

3. Let Rgr be artinian.
(a) Every R-cofinite closed right R-submodule X C V is open.
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(b) Let X CY CV be right R-submodules. If X C 'V is closed and R-cofinite, then
Y C V is also closed and R-cofinite.

We call the ring R a QF ring, if Rr (equivalently gR) is noetherian and a cogenerator
(e.g. [39, 48.15]).

The following result characterizes the closed and the open R-submodules of V' w.r.t.
the weak linear topology:

Proposition 1.17. Let P = (V,W) be a left R-pairing and consider V' with the weak linear
topology V[Z].(W)]. Assume Rg to be an injective cogenerator.

1. The closure of a right R-submodule X C V is given by X = X+

2. For right R-submodules X C'Y C V we have: X is dense in'Y iff X+ = Y+ If
W — V*, then X CV is dense iff X+ = 0.

3. The class of closed right R-submodules of V' is given by

{K*| K C W is an arbitrary left R-submodule}.

4. If R is a QF-ring and W Vs an embedding, then the class of open right R-
submodules of V' is given by

{K*| K ¢ W is a f.g. left R-submodule}.

Lemma 1.18. Let W, W’ be left R-modules and consider the right R-modules *W and *W'
with the finite topology. Let 6 € Homg_ (W', W). If R is a QF-ring, then Ke(0*(X)) =
01 (Ke(X)) for every right R-submodule X C *W.

The C-adic topology

We introduce now the category of measuring left R-pairings Pyy,. For every (A,C) €
Py we define the C-adic topology T_c(A) (see [5], [6]), which we prove to coincide with
the linear weak topology A[Z7 (C)].

1.19. The category of measuring R-pairings. If C is an R-coring and A is an R-ring
with a morphism of R-rings k : A — *C, a — [c —< a,c >|, then we call P := (A,C)
a measuring left R-pairing (the terminology is inspired by [34, Definition, Page 138]).
For measuring left R-pairings (A, C), (B,D) we say a morphism of left R-pairings (£,0) :
(B, D) — (A,C) is a morphism of measuring left R-pairings, if £ : A — B is a morphism
of R-rings and 6 : D — C is a morphism of R-corings. The measuring left R-pairings with
the morphisms described above build a subcategory P, C P;.

A measuring right R-pairing P = (A, C) consists of an R-ring A and an R-coring C
with a morphism of R-rings kp : A — C*. If A is an R-ring with a morphism of R-rings
kp: A — *C*, then we call (A,C) a measuring R-pairing. The category of measuring right
R-pairings (resp. measuring R-pairings) is denoted by P, (resp. Pp,).



1.20. If P = (A,C) is a measuring left (right) R-pairing, then C becomes a right (a left)
A-module with A-action given by

c/—a::ch<a,cz> (resp.aéc:zz<a,cl>02). (3)

If P=(A,C) is a measuring R-pairing, then C is an A-bimodule with the right and the
left A-actions in (3).

The following example was communicated to the author by Tomasz Brzezinski:

Ezample 1.21. Let C be a coseparable R-coring (i.e. there exists a C-bicolinear map 7 : CQpg
C — C with moA¢ = ide [21], equivalently there exists a cointegral v € Homp_g(C®rC, R),
such that v o Agr = e¢ and

Z ay(e®d) = ny(c ® c)d, for all ¢, ¢ € C.
[8, Theorem 3.5, Corollary 3.6]). Then C is a (non unital) R-ring with multiplication
p:CRrC—C, cRCH 2017(02@)5)
and therefore P := (C,C) is a measuring left R-pairing with
kp:C—*C, c— [ — v(d ®c).

1.22. Subpairings. Let P = (A,C) and assume P € P, (resp. P € Py, P € Pp),
J < A an A-ideal, D <> C an R-subcoring with < 7, D >= 0 and put Q := (A/J, D).
Then Q € P,y (resp. Q € Py, @ € Ppy) and (m,0) : (A/T,D) — (A,C) is a morphism
in P,y (resp. in Py, in Pp). We call Q a measuring R-subpairing of P and write
Q) C P. For every R-subcoring D C C we have the two-sided A-ideal D+ C A and so
(A/D+,D) C (A,C) is a measuring R-subpairing. In particular, to every measuring left
(resp. right) R-pairing (A,C), is (A/C*+,C) C (*C,C) (resp. (A/C*,C) C (C*,C)) a non-

degenerate measuring left (resp. right) R-subpairing.

1.23. Subgenerators. Let A be an R-ring and K an A-module. We say that an A-
module N is K-subgenerated, if N is isomorphic to a submodule of a K-generated A-
module (equivalently, if N is kernel of a morphism between K-generated .A-modules). For
a right A-module K, we denote by o[K 4] the full subcategory of M 4 whose objects are
the K-subgenerated right A-modules. For every right A-module M

Sp(o[Kal, M) =Y {f(N)| fe€Hom (N, M), N € o[K 4]} (4)

is the largest K-subgenerated right A-submodule of M. Moreover o[K 4] is the smallest
Grothendieck full subcategory of M 4 that contains K. For the well developed theory of
categories of this type the reader is referred to [39].

1.24. The C-adic topology. Let P = (A,C) € P, and consider C with the right
A-module structure through (<) in (3). Then the class of right 4-ideals

B_c(04) :={(0c: F)| FF CC is a finite subset}
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is a neighbourhood system of 04 for a right linear topology, the C-adic topology T_c(A),
and (A, 7_¢(A)) is a right linear topological R-ring. A right A-ideal I <, A is open w.r.t.
T c(A) iff A/I is C-subgenerated. If (A, %) is a right linear topological ring, then the
category of (A, ¥)-discrete modules coincides with o[C4] iff ¥ = T_¢(A). We refer mainly
to [5] and [6] for detailed investigation of this topology.

Lemma 1.25. Let P = (A,C) € Ppy. The weak linear topology A[Z],(C)] and the C-adic
topology T_c(A) coincide. In particular (A, A[Z](C)]) is a right linear topological R-ring
and a right A-module M is (A, A[Z],(C)])-discrete iff M 4 is C-subgenerated.

Proof. Let U be a neighbourhood of 04 w.r.t. A[%T].(C)]. Then there exists a f.g. left
R-submodule K C C, such that K+ C U. But we have then for every a € (0¢ : K) and
ce K:

<a,c>=< a,Za(cl)CQ >= 5(2 cp <a,co>)=¢(c—a)=0,

and so (0¢ : K) € K+ C U, ie. U is a neighbourhood of 04 w.r.t. 7 ¢(A). On the
other hand, let U be a neighbourhood of 04 w.r.t. 7_¢(A). Then there exists a finite set
F ={cy,...,cx} C C, such that (0c : F') C U. Assume A(c¢;) = Z cij @¢y fori=1,..,k
j=1
k n;
and put K := Y > Reé;;. Then K+ C (0¢ : F') C U, i.e. U is a neighbourhood of 04 w.r.t.

i=1j=1

A[Z7 (C)]. So A[F],(C)] = T_¢(A) and the last statement follows now from 1.24.1
As a corollary of Proposition 1.17 (2) and Lemma 1.25 we get

Corollary 1.26. If P = (A,C) € P,u, then for every right R-submodule Y C A the
following are equivalent:

1. Y C Ais dense w.r.t. A%}, (C)].
2. Y C A is dense w.r.t. T_¢(A).

If Ry is an injective cogenerator and C — A*, then (1) & (2) are equivalent to

3. Y+t ={cel|<a,c>=0 for everyac Y} =0.

The a-condition

We introduce now the category of left (resp. right) a-pairings Py (resp. P%) and the
category of a-pairings P°.

1.27. We say that a left R-pairing P = (V, W) satisfies the (left) a-condition, or is left
a-pairing, if for every right R-module M the following map is injective:

b M@r W — Hom_g(V, M), Zmi ® w; — [V Zml < v, w; >
A right R-pairing P = (V, W) is said to satisfy the (right) a-condition, or is a right o-

pairing, if for every left R-module M, the canonical map ol : W @ M — Homp_(V, M)
is injective. With P/ C P, (resp. P* C P,) we denote the full subcategory, whose objects
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satisfy the a-condition. We call a left (resp. a right) R-pairing P = (V,W) dense, if
kp(V) C*W (resp. kp(V) C W*) is dense w.r.t. the finite topology.

With P2, C P (resp. P C P,,) we denote the full subcategory of measuring left
a-pairings (resp. measuring right a-pairings). If P € P%, (resp. P € P%,) and Q C P
is a measuring R-subpairing, then @) satisfies the a-condition as well (see Proposition 1.32
(1-b) below).

We say a left (resp. a right) R-module W satisfies the a-condition, if the left R-pairing
(*W, W) (resp. the right R-pairing (W* W)) satisfies the a-condition, i.e. if gk (resp.
Wg) is universally torsion free in the sense of G. Garfinkel [18].

1.28. Locally projective modules. An R-module W is called locally projective (in the
sense of B. Zimmermann-Huisgen [41]), if for every diagram

0—=F——=W

g
, e g\
g oL \\ v

L—>N—0

with exact rows and F' f.g.: for every R-linear map g : W — N, there exists an R-linear
map ¢’ : W — L, such that the entstanding parallelogram is commutative. Note that every
projective R-module is locally projective.

Analog to [18, Theorem 3.2] and [41, Theorem 2.1] we get the following characterizations
of the R-modules satisfying the a-condition:

Lemma 1.29. A left (resp. a right) R-module W satisfies the a-condition iff gW (resp.
W) is locally projective.

Remark 1.30. Let P = (V,W) € Pf*. Then W C V*, in particular gIV is R-cogenerated. If
M is any right R-module, then we have for every R-submodule N C M the commutative
diagram

N®@r W Hom_g(V,N)
LN®idwl
M@R |14 Hom_R(V, M)

Ay

By assumption ok is injective and so N C M is W-pure. Since M and N are arbitrary,

we conclude that gW is flat. If xR is perfect, then gW is projective. In particular every
locally projective left R-module (over a left perfect ring) is flat (projective). So over perfect
rings projectivity and local projectivity coincide.

Lemma 1.31. Let P = (V,W) be a left a-pairing. If L is a right R-module and K C L is
an R-submodule, then we have for every > l; @ w; € LQg W :

Y lhiow e K@pW <> l;<vw >€K foralveV.

11



Proof. By Remark 1.30 g is flat and so we get the commutative diagram with exact

rOWS
0 K@pW — 52 oW W LK @p W 0
P j P oP
5574 ay, L/K
0 — Hom_x(V, K) Hom_g(V, L) Hom_g(V,L/K)
(Viek) (Vim)

Clearly 371 < v,w; >€ K for every v € V iff 371, @ w; € Ke((V,7) 0 af) = Ke(ay o
(7T ® Zdw)) = Ke(7r X idW) =KepWl

Analog to the commutative case [2, Proposition 2.1.7] we get

Proposition 1.32. 1. Let P = (V,W) be a left R-pairing.

(a) Let W C W be an R-submodule and consider the induced left R-pairing P’ :=
(V,W"). If P' € P, then W C W is pure. If P € P, then P’ € Py iff
W' C W is pure.

(b) Let V! C V. W' C W be R-submodules with < V',W' >= 0 and consider the
left R-pairing Q = (V/V',W'). If P € P, then Q € Pf iff W' C W is pure.

2. Let Q@ = (Y, W) be a left R-pairing, V a right R-module, £ : V' — Y an R-linear
map, P := (V,W) the induced left R-pairing and consider the following statements:

(i) Q@ € Py and P is dense;

(i) Q € Py and (V) C Y is dense w.r.t. YT (W)];
(i1i) P € Py,

(iv) Q € P and W EV* is an embedding.

The following implications are always true: (i) = (ii) = (iii) = (w). If Ry is
an injective cogenerator, then (i)-(iv) are equivalent.

The proof of the following result is similar to that of [3, Proposition 2.5]:

Lemma 1.33. Let V,W be R-bimodules.

1. IfP=(V,W), P = (V',W') are left a-pairings, then P@, P' := (V' QpV, W @rW')
1s a left a-pairing, where

Kpgp (V@ v)(w@w') =<v,w < v, 0w >>=<< v 0w >v,w > .

2. If P = (V,W), P = (V',W') are right a-pairings, then PR, P := (VRgV', W' @rW)

15 a right a-pairing, where

kpre,p(V@V) (W @w) =< v, <V, 0w >w>=<v < W >w>.
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2 Rational modules

In this section we define the C-rational A-modules associated with a measuring left (resp.
right) R-pairing (A, C) satisfying the a-condition and prove the main result in this paper,
namely Theorem 2.9 (resp. its dual version Theorem 2.11).

Remark 2.1. Let P = (A,C) be a measuring left R-pairing. For every right R-module
M, Hom_g(A, M) is a right A-module through (fa)(a’) = f(ad’) for all a,a’ € A and
ol M @ C — Hom_g(A, M) is A-linear. If moreover M is a right A-module, then the
canonical map p,, : M — Hom_g(A, M) is A-linear.

2.2. Let A be an R-ring (not necessarily with unity), P = (A, C) a measuring left a-pairing
and M an A-faithful right A-module. Put Rat®(M,) := py} (M ®gC), i.e. m € Rat®(M,)
iff there exists a uniquely determined element > m; ® ¢;, such that ma = > m; < a,¢; >
for every a € A. We call M4 C-rational, if Rat®(M4) = M. In this case we get an R-linear
map 0, = (o) topy : M — M ®gC.

Analog to the commutative case (e.g. [19, Proposition 2.9]) we get

Lemma 2.3. Let P = (A,C) be a measuring left a-pairing (A not necessarily with unity).
For every (M, py,) € M we have:

1. Rat®(My) € M is an A-submodule.

2. For every A-submodule N C M we have Rat®(N4) = N N Rat®(M.,).

3. Rat®(Rat®(My)) = Rat®(M.y).

A~

4. For every L € My and f € Hom_4(M, L) we have f(Rat®(M,)) C Rat®(Ly).

Analog to the commutative case [2, Folgerung 2.2.10] we have

Remark 2.4. Let P = (A,C) be a measuring left a-pairing and consider the embedding

¢ &5 A*. Since Xp is A-linear, we have C & Rat®((A*)4) by Lemma 2.3 (4). If f €
Rat®((A*)4) with o(f) = 3 fi ® ¢;, then we have for every a € A

fla) = (fa)(la) = D filla) < a,e;>= xp(Y_ fi(la)ei)(a),

Le. f=xp(> filla)e). So xp is an isomorphism.
For a left (resp. right) measuring a-pairing (A, C) we denote the category of C-rational
right (resp. left) A-modules and A-linear maps by Rat®(My) (resp. “Rat(4M). The

subcategory of unital C-rational right (resp. left) .A-modules will be denoted by Rat®(M4)
(resp. “Rat(4M)).

Lemma 2.5. Let P = (A,C) be a measuring left R-pairing (A not necessarily with unity).
1. If (M, 0y) is a right C-comodule, then M becomes a right A-module through
O[P
Py = M Q—M> M ®RC = HOHl,R(.A, M)
If A has unity and M is counital, then M 4 is unital (and so A-faithful).
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2. Let (M, 0,,), (N, 0y) be right C-comodules and consider the induced structures of right
A-modules (M, py), (N,py). If f: M — N is C-colinear, then f is A-linear.

3. Let N be a right C-comodule, K C N a C-subcomodule and consider the induced right
A-module structures (N, py), (K, pg). Then K C N is an A-submodule.

Proof. 1. Consider the left R-pairing P ®;, P := (A ®g A,C @ C). For every right
A-module (M, p,,) we have the diagram

M all Hom(A, M) (5)
\ %
M Om M ®R C
Y QJVI\L iidM@)Ac (u,M)
M@RCWM@RC@RC QZ‘X’IP
% \
M

Hom(A, M) Hom(A, Hom(A, M)) — Hom(A®gr A, M)

(A.par)

(where ¢" is the canonical isomorphism). By definition of p,,; and a;,;'" all trape-
zoids are commutative. Since (M, g,,) is a right C-comodule, the inner rectangle
is commutative and so the outer rectangle is commutative, i.e. (M, p,,) is a right
A-module.

Assume M to be counital. If A has unity, then xkp(14) = e¢ and we have for every
meM
m = Zm<0>€c(m<1>) - m&?c — ml_A < MA,

i.e. My is unital.

2. Consider the diagram

! N (6)
PM %
oOm (-Avf) oN
Hom_g(A, M) ———— Hom_g(A, N)
agy ay
M ®grC Toide N ®grC

The lower trapezoid is obviously commutative. The triangles are commutative by
definition of p,,, py. If the outer rectangle is commutative (f is C-colinear), then the
upper trapezoid is commutative (f is A-linear).

3. trivial.H
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Lemma 2.6. Let P = (A, C) be a measuring left a-pairing (A not necessarily with unity).

1. If (M, p,y) € MVA is C-rational, then M gets a structure of a counital right C-
comodule through

()™

on - M2 Hom_p(A, M) ™™ M®gC.

2. Let (M, py), (N,py) € M 4 be C-rational and consider the induced structures of right
C-comodules (M, 0y;), (N, 0y). Then Hom®(M, N) = Hom_4(M, N).

3. Let (N, py) € M4 be C-rational and consider the induced counital right C-comodule
(N,on). If K C N is an A-submodule, then K gets a structure of a counital C-

subcomodule. Moreover ox = (0n)|x-

Proof. 1. If (M,p,,) is C-rational, then by definition p,, (M) C of, (M ®g C), i.e.

oy = (ak) 7o p,, is well defined and we get the commutative diagram

HOIII_R(A, M)

®RrC

By assumption My is A-faithful (i.e. p,, is injective) and so g,, is injective, i.e. the
induced right C-coaction on M is counital. Consider now diagram (5). By definition
of o0,, and a;}@lp all trapezoids are commutative. By assumption M is a right C-
comodule and so the outer rectangle is commutative. By Lemma 1.33 (1) af2" is
injective and so the inner rectangle is commutative, i.e. (M, g,,) is a counital right

C-comodule.

2. Consider diagram (6). The lower trapezoid is obviously commutative and the tri-
angles are commutative by definition of g,, and gy. Moreover o} is injective and
so the outer rectangle is commutative (f is C-colinear) iff the upper trapezoid is

commutative (f is A-linear), i.e. Hom®(M, N) = Hom_4(M, N).

3. Let (N, py) be a C-rational right A-module. If K C N is an A-submodule, then by
Lemma 2.3 (2) Rat®(K4) = K NRat®(N4) = K and so K 4 is C-rational, hence K is
a counital right C-comodule by (1). Moreover K <% N is A-linear and so C-colinear
by (2), i.e. K C N is a C-subcomodule. Note that by assumption and Remark 1.30
rC is flat, hence o = (o5 )|, - B

-

2.7. For every R-coring C we have an isomorphism of R-rings (C*,%,) ~ End®(C) via
f = le— > f(c1)ce] with inverse g — e¢ o g (compare Proposition 1.10 (1)). Analogously
(*C, %) ~ “End(C)? as R-rings.

If P = (A,C) € P%,, then by Lemma 2.6 (2) End®(C) = End(C,4) and so

*C = End(C)” C End(c-C)” = End(g4e(¢)C)” = End(pac)C)” = Biend(C.),
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i.e. (*C,%;) is isomorphic to an R-subring of Biend(C4). If moreover Cg, is locally projective,
then “End(C) = End(¢-C), hence *C ~ Biend(Cy4).
On the other hand, if P € P2, then we have analogously “End(C) = End(4C) and so

C* ~ End®(C) C End(C+¢) = End(Cepuc)or) = End(Cenagscyr) := Biend(4C),

i.e. (C*,*,)is isomorphic to an R-subring of Biend(4C). If moreover gC is locally projective,
then End®(C) = End(C-¢), hence C* ~ Biend(4C).
Note that it follows from above, that in case zrC and Cg are locally projective we have

*C ~ Biend(Cs¢) and C* ~ Biend(¢+C) as R-rings.

The following result generalizes [2, Theorem 2.2.13] from the case of commutative base
rings to the case of arbitrary rings:

Proposition 2.8. Let P = (A,C) be a measuring left R-pairing (A not necessarily with
unity). If grC is locally projective and kp(A) C *C is dense, then

Rat‘(Mu) = Rat®(Ma) = o[C4l
~ Ratc(./\/l*c) = Ratc(./\/l*c) = U[C*c].

MC

12

(7)

Proof. Step (1). By Proposition 1.32 (2) (A,C) satisfies the left a-condition. By Lem-
mata 2.5 and 2.6 we have covariant functors

(—)a: M Rat®(M.4), (=)¢: Rat®(My)
(M, 0p) (M, apr 0 0py), (M, par)

that act as the identity on morphisms. Clearly we have

MC
(M,Oé]?} OpM)a

— —
— —

()0 (Ha=idpe, (—)ao (=) =idgyeir,)
i.e. Rat®(My) ~ MC.
Step (2). We show now that every C-rational right A-module is unital. Let (N, py) €
N k
Rat®(My) and n € N with oy(n) = 3 n; @ ¢;. By assumption kp(A) C *C is dense and

i=1
so there exists some a € A, such that kp(a)(¢;) = ec(¢;) fori=1,...,k. So

k k

n= Znisc(ci) = an <a,c; >=na € NA.

i=1 i=1
k

Step (3). Let (N,py) € MC. For every n € N with gy(n) = Y. n; ® ¢; we have
i=1

{c1,...,ci 3t C (On = m), hence N4 is C-subgenerated. By Proposition 1.10 (3), Lemma 2.6
and Step (1) MC is a Grothendieck full subcategory of M 4 and so M¢ = o[C4] (since
o[C4] is the smallest such subcategory of M 4 containing C).

Step (4). For A = *C we get as above

MC ~ Rat®(M.¢) = Rat®(M.c) = o[C.c]. B
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We are now ready to present the main result in this article, namely

Theorem 2.9. Let P = (A,C) be a measuring left R-pairing. Then the following are
equivalent:

(i) rC is locally projective and kp(A) C *C is dense;

(ii) gC satisfies the a-condition and kp(A) C *C is dense;

(iii) (A, C) satisfies the left a-condition;

(iv) o[Cic] =~ ME ~ o[C4).

If the equivalent conditions (i)-(iv) are satisfied, then we have isomorphisms of cate-
gories .
Rat®(Ma) = Rat‘(Mu) = o[C4]
~ Ratc(/\/l*c) = Ratc(./\/l*c) = U[C*c].

MC

12

(8)

Proof. (i) <= (ii) By Lemma 1.29 gC is locally projective iff it satisfies the left a-
condition.

(ii) = (iii) follows from Proposition 1.32 (2).

(iii) = (iv) If (A,C) satisfies the a-condition, then clearly rC satisfies the left a-
condition. Moreover, since (by our convention) A has unity with kp(1l4) = e¢, we get by
an analogous argument to that in the proof of Theorem 2.8 the isomorphisms of categories
MC ~ O'[C_A] = U[C*C].

(iv) = (i) By Assumption o[C-¢] ~ MC and it follows analog to [36, 3.5] that zC is
locally projective. Moreover, for all ¢y, ..., ¢, € C, the right A-module (ci, ..., cx) A C C* is
a right *C-submodule (because o[C4] ~ o[C+«c]). Hence (cy,...,c,)*C = ((¢1, ..., cx)A)*C C
(c1y..ycx)A, ie. kKp(A) C *C is dense (see [39, 15.8]).

If the equivalent conditions (i)-(iv) are satisfied, then the assumptions of Theorem 2.8
are satisfied and so the isomorphisms of categories (8) are evident.ll

Remark 2.10. Note that if A has no unity, then the implication (iv) = (i) in the previous
theorem is still evident, if *C is unital as a left A-module. In this case the four statements
become equivalent, if we add “kp(A) C *C is dense” to statement (iii).

A dual version of Theorem 2.9 is valid for measuring right R-pairings:

Theorem 2.11. For a measuring right R-pairing P = (A, C) the following are equivalent:
(i) Cr is locally projective and kp(A) C C* is dense;
(i1) Cr satisfies the a-condition and kp(A) C C* is dense;
(iii) (A,C) is a right a-pairing;
(iv) ole-Cl = ‘M = a[4C].
If the equivalent conditions (i1)-(iv) are satisfied, then we have isomorphisms of cate-
gories -
CRat(AM) = CRat(AM) = U[AC]

~ CRat(e-M) = CRat(c-M) = ofeC]. (9)

‘M

12

Remark 2.12. We should mention here that the implications (iii) = (iv) in Theorem 2.9
resp. 2.11 were achieved independently in [17] Theorem 2.6’ resp. Theorem 2.6 (note the
interchange between left and right pairings in our notation).
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As a corollary of Proposition 1.32 and Theorem 2.9 we get

Corollary 2.13. Let Q = (B,C) € P, £ : A — B a morphism of R-rings and consider
the induced measuring left pairing P := (A,C). Then the fallowing are equivalent:

(i) P € Pry;

(11) Q € PS, and £(A) C B is dense w.r.t. B[Z, (C)];

(iii) gC is locally projective and kp(A) C *C is dense;

(iv) o[Cec] =~ ME ~ o[C4] ~ o[Cs].

If these equivalent conditions are satisfied, then we have isomorphisms of categories:

ME ~ Rat‘(My) = 0[C4]
~ Ratc (M*c) = U[C*c] (10)
~ Rat®(Mp) = o[Cg).

Definition 2.14. We call a measuring left (right) a-pairing (A, C) coproper, if A" :=
Rat®(A4) (" A := Rat®(4.A)) is dense in A. An R-coring with zrC (Cg) locally projective
will be called left coproper (right coproper), if BC := Rat®(*C.¢) C *C (resp. CU :=
CRat(C;.) C C*) is dense. If gC and Cp are locally projective, then we call C coproper, if it
is left and right coproper.

Proposition 2.15. ([1]) Let P = (A,C) be a coproper left measuring c-pairing (i.e. T :=
Rat®(A4) C A is dense).

1. C is left coproper, i.e. BC C *C is dense.

2. For every f € T, there exists some e € T, such that fe = f.

3. For every right A-module M we have Rat®(M4) = MT.

4. There is an isomorphism of categories Mo, ~ M ~ M.

2.16. Birational modules. Let P = (A, C) be a measuring left a-pairing and Q = (B, D)
be a measuring right a-pairing (A, B not necessarily with unities). For a (B, .4)-faithful
(B, A)-bimodule (M, p3, p5§;) it’s obvious that PRat(zM) is a right A-module, Rat® (M)
is a left B-module, and

Rat®((PRat(sM))4) = PRat(zM)NRat®(M4) = PRat(s(Rat®(My))) (11)

is a (B,.A)-subbimodule of M, which we call the (D, C)-birational (B,.A)-subbimodule of
M. If M = Rat®((PRat(zM))4), then we call gM4 (D, C)-birational.

With PRat’ (s M) C g M4 we denote the full subcategory of (D, C)-birational (B, .A)-
bimodules. The subcategory of unital (D,C)-birational (B,.4)-bimodules is denoted with
PRat® (M 4).

As a generalization of the corresponding result for coalgebras over base fields (e.g.
[13, Theorem 2.3.3]) resp. over commutative rings ([2, Folgerung 2.2.19]) we get

Theorem 2.17. Let P = (A,C) be a measuring left R-pairing and Q@ = (B,D) be a
measuring right R-pairing (A, B not necessarily with unities). If C, D are locally projective,
kp(A) C *C and ko(B) C D* are dense, then there are isomorphisms of categories

D AC DRatC(B./\A/Ié) — PRat’(zMy)
~ DRatC(’D*M*C) = DRatC(D*M*C)

12
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Proof. Let M be an arbitrary R-bimodule. In view of the previous results in this section
it’s enough to show that M is a counital (D,C)-bicomodule iff it’s a (D, C)-birational
(B, A)-bimodule. If M is a counital (D,C)-bicomodule, then M is by Lemma 2.5 (1) a
C-rational right A-module and analogously a D-rational left B-module. Moreover a?/[ is
obviously A-linear, ¢%, is by assumption C-colinear, hence A-linear by Lemma 2.5 (2).
Consequently p5, = af, o o) is A-linear, i.e. M is a (D,C)-birational (B,.4)-bimodule.

On the other hand, let M be a (D,C)-birational (B,.4)-bimodule. By Lemma 2.6 M
is a counital right C-comodule and analogously a counital left D-comodule. Since M is a
(B, A)-bimodule, p%; is A-linear and so we have for all a € A and m € M :

agy(oyr(ma)) = pi(ma) = p§(m)a = (af (o5 (m)a = afy(ofy(m)a),

hence ¢ is A-linear by the injectivity of a$,. By Lemma 2.6 (2), %, is C-colinear, i.e. M
is a counital (D, C)-bicomodule.l

As a consequence of Theorems 2.9 and 2.11 we get

Proposition 2.18. 1. Let P = (A,C) € Pyy. If K C C is a right C-coideal (resp. a
left C-coideal, a C-bicoideal), then K+ is a left A-ideal (resp. a right A-ideal, an A-
ideal). If K is a C-coideal, then K+ C A is an R-subring with unity 14. If P € P2,
and I C A is a left A-ideal, then I+ C C is a right C-coideal.

2. Let P = (A,C) € Py, If K C C is a left C-coideal (resp. a right C-coideal, a C-
bicoideal), then K+ is a right A-ideal (resp. a left A-ideal, an A-ideal). If K is a
C-coideal, then K+ C A is an R-subring with unity 14. If P € P% and I C A is a
right A-ideal, then I+ C C is a left C-coideal.

Lemma 2.19. Let X be set and X R the free R-module with basis X. If Rg is noetherian,
then for every right R-module M, the following R-linear map is injective

By Mg R — MY m® f+— [z — mf()]. (12)
Hence P = (XR,RY) is a left a-pairing.

Proof. Let M be an arbitrary right R-module and write M as a direct limit of its f.g.
R-submodules M = lim M) ([39, 24.7]). For every A € A, M, is f.p. in Mg and we have
by ([39, 25.4]) the isomorphisms

Bary : My @ RN — MY, m@ f — [z — mf(x)]

Moreover for each A € A the restriction of 3), on M) is equal to 3),, and so the following
map is injective:
Bur = limByy, - imMy ®g RY — limM;¥ € M™,

—

Obviously P € P2 iff 3, is injective for every M € My B
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Corollary 2.20. Let W, W' be R-bimodules, X C *W, X" C *W' be R-subbimodules and
consider the canonical R-linear maps

k: X' @rX — *(WerW') and x : W @r W' — (X' @p X)*.
If Ry is noetherian, Wg is flat and Ke(X)r C Wg is pure, then

Ke(k(X' @ X)) ~ Ke(X) g W'+ W @5 Ke(X'). (13)

Proof. Consider the embeddings E := W/Ke(X) — X*, E' := W'/Ke(X’) — RX" and

the commutative diagram

W W X (X' @ X)*

g W/Ke(X) ®g RX'“— X* @ RY' :

W/Ke(X) @p W JKe(X') i (X)X

It follows by assumptions that W/Ke(X) is flat in My and pRX is flat (e.g. [39, 36.5,
26.6]). Moreover (3. is injective by Lemma 2.19, hence ¢ is injective. It follows then by
[10, I1-3.6] that

Ke(k(X ®@r X)) = Ke(x) = Ke(do(r®7'))
= Ke(rx®@mx) = Ke(X)@gW' +W @ Ke(X').H

Proposition 2.21. Let R be a QF ring and C an R-coring. If A C *C is an R-subring (with
ec € A), Cg is flat and Ke(A)g C Cg is pure, then Ac¢(Ke(A)) C Ke(A)@rC+C@rKe(A)
(Ke(A) C C is a C-coideal).
Proof. Let A C *C be an R-subring and consider the R-linear map

k:ARrA— "(CRRC), a®br— [cRd—<b,c<a,d>>]
If Cr is flat and Ke(A)g C Cg is pure, then we have by Corollary 2.20 and Lemma 1.18:

Ke(A) C Ke(Ai(k(A®pg A))) = Az (Ke(A) @z C + C @5 Ke(A)), (14)

ie. Ac(Ke(A)) C Ke(A) ®@r C + C ®g Ke(A). If e¢ € A, then ec(Ke(A)) = 0, hence
Ke(A) C C is a C-coideal.l

Corollary 2.22. Let C be an R-coring and assume that gC is locally projective. For every
R-coring D with an injective morphism of R-corings t1p : D — C we have:
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. gD C gC is pure iff @ := (*C, D) € P2,. In this case gD is locally projective, 15 (*C) C
*D s dense and there are isomorphisms of categories

MP Rat?(M.p) = o[D-p]
RatD(M*c) = U[D*c].

121

. Let gR be C-injective. Then gD C grC is pure iff gD is locally projective.
. If gD C RrC is pure, then

D =C <= MP = M® < C.¢ is D-rational.

Proof. 1. Since tp is a morphism of R-corings, it follows that 5, : *C — *D is a

morphism of R-rings, i.e. @) is a measuring left R-pairing. The result follows now
by Theorem 2.9 and the commutativity of the following diagram for every right R-
module M

idpn @up

M &®@grC (15)

2
D M c
O‘Mi T o \LO‘M
( o) Hom_g(*C, M)

. If pR is C-injective, then ¢}, : *C — *D is surjective. Hence, for every right R-module
M the map (¢, M) in diagram (15) is injective and the result follows.
. It is enough to prove: C € Rat?(M.¢) = D =C.
Assume C € Rat®(M.;) ~ MP. Then there exists a right R-linear map
ke

0:C—=CR®rD, C'—>Zci®dia

=1

ke
such that ¢ — f = > ¢;t5(f)(d;) for every f € *C. Consider the following diagram
i=1

C 2 C®rD (16)
k\ V(;dc@LD
C®rC

and the left a-pairing P ®; P := (*C®g *C,C ®r C) (see Lemma 1.33 (1)). Then we
have for all c€ C and f,g € *C:

ap(Sawe)lfog) = Toaf@) = ge=))
- g(izz"‘lcww)(di)) — xp®lp<§ci®b<di>><f®g>,
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ke
and so Y ¢ ®@cy = > ¢; ®u(d;), i.e. diagram (16) is commutative. Hence for every
i=1

c € C we have
ke
c= 280(01)02 = Zéfc(ci)b(di) c L(D),
i=1
ie.C=D

Remark 2.23. Even if C is an R-coring and D C C is an R-subbimodule with A¢(D) C
Im(D®gD), D may have no R-coring structure such that the natural embedding tp : D —
C is a morphism of R-corings. For D to be an R-subcoring of C we need gDr C rCr to be
pure (in the sense of Cohn). A counterexample for coalgebras over commutative rings can
be found in [28, Page 56].

An important role by studying the category of rational representations of a left mea-
suring pairing P € Py, is played by the

2.24. Finiteness Theorem. Let P = (A,C) € P2,.

1. If M € Rat®(M), then there exists for every finite subset {my,...,mz} C M some
N € Ratc(./\/lA), such that N C M and Npg is finitely generated.

2. Every finite subset of C is contained in a right C-coideal, which is f.g. in Mpg.

Proof. 1. Let M € Rat®(My) and {my,...,mz} C M. Then m;A C M is an A-
submodule, hence a C-subcomodule. Moreover m; € m;A and consequently there
exists a subset {(my;, ¢ij) }i2; C miAXC, so that gy, (m;) = Z mi;®c;jfori=1,... k.

7j=1

k k n;
Obviously N := > m;A = > > m;;R C M is a C-subcomodule and contains
i=1 i=1;=1
{ml, ceey mk}
2. This is a special case of (1).1

For every (A,C) € P2, we get from the isomorphism of categories Rat®(M 4) ~
o[C4] and [38, 2.9]:

Corollary 2.25. Let (A,C) € P2,.

1. Rat®(My) is (A, R)-finite (i.e. a C-rational right A-module is f.g. in My iff it’s
f.g. m MR)

2. If gR is perfect, then every C-rational right A-module satisfies the descending chain
condition w.r.t. the f.g. A-submodules.

3. If Rg is noetherian, then every C-rational right A-module is locally noetherian.

4. If Rp 1is artinian, then every f.g. C-rational right A-module has finite length.
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Proposition 2.26. For every dense measuring left R-pairing P = (A, C) the following are
equivalent:

1. MC =~ 0[Ca]l = Ma/an,c);

2. The functor — @r C : Mp — My an ) has a left adjoint;

co

rC is f.g. and projective;

B

. ¢+C s f.g. and gC 1s locally projective;

&

. A/Any(C) is f.g. in Mg and gC is locally projective.

Proof. With the help of Proposition 1.10 and Theorem 2.9, the equivalence of the first
four statements can be established as in [36, 3.6].

If we assume (1) or (5), then we conclude that M ~ o¢[C4] ~ o[C-c] by Proposition
2.8 and is (A, R)-finite by Corollary 2.25. The result follows then by the fact that in this
case O'[CA] = MA/AnA(C) iff A/AnA(C) is f.g. in MR [38, 2.9 (3)]..

Remark 2.27. Tt follows from Proposition 2.26 that for an R-coring C with rC locally
projective and every dense R-subring A C *C :

Agris f.g. <= gCis f.g. <= xC is f.g. and projective.

In particular a f.g. locally projective R-coring is projective.

The following result gives topological characterizations of the C-rational right A-
modules. Here we generalize some of those characterizations given by D. Radford in [30,
2.2] in the case of coalgebras over base fields to the case of corings over arbitrary (artinian)
ground rings. See also [2, Proposition 2.2.26] for the case of coalgebras over commutative
rings.

Proposition 2.28. Let P = (A,C) € P2, and consider A with the C-adic topology
T c(A) = A[Z(C)]. If M is a unital right A-module, then for every m € M the following
are equivalent:

1. there exists a finite subset F' = {cy,...,ck} C C, such that (O¢ : F') C (0pr : m);
2. mA is C-subgenerated;
3. m € Rat®(M4);

4. there exists a f.g. left R-submodule K C C, such that K+ C (0 : m).

If Ry is artinian, then (1)-(4) are moreover equivalent to:
5. (0pr : m) contains an R-cofinite closed R-submodule;

6. (0pr : m) is an R-cofinite closed right A-ideal.
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Proof. (1) = (2) By assumption and 1.24 m € N := Sp(c[C4], M). Moreover mA C N
is a right A-submodule and is consequently C-subgenerated.
(2) = (3) By assumption and Theorem 2.9 m € mA C Rat®(M 4).
k
S>> Re; C C. Then clearly K+ C (0 :

k
(3) = (4) Let o(m) = > m; ® ¢; and put K :=
i=1 i=1

m).
(4) = (1) For every left R-submodule K C C we have (0¢c : K) C K*.

Let Rgr be artinian.
k

(4) = (5). Assume K+ C (0p : m) for some K = > R¢; C C. Since A/K+ — *K
i=1

and Rp is noetherian, we conclude that K+ C A is R-cofinite. Moreover K+ is by Lemma
1.16 (1) closed.
The implications (5) = (6) = (1) follow from Lemma 1.16 (3).H

3 Applications

In what follows R is a commutative ring and Mpg is the category of R-(bi)modules. For
an R-algebra (A, 114,n,4) and an R-coalgebra (C, A¢, ec) we consider (Hompg(C, A), %) :=
Hompg(C, A) as an R-algebra with the so called convolution product (fxg)(c) :=>_ f(c1)g(c2)
and unity n4 oec. With this definition C' becomes a C*-bimodule through the left and the

right C*-action f — ¢ => c1f(c2) and ¢ — f = > f(c1)ea.

Entwined Modules

Next we apply our results in the previous sections to the category of entwined modules
corresponding to a right-right entwining structure (A, C, ). These were introduced by T.
Brzezinski and S. Majid [7] as a generalization of the Doi-Koppinen modules corresponding
to a right-right Doi-Koppinen structure (see 3.15).

3.1. A right-right entwining structure (A,C, 1) over R consists of an R-algebra A, an
R-coalgebra C' and an R-linear map

V:CR®rA— ARy C, c®al—>2a¢®cd’,

such that

Ylad)y®c? = PYagaw @,  FY(la)y®c = la®c

Sap @A) = Saw@d©d, Yaeo(@) = eolc)a (17)

3.2. Let (A, C, ) be a right-right entwining structure. An entwined module corresponding
to (A,C,v) is a right A-module M, which is also a right C-comodule through p,,, such
that

oy (ma) = Zm<0>a¢ ®@m?%,. for all m € M and a € A.

The category of right-right entwined modules and A-linear C-colinear morphisms is denoted
by MG (%). For M, N € MS(¢)) we denote by Hom$ (M, N) the set of A-linear C-colinear
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morphisms from M to N. By a remark of M. Takeuchi (e.g. [8, Proposition 2.2]) C := A®zC
is an A-coring with A-bimodule structure given by

a@a®c):=aa®c, (a®c)a = Zﬁaw ®c¥, (18)
comultiplication
Ae: AQRC — (A@RC)®4(A®RC), a®ci> Y (a® ) @4 (14 @ cs)

and counity e¢ := 9 o (ida ® e¢). Moreover MG (¢)) ~ MC.

Lemma 3.3. (See [37, 4.2]) Let (A, C,v) be a right-right entwining structure over R and
consider the corresponding A-coring C := A ®pg C.

1. #£7(C, A) := Homg(C, A) is an A-ring with A-bimodule structure given by (af)(c) :=
Sayf(c?), (fa)(e) :== f(c)a, multiplication

(f-9)(c) = D flea)ygler), (19)
and unity 1, ° £c.
2. #;(C, A) = *C as A-rings via
¢ : Homp(C, A) — Homy_(A®p C, A), f—[la®cr— af(c) (20)
with inverse h— [c— h(1l4 ® c)].

3.4. A left-right entwining structure is a triple (A, C,v), where A is an R-algebra, C' is an
R-coalgebra and

V:ARrC — A®gC, a®cv—>2a¢®c¢,

is an R-linear map such that the conditions in (17) are satisfied with the first of them
replaced by

Z(a5)¢ ®c = Z agay @ c¥ for all a,a € A, c € C.

3.5. Let (A,C,1) be a left-right entwining structure. With an entwined module cor-
responding to (A,C, 1) we mean a left A-module M, which is also a right C-comodule
through o,,, s.t.

oy (am) = Zawm<0> @m?,. foralla € A and m € M.

The category of left-right entwined modules and A-linear C-colinear morphisms is denoted
by aMC (). For M,N € 4M()) we denote by 4Hom® (M, N) the set of all A-linear
C-colinear morphisms from M to N. It’s easy to see that (A%, C,v o 1) is a right-right
entwining structure, hence D := A ®x C is an A%-coring and 4 M () ~ MGo,(YoT) ~
MAT@RC Noreover Hoor (O, AP) = *D as A%-rings and #,(C, A) := (#,,,.(C, AP))? is

an A-ring with multiplication

(f-9)(c) =Y _ fc})glca)y for all f, g € Homp(C, A) and ¢ € C (21)

and unity ny o ec.
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3.6. Let (A, C, 1) be a right-right entwining structure over R and consider the correspond-
ing A-coring C := A®x C. We say that (A, C, ) satisfies the a-condition, if for every right
A-module M the following map is injective

o M®pC — Homp(#;](C, A), M), m® ¢ [f — mf(c)]
(equivalently, if 4C is locally projective).
Inspired by [14, 3.1] we present

Definition 3.7. 1. Let (A, C,¢) be a right-right entwining structure satisfying the a-
condition. Let M € M#;P(C,A)a P M — Hom_4(#;(C, A), M) the canonical

map and Rat®(M) := p,} (M ®@p C). If RatC(M#Zp(CVA)) = M, then we call M

#-rational and set g,; = (off/[)*l opy M — M ®p C. The class of #-rational
right #Zp (C, A)-modules build a full subcatgery of M#ff(C, 4), which we denote with

Ratc(/\/l#zp(c, 4))- For a left-right entwining structure (A, C, 1), the a-condition and
the category of #-rational left #,(C, A)-modules are analogously defined.

Lemma 3.8. Let (A,C,) be a right-right entwining structure over R and consider the
corresponding A-coring C == A ®@g C.

1. If gC' is flat (resp. projective, f.g.), then 4oC is flat (resp. projective, f.g.).

2. If grC is locally projective, then AC is locally projective (i.e. (A, C, 1) satisfies the left
a-condition).

Proof. 1. Clear.

2. For every right A-module M we have the commutative diagram

O‘?w
M@A (A@RC) HOIH_A<*C7M)
o
M®RC Ve HOHlR(O*,M)

where v : C* — *C, f +— [a ® ¢ — af(c)]. The result follows then by Lemma 1.29.1

Lemma 3.9. Let (A, C,1) be a right-right entwining structure.

1. If M € MS(¥) and N C M is a C-subcomodule, then NA is a subobject of M in
MG ().

2. Assume rC' to be locally projective.
(a) For every right #.7(C, A) module M we have RatC(M#zp(C,A)) e MG(W).
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(b) If M € M§(), then M becomes a #-rational right #;)'(C, A)-module through

mf = Zm<0>f mcis) for allm € M and f € #7(C, A).

c) Assume A € MG (1), so that > 19> @ 1o1s € C is a group-like element. Let
A

M € Myerc,ay be C-rational and put M€ :={me M| oy (m) = mlops®

los} If WUy : MC“®@pA — M, m®a — ma is surjective, then M is #-rational.

Proof. 1. For every n € N and a € A we have
oy (na) Zn<0>aw®n<1>€NA®RC’

Consequently NA C M is a C-subcomodule with structure map (0,/)|., hence
NA C M is a subobject in MG (¢).

2. Assume gC to be locally projective.

(a) Every right #Z)p (C, A)-module M becomes a right A-module through the canon-
ical algebra morphism ¢4 @ A — #7(C, A) and a left C*-module through the
algebra anti-morphism ¢c« : C* — #Op (C,A). Clearly RatC(M#ip(a 4)) C M is
a C-rational left C*-module. Moreover, for all m € RatC(M#fpp(C’ 1)), a € Aand
g € #/(C, A) we have

[malg = (mea(a))g

m(ea(a) - g)

> meos(tala) - g))(mais)
Zm<0>LA(a)(m<1>2)¢g(mﬁ1>1)
Zm<0>(aec(m<1>2))¢g(mﬁl>1)
= Zm<0>a¢g(mﬁ1>),

ie. ma € RatC(M#lobp(aA)) with g(ma) = 3. megsay @ m¥,. and the result
follows.
(b) Let M € M (). Then for every m € M and f,g € #;7(C, A) we have

m(f-g9) = Y mws(f-g)(mas)
= Zm<0>f(m<1>2)¢g(mﬁ1>1)
Zm<0><0>f(m<1>)¢g(m1ﬁo><1>)

= (D_meosf(mas))g
= (mf)g.

k k
(¢) Let m € M be arbitrary. By assumption m = Wy (>  n; ® a;) for some Y n; ®

i=1 i=1
€ M ®p A, hence we have for all f € #77(C, A) :

n;(a;f) = Zk:ni1<0>aiwf(1ﬁl>)

(nia;) <o f((niai)<1>) = Zk:m<0>f(m<1>>~-

i=1

-

@
I
—

mf =

I
-

@
I
—
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The main result in this section is

Theorem 3.10. Let (A, C,v) be a right-right entwining structure and consider the corre-
sponding A-coring C .= A®gC.

1. If gC is flat, then MG (¥) is a Grothendieck category with enough injective objects.

2. If rC' is locally projective (resp. f.g. and projective), then

MG () = Rat® (Myorc m) = o[(A®r C)yoric,a)] (resp. M) = Myorc,a)-
(22)

Proof. 1. If gC is flat, then 4C is flat and the result follows by the isomorphism
MG () = ME and Proposition 1.10 (3) (this is a generalization of [12, Section
2.8, Corollary 4], where (A, C,1) is monoidal and R is a base field).

2. If rC is locally projective, then 4C satisfies the a-condition by Lemma 3.8 (2), i.e.
(*C,C) € P2,. The result follows now by Theorem 2.9 and Lemma 3.9. If gC is
f.g. and projective, then 4C is also f.g. and projective and the result follows by
Proposition 2.26.1

Corollary 3.11. Let (A,C,v) be a left-right entwining structure and consider the cor-
responding A°P-coring D := A% @p C. If rC is flat, then by Theorem 3.10 4MC(¢)) ~
M., (1 o T) is a Grothendieck category with enough injective objects. If moreover rC' is
locally projective (resp. f.g. and projective), then

AME () = Rat® (4, .9 M) = oly, D] (resp. ;JMEO (W) = 4, M)
3.12. Let (A, C,v) be a right-right entwining structure.

1. By [9, Corollaries 3.4, 3.7 — ®% A : MY — MG (¥) is a functor, where for every
N € MY we consider the canonical right A-module N ®% A := N ®x A with the

C-coaction n ® a — [ n<os @ ay @ n¥,.]. Moreover — ®p A is left adjoint to the
forgetful functor F4 : MG (¢)) — M, where for every N € M and M € MG ()

Hom§ (N ®§, A, M) — Hom®(N, M), g+ g(— ® 14) (23)
is a functorial isomorphism with inverse f — [n ® a — f(n)al.

2. By the isomorphism M (¢)) ~ M® and Proposition 1.10 (1) — ®r C ~ — ®4 C :
My — MG (@) is a functor, where for every N € M4 we consider the canonical
right C-comodule N ®p C' with the A-action (n ® c)a — > nay ® ¢¥. Moreover
— ®p C' is right adjoint to the forgetful functor F¢ : MG () — M4 and left adjoint
to HomG(C, —) : MG (¥) — M.

Definition 3.13. Let C' be an R-coalgebra.

1. C is said to be left (right) Quasi-co-Frobenius, if C' is cogenerated by C* as a left (a
right) C*-module (i.e. C' is a torsionless C*-module [20]).
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2. Assume gC' to be locally projective. After [4] we call C' left coproper (resp. right
coproper), if CF := Rat(¢.C*) (resp. BC := Rat®(Cf.)) is dense in C*. We call C
coproper, if C' is left and right coproper.

Corollary 3.14. Let (A, C, ) be a right-right entwining structure and consider the corre-
sponding A-coring C .= A®gC.

1. Let C be projective in M (e.g. R is a QF ring and C is left Quasi-co-Frobenius).
Then C ®% A is projective in MG (). If moreover v is bijective, then A®g C is also
projective in MG (¢).

2. If rC is locally projective and left coproper, then CE ®$%, A is a generator in MS(1).

3. If A is a cogenerator in M, then A®p C is a cogenerator in MG (). If rC' is flat
and Ay, is injective, then A ®@r C is injective in MG (1).

Proof. 1. This follows from the functorial isomorphism (23): Hom$(C ®% A, M) ~
Hom®(C, M) for every M € MS(). If R is a QF ring and C' is left Quasi-co-
Frobenius, then C is projective in MY by [27]. Note that ¢ is a morphism in
MG (W), hence A @ C ~ C ®% A in MG (), if 1 is bijective.

2. If rC is locally projective and left coproper, then C" is a generator in o[c-C] ~ M
by [38, 2.6]. The result follows then by the functorial isomorphism (23): Hom§ (CP®4,
A, M) ~ Hom®(CV, M) for every M € MG ().

3. Consider the corresponding A-coring C := A®g C. If A is a cogenerator in M 4, then
by Lemma 1.10 (2) C is a cogenerator in M€ ~ MG (¢)). If zC is flat, then 4C is flat
and the second statement follows by Proposition 1.10 (7).H

Doi-Koppinen Modules

In what follows we consider a fundamental class of entwined modules, namely the class of
Doi-Koppinen modules introduced independently by Y. Doi [15] and M. Koppinen [24].

3.15. A right-right Doi-Koppinen structure over R is a triple (H, A, C') consisting of an
R-bialgebra H, a right H-comodule algebra A and a right H-module coalgebra C. A right-
right Doi-Koppinen module for (H, A,C) is a right A-module M, which is also a right
C-comodule through p,,, such that

oy (ma) = Zm<0>a<0> ® Mmeisacis for all m € M and a € A.
With M(H)G we denote the category of right-right Doi-Koppinen modules and A-linear
C-colinear morphisms. By [9, Page 295] (A, C, ) is a right-right entwining structure and
M(H)G ~ MG (), where
¢:C’®RA—>A®RC’,c®ar—>2a<o>®ca<1>. (24)
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By Lemma 3.3 #°?(C, A) := Hompg(C, A) is an A-ring with A-bimodule structure

(af)(c) := Z a<o> f(caci>) and (fa)(c) := f(c)a,

multiplication
(f 9 Zf Ca <0>9(le(02)<1>) (25)

and unity 14 o ec. Moreover we have, with C := A ®p C' the corresponding A-coring, an
isomorphism of A-rings #°(C, A) ~ *C. The R-algebra #°(C, A) was introduced by M.
Koppinen [24, 2.2].

3.16. Let H be an R-bialgebra. Since H itself is a right H-module coalgebra with structure
map iy, it turns out that, for every right H-comodule algebra A, the triple (H, A, H) is
a right-right Doi-Koppinen structure and M(H){ = M the category of relative Hopf
modules investigated in [16]. Note also that H is a right H-comodule algebra with structure
map Ay and it turns out that, for every right H-module coalgebra C| the triple (H, H, C) is
a right-right Doi-Koppinen structure and M(H)$; = Mc,u, the category of Doi’s [C, H]-
modules introduced in [16]. Finally (H, H, H) is a right-right Doi-Koppinen structure and
M(H)E = M the category of Hopf modules studied by M. Sweedler [34, 4.1].

The following result is easy to prove.

Lemma 3.17. Let (H, A, C) be a right-right Doi-Koppinen structure over R, C := A®gC
the corresponding A-coring and T C C* a left H-module subalgebra.

1. A#PT := A®Rg T is an A-ring with A-bimodule structure
ala#f) =Y dcosataasf and (a#f)a = aa# f (26)
and multiplication
(agtf) - (b#g) ==Y acosb#(aci>g) * f. (27)

If ec € T, then 1a#ec is a unity for A#PT and A — A#HPT, a — a#ec is a
morphism of A-rings.

2. We have a morphism of A-rings
B2 AT — #7(C, A), a#f — [e af(c)].
Hence Q := (A#°PT,C) is a measuring left A-pairing with

kg =@o [ : A#PT — *C, a#f — [a® ¢ — aaf(c)].

Theorem 3.18. Let (H, A,C) be a right-right Doi-Koppinen structure and consider the
corresponding A-coring C := A ®@g C.

1. If rC is flat, then M(H)S is a Grothendieck catgeory with enough injective objects.
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2. Let T C C* be an A-pure left H-module subalgebra and Q = (A#PT,C). If grC' is
locally projective (resp. f.g. and projective) and T C C* is dense, then [(A#PT) C
#P(C, A) is dense, Q € P2, and we have isomorphisms of categories

M(H)g ~ O'[C#op(aA)] = U[CA#OPT] (resp. M(H)g ~ M#op(qA) >~ MA#opc*).

Proof. 1. Since M(H)§ ~ MS(¢)), where 1 is defined in (24), the result follows by
Proposition 3.10 (1).

2. Consider the left measuring A-pairing P := (A#°°C*,C) and let ¢ : C* — A ®p C*,
f 14 ® f. Then we have for every right A-module M the following commutative
diagram

aP
M@, (A®gO) Y~ Hom_,(A®pC*, M)
o
M ®gpC Hompg(C*, M)

c
X g

Let zC be locally projective. Then a{; is injective and so ot} is injective. Since M is

an arbitrary right A-module, P satisfies the a-condition and we get by Theorem 3.10
the category isomorphisms M(H)S =~ o[Cyon(c,a)] = 0[Cagorc]. It follows then by
Theorem 2.9 that kp(A#PC*) C *C is dense. If T'C C* is an A-pure dense left H-
module subalgebra, then obviously A#%PT C A#°PC* is dense, hence kg (A#PT) C
*C is dense. Since *C ~ #%(C, A) it follows then that G(A#%PT) C #°°(C,A) is

dense.

If zC is f.g. and projective, then M(H)G ~ Myop(c 4y by Theorem 3.10 (2). Note
that in this case A#PC* ~ #°P(C, A) and the result follows.H

3.19. A left-right Doi-Koppinen structure is a triple (H, A, C'), where H is an R-bialgebra,
A is a right H-comodule algebra and C' is a left H-module coalgebra. A Doi-Koppinen
module corresponding to (H, A, C) is a left A-module M, which is also a right C-comodule
through o,,, s.t. oy (am) = > acogsmeps ® ac1smeys. The category of left-right Doi-
Koppinen modules and A-linear C-colinear morphisms is denoted by 4 M (H). It turns out
that (H°, A° (') is a right-right Doi-Koppinen structure, hence #(C, A) := (#°P(C, A?))P
is an A-ring with multiplication

(f-9)(c) = flg(e2) s c1)g(ca)<os- (28)

and unity 14 o e¢. For every right H-module subalgebra 7' C C* (with e¢ € T') the smash
product A#T = (AP#°PT)° is an A-ring with multiplication

(atf) - (b#g) =D abeos#(fbars) x g (29)

(and unity 1a#tec). In fact the R-algebra #(C, A) (resp. A#T') was introduced in [24,
2.1] (resp. in [15, Page 375]).
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Corollary 3.20. Let (H, A,C) be a left-right Doi-Koppinen structure, D := A? Qg C' the
corresponding A°P-coring and 3 : A#C* — #(C, A) the canonical morphism. If rC' is flat,
then AM(H)C ~ M(H)S,, is a Grothendieck category with enough injective objects. If
T C C* is an A-pure dense right H-module subalgebra and rC' is locally projective (resp.
f.g. and projective), then B(A#T) C #(C, A) is dense and

AM(H)C ~ 0 yc,a)D] = olagrD] (resp. AM(H)C ~ gogM 2 apceM).

Next we extend some results of [26] on relative Hopf modules to the general case of
right-right Doi-Koppinen modules.

Proposition 3.21. Let (H, A,C) be a right-right Doi-Koppinen structure such that rC' is
locally projective, C :== A ®g C' the corresponding A-coring and T C C* an A-pure dense
left H-module subalgebra.

1. Let M be a right A-module and a left T-module. If for all f € T, a € A and m € M
we have

flma] = Z((a<1>f)m)a<0>,
then Rat®(p M) € M(H)S. Consequently M € M(H)S iff M = Rat®(zM).

2. Ifec € T, then for every right A#°PT-module M we have: Rat®(p M) = RatC(MA#opT)
and M € M(H)S iff M = Rat®(yM).

Proof. 1. Since gC' is locally projective and T" C C* is dense, it follows by [2, Satz
2.2.13] that Rat®(p M) ~ M. Moreover we have for all m € Rat®(;M), f € T and
a€A:

flmal = > ((a<x1sf)m)acos = Y (meos(acisf)(mars))acos

= Z f(m<1>a<1>)m<0>a<0>,

i.e. ma € Rat®(p M) with g,,(ma) = 3. mogsaeos @ Meisacys, hence Rat®(p M) €
M(H)G. On the other hand, if M € M(H)Y, then M is in particular a right C-
comodule and so M = Rat®(pM).

2. Clearly Rat®(Maguorr) € Rat®(7M). On the other hand we have for all f € T, a € A
and m € Rat®(rM) :

m(a#f) = m((La#[) - (aftec)) = (m(la#f))(a#tec)
= (fm)(a#tec) (> meos f(mears))(aftec))

= Z m<0>af(m<1>),

i.e. m € Rat®(Magorr) with gy (m) = 3 megs @4 (14 ® meys). Note that for all
feT aec Aand m € Rat“(;M) we have by a similar argument that f[ma] =
> ((a<1s f)m)aos and the result follows by (1).H

32



As a direct consequence of Proposition 3.21 we get

Corollary 3.22. Let (H, A,C) be a right-right (resp. a left-right) Doi-Koppinen structure
and assume rC' to be locally projective. If M is closed under extensions in ¢ M, then
M(H)G (resp. aAM(H)C) is closed under extensions in Magorc~ (resp. in agcxM).

The proof of the following result is with slight modifications along the lines of [26, 1.9].
Corollary 3.23. Let (H, A, C) be a right-right (resp. a left-right) Doi-Koppinen structure
with rC' locally projective and consider the corresponding A-coring C :== A®g C (resp. the
A%P-coring D := AP @ C). If C is left coproper and C5 C C* is A-pure, then

M(H)g - MA#opCD == MDC (T@Sp. AM(H)C ~ A#CDM ~ (D'D)opM).
Proof. Let (H,A,C) be a right-right Doi-Koppinen structure, A := A#PC* P :=
(A,C) € P,y and assume gC' to be locally projective. Since C' is left coproper, it fol-
lows by the isomorphism of categories Rat”(c«M) = o[¢-C] and analog to [38, 2.6] that
Rat®(¢-N) = CPN for every left C*-module N. By Lemma 3.21 (2) we have then
T := Rat®(A4) = Rat(c-A) = CPA = A(1,#PCP) = A#°PCP,

Since CY € C* is dense, T = A ®r CY C A ®p C* is dense by Theorem 3.18 and the
result follows by Proposition 2.15. The corresponding result for left-right Doi-Koppinen
structures follows by symmetry.ll

Next we consider three examples of right-right Doi-Koppinen structures (see [12]).

3.24. Yetter-Drinfel’d modules. Let (H, K, A, C) be a Yetter-Drinfel’d datum, (K?®pg
H, A, C) the corresponding right-right Doi-Koppinen structure and consider the category
of Yetter-Drinfel’d modules YD (K, H)§ ~ M(K?®g H)S. If pC is flat, then YD(K, H)S
is a Grothendieck category with enough injective objects (this generalizes [12, Section 4.4.,
Corollary 31], where a base field is assumed). If zrC' is locally projective (resp. f.g. and
projective), then we have with C := A ®g C' the corresponding A-coring

VD(K, H)S =~ o[Cyor(c,n)] = 0[Cagorc] (resp. YD(K, H)S =~ Meyon(c,a) = Magorc).

3.25. Long dimodules. Let A be an R-algebra, C' an R-coalgebra, (R, A, C) the trivial
right-right Doi-Koppinen structure and consider the category of Long dimodules LG ~
M(R)S. If gC is flat, then LS is a Grothendieck category with enough injective objects. If
moreover rC' is locally projective (resp. f.g. and projective), then we have with C := A®QrC
the corresponding A-coring

LG ~ 0[Chov(c.n)] = 0[Caporc] (resp. LG =~ Myonic,ay = Magorc).

3.26. Modules graded by G-sets. Let G be a group, A a G-graded R-algebra, X a right
G-set (e.g. X = @), (RG, A, RX) the corresponding right-right Doi-Koppinen structure
and denote by gr-(G, A, X) ~ M(RG)EX the category of RX-graded right A-modules.
Since the free R-module RX is in particular locally projective, we get by Theorem 3.18
(2) isomorphisms of categories

gr-(G, A, X) = 0[(A®g RX)yor(rx.4)] = 0[(A ®r RX) agor(rx)-]-
If moreover X is finite, then RX is in particular f.g. and projective, hence

gr-(G, A, X) >~ Myor(rx,a) = Magor(rx)=-
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Alternative Doi-Koppinen modules

It turns out from work of D. Tambara [35] that every entwining structure (A, C, 1)), for
which gA is f.g. and projective, can be obtained from a Doi-Koppinen structure with
a suitable auxiliary R-bialgebra giving rise to the entwining map . P. Schauenburg has
shown in [31] that this is not the case in general. However, if zC'is f.g. and projective, then
he remarks that (A, C,v) can be derived form what he calls an alternative Doi-Koppinen
structure.

3.27. Let H be an R-bialgebra, A a right H-module algebra and C a right H-comodule
coalgebra. Then (H, A, C) is called a right-right alternative Doi-Koppinen structure. It
turns out, that (A, C,v) is a right-right entwining structure, where

V:CR®rA— ARy C, c®a»—>2ac<1>®c<o>.

We denote the corresponding category of entwined modules (called alternative right-right
Doi-Koppinen modules) by aM(H)S. As for other categories of entwined moudles, if zC' is
flat, then aM(H)G is a Grothendieck category with enough injective objects. If moreover
rC' is locally projective (resp. f.g. and projective), then

aM(H)i ~ o[(A®r C)gor(c,a)] (resp. a/\/l(H)g ~ Myor(c,a)).
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