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Abstract

In this note we consider different versions of coinduction functors between cate-
gories of comodules for corings induced by a morphism of corings. In particular we
introduce a new version of the coinduction functor in the case of locally projective
corings as a composition of suitable “Trace” and “Hom” functors and show how to
derive it from a more general coinduction functor between categories of type o[M].
In special cases (e.g. the corings morphism is part of a morphism of measuring «-
pairings or the corings have the same base ring), a version of our functor is shown
to be isomorphic to the usual coinduction functor obtained by means of the cotensor
product. Our results in this note generalize previous results of the author on coin-
duction functors between categories of comodules for coalgebras over commutative
base rings.

1 Introduction

With R we denote a commutative ring with 1z # 0O, with A an arbitrary R-algebra
and with My (respectively 4M) the category of right (respectively left) A-modules. The
unadorned — ® —, Hom(—, —) mean — @z —, Homp(—, —) respectively. For a right (re-
spectively a left) A-module M we denote by

Iy M @4 A— M (vespectively 9%, : A@4 M — M)

the canonical A-isomorphism.
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By an A-ring we mean an A-bimodule 7 with a A-bilinear maps pup : T Q4 T — T
and np 1 A — T, such that p o (py ®4idy) = pg o (idy @4 p7), p o (idy ®a ny) =97
and o (ny @4 idr) = ﬁlT. If T and S are A-rings with unities 7, ng respectively, then
an A-bilinear map f : 7 — S is called a morphism of A-rings, if fopur=pgo (f ®a f)
and f on, =ng. For an A-ring 7 and two left (respectively right) 7-modules M and N
we denote with Homy_ (M, N) (respectively Hom_7(M, N)) the set of all T-linear maps
from M to N. If M and N are T-bimodules, then Homs_7(M, N) denotes the set of all
T -bilinear maps from M to N.

Let M and N be right A-modules and f : M — N be A-linear. For a left A-module L,
the morphism f will be called L-pure, if the following sequence is exact

0 — Ker(f) @4 L' 2% Mo, L 724" N L.

If fis L-pure for all left A-modules L then f is called a pure morphism (e.g. [BWO03,
40.13]). If M C N is a right A-submodule then it is called a pure submodule, provided that
the embedding M <y Nisa pure morphism (equivalently, if L® 4id;, : M @4 L — N®4 L is
injective for every left A-module L). Pure morphisms and pure submodules in the category
of left A-modules are defined analogously. A morphism of A-bimodules is said to be pure,
if it is pure in My as well as in ;.M. For an A-bimodule N, we call an A-subbimodule
M c N pure, if My C Ny and 4M C 4N are pure.

A left (respectively right) A-module W is called locally projective (in the sense of B.
Zimmermann-Huisgen [Z-H76]), if for every diagram of left (respectively right) A-modules

0—>F— : W

oy : 9
9 Qv

L——>N—0

with exact rows and F' f.g.: for every A-linear map g : W — N, there exists an A-linear
map ¢ : W — L, such that got = 7o ¢’ 0. Note that every projective left (respectively
right) A-module is locally projective.

Let A, B be R-algebras with an R-algebra morphism 5 : A — B and M (respectively
N) be a right (respectively a left) B-module. We consider M (respectively N) as a right
(respectively as a left ) A-module through

m — a :=mf(a) (respectively a — n := B(a)n)

and denote with

the canonical R-linear morphism.

(Co)induction functors between categories of entwined modules induced by a morphism
of entwined structures were studied in the case of base fields by T. Brzeziriski et al. (e.g.
[Brz99], [BCMZ01]). In the general case of a morphism of corings (#: ) : (C: A) — (D :
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B), J. Gémez-Torrecillas presented in [G-T02] (under some purity conditions and using
the cotensor product) a coinduction functor G : MP — MC and proved it is right adjoint
to the canonical induction functor — ®4 B : M® — MP ( [G-T02, Proposition 5.3]).

In his dissertation [Abu01], the author presented and studied coinduction functors
between categories of comodules induced by morphisms between measuring a-pairings for
coalgebras (over a common commutative base rings). In this note the author generalizes
his previous results to the case of coinduction functors between categories of comodules for
corings over (possibly different) arbitrary base rings. Although in our setting some technical
assumptions are assumed and the corings under consideration are restricted to the locally
projective ones, the main advantages of the new version of the coinduction functor is that it
is presented as a composition of well-studied “Trace” and “Hom” functors and that it avoids
the use of the cotensor product. Another advantage of the new version of the coinduction
functor we introduce is that it is derived from a more general coinduction functor between
categories of type o[M], the theory of which is well developed (e.g. [Wis88], [Wis96]). With
these two main advantages in mind, this note aims to enable a more intensive study of the
coinduction functors between categories of comodules and their properties which will be
carried out elsewhere.

After this introductory section, we present in the second section some definitions and
lemmas, that will be used later. In the third section we consider coinduction functors
between categories of type o[M] as a general model from which we derive later our version
of coinduction functors between categories of comodules for locally projective corings. In
the fourth section we consider the case of coinduction functors induced by morphisms
of measuring a-pairings, which turn out to be special forms of the coinduction functors
introduced in the third section. We also handle the special case, where the corings are
defined over a common base ring. In particular we prove that our coinduction functor
in these cases is isomorphic to the coinduction functor presented by J. Gémez-Torrecillas
in [G-T02] by means of the cotensor product. In the fifth and last section we handle
the general case of coinduction functors induced by morphisms of corings (over possibly
different) arbitrary base rings.

2 Preliminaries

In this section we present the needed definitions and lemmas.

2.1. Subgenerators. Let A be an R-algebra, 7 be an A-ring and K be a right 7-
module. We say a right 7-module N is K-subgenerated if N is isomorphic to a submodule
of a K-generated right 7-module, equivalently if N is the kernel of a morphism between
K-generated right 7T-modules. With o[K7] C My we denote the full subcategory of My
whose objects are K-subgenerated. In fact o[K7] C My is the smallest Grothendieck full
subcategory that contains K. Moreover we have the trace functor

Sp(o[Kr], =) : My — o[K7], M= {f(N): f€Hom (N, M), N € o[Kr]},
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which is right-adjoint to the inclusion functor ¢ : o[K7] — My ([Wis88, 45.11]). In
fact Sp(c[K7], M) is the largest right 7-submodule of My that belongs to o[K7] and
m € Sp(o[K7], M) if and only if there exists a finite subset W C K with Ann_4(W) C
Ann_4(m). For a left T-module L, the full category o[rL] C +M is defined analogously.
The reader is referred to [Wis88] and [Wis96] for the well developed theory of categories
of this type.

Definition 2.2. Let A be an R-algebra. A coassociative A-coring (C,Ac,ec) is an A-
bimodule C with A-bilinear maps

Ac:C—>C®aC, c+—>201®A02 and ¢ : C — A,

such that the following diagrams are commutative

Ac

C C®sC C
| v L e
C®al W C@aC®al A ®a ¢ ec®atde c ®a ¢ tde®acc ¢ ®a A

The A-bilinear maps A¢, ¢ are called the comultiplication and the counit of C, respectively.
All corings under consideration are assumed to be coassociative and have counits. The
objects in the category of corings Crg of coassociative corings are understood to be pairs
(C : A), where A is an R-algebra and C is an A-coring. A morphism between corings (C : A)
and (D : B) consists of a pair of mappings (#: 5): (C: A) — (D : B), where 5 : A — B
is an R-algebra morphism (so one can consider D as an A-bimodule) and § : C — D is an
(A, A)-bilinear map with

Xpp© (0 ®ab)oAc=Apoband epof = [oec. (1)

A morphism of corings (# : 3) : (C: A) — (D : B) is said to be pure if for every right
D-comodule N, the following right A-module morphism is C-pure (e.g. 4C is flat):

On ®A ch — (XN,D ®A ch) o (ZdN ®A 0 (24 ch) e} (ZdN ®A Ac) N ®A C — N ®B D ®A C
If A= B and ( is not mentioned explicitly, then we mean [ = idy.

Definition 2.3. Let (C,Ac,ec) and (D, Ap,ep) be A-corings with 4Ds C 4C4. We call
D an A-subcoring of C, if the embedding tp : D — C is a morphism of A-corings. If 4D C
4C and Dy C C4 are pure, then D is a subcoring of C if and only if A¢(D) C D ®4 D.

2.4. The dual rings of a coring. ([Guz85]) Let (C,Ac,ec) be an A-coring. Then
*C := Homy4 (C, A) is an associative A-ring with multiplication given by the left convolution
product

(f* g)(c) = Zg(clf(@)) for all f,g€ *C, ceC,
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unit e¢, and C* := Hom_4(C, A) is an associative A-ring with multiplication given by the
right convolution product

(f % 9)(c) = flg(er)es) forall f,ge C*, ceC,

unit ec. Moreover *C* := Homu_4(C, A) is an associative A-ring with multiplication given
by the convolution product

(f *g)(c Zg c1)f(co) forall f,ge *C*, c€C.

2.5. Let (C, A¢,ec) be an A-coring. A right C-comodule is a right A-module M associated
with a right A-linear map (C-coaction)

oM — M®4C, mHZm<0> XA M<1>,

such that the following diagram is commutative

M 2l M®,C
QM\L lidM@AAC
M®,sC o oo M®,C®4C

We call M counital, if
19;/[ ©) (ZdM (24 Sc) o0y = ZdM

For right C-comodules (M, 0,,), (IV, o)) € M® we call a right A-linear map f: M — N a
C-comodule morphism (or right C-colinear), if the following diagram is commutative

M ! N

on | Jex

MeaC g N el

The set of C-colinear maps from M to N is denoted by Hom® (M, N). For a right C-comodule
N, we call a right C-comodule (K, o) with K4 C Ny a C-subcomodule if the embedding
K & Nis right C-colinear. The category of counital right C-comodules and right C-
colinear maps is denoted by MC. The left C-comodules and the left C-colinear morphisms
are defined analogously. For left C-comodules M, N we denote with “Hom (M, N) the set
of left C-colinear maps from M to N. The category of counital left C-comodules and left
C-colinear morphisms will be denoted with “M. If 4C (respectively C,) is flat, then MC
(respectively M) is a Grothendieck category.



2.6. Measuring A-pairings. A measuring left pairing P = (T,C : A) consists of an
A-coring C and an A-ring 7 with a morphism of A-rings kp : 7 — *C. In this case C is a
right 7-module through

c;t::ch<t,cg> forall t € T and ¢ € C.

Let (7,C : A) and (S,D : B) be measuring left pairings. A (pure) morphism between
Measuring pairings

&60:8):(T,C:A)— (S,D: B),

consists of an R-algebra morphism 5 : A — B, a (pure) morphism of corings (6 : ) : (C :
A) — (D : B) and a morphism of A-rings £ : S — T , such that

< s5,0(c) >= (< &(s),¢>) for all s € S and ¢ € C.

If A= B and (3 is not mentioned explicitly, then we mean = id4 and write (§,60) :
(T,C) — (S, D). The category of measuring left pairings and morphisms described above
will be denoted by P,,;.

2.7. The a-condition. We say a measuring left pairing P = (7,C : A) satisfies the
a-condition (or is a measuring left a-pairing), if for every right A-module M the following
map is injective

: M ®4C — Hom_(T, M), Zml@)Acz [tHZmi<t,ci>]. (2)

We say an A-coring C satisfies the left a-condition, if the canonical measuring left
pairing (*C,C : A) satisfies the a-condition (equivalently if 4C is locally projective in the
sense of Zimmermann-Huisgen [Z-H76, Theorem 2.1], [Gar76, Theorem 3.2]). With P2, C
Pru we denote the full subcategory of measuring left pairings satisfying the a-condition.
The category of measuring right pairings P, and the full subcategory of measuring right
a-pairings Pf, C P, are analogously defined.

Remark 2.8. ([Abu03, Remark 1.30]) Let P = (7,C : A) be a measuring left a-pairing.
Then 4C is flat and A-cogenerated. If moreover 4C is finitely presented or 4A is perfect,
then 4C turns out to be projective.

2.9. Let P = (T,C : A) be a measuring left a-pairing and M be a unital right 7-module.
Consider the canonical A-linear mapping p,, : M — Hom_4 (7, M) and put Rat® (M) :=
poi (M ®,C). We call My C-rational, if Rat®(My) = M (equivalently, if for every m € M
there exists a uniquely determined element Y m; ® 4 ¢; such that mt =Y m; < t,¢; > for
every t € T). In this case we get a well-defined T-linear map o, := (al;) Lo py : M —
M ®4C. The category of C-rational right 7-modules and right 7 -linear maps is denoted by
Rat®(My). For a measuring right a-pairing P = (7,C : A) the C-rational left 7-modules
are analogously defined and we denote by “Rat(7M) C M the subcategory of C-rational
left 7T-modules.



Proposition 2.10. ([Abu03, Proposition 2.8]) Let P = (T,C : A) be a measuring left
pairing. If 4C is locally projective and kp(T) C *C is dense, then

MC Rat‘(My) = o[Cr]

Rat®(Mec) = olCecl. )
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3 Coinduction Functors between Categories of Type
o[ M]

Our coinduction functor between categories of comodules over corings is derived from
a more general coinduction functor between categories of type o[M]. In this section we
present this general coinduction functor and study some of its properties. Throughout this
section we fix R-algebras A, B with a morphism of R-algebras §: A — B, and an A-ring
T, a B-ring § with a morphism of A-rings £ : S — 7.

3.1. For every right 7-module M, the canonical right B-module M ® 4 B is a right S-
module through the right S-action

Zmi R4 b — 5= Zmzf(s) R4 b;.
It’s easy to see that we have in fact a covariant functor
— 4 B : MT — MS

3.2. For every right S-module N, the canonical right A-module Hom s(7 ®4 B, N) is a
right 7-module through

(=D _ti®abi) = o> ti @ by). (4)
It’s easily seen that we have in fact a covariant functor
HOIII_S(T®A B, —) Mg — MT-

Moreover (—®4 B,Hom s(7 ®4 B, —)) is an adjoint pair through the functorial canonical
isomorphisms

Hom (M ®4 B, N) ~ Hom_g(M &7 (T ®4 B), N) ~ Hom_+(M,Hom s(7 ®4 B, N)).
(5)

3.3. The coinduction functor Coind}(—). Let K be a right 7-module and consider the
covariant functor

HOMY)(T @4 B, —) := Sp(o[K7], =) o Hom_s(T ®4 B, —) : Ms — o[K7].  (6)
For every right S-module L (6) restricts to the covariant functor

Coindf (=) := o[Ls] — o[K7], N ~ Sp(c[K7],Hom_s(T ®4 B, N)) (7)
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defined through the commutativity of the following diagram

Hom_s(T®aB,-)

M

M

oM (T®aB,—)
Sp(o[KT],—)

Proposition 3.4. Let K be a right T-module and L be a right S-module. If the induced
right S-module K ® 4 B is L-subgenerated, then —® 4 B : My — Mg restricts to a functor

—®a B :o|Ky| — o[Ls].

Proof. Assume K ® 4 B to be L-subgenerated. Let M € o[K7] and Z m;@ab; € M@, B

be an arbitrary element Since My is K- subgenerated there ex1sts for each 2 = 1,...,q
a finite subset {kl s n} C K with An_ T({k1 - k()}) C An_7(m;). By assumption
K ®4 B is L-subgenerated and so for every 1=1,. q and j = 1,...,n;, there exists a finite
subset W() C L, such that An_ S(W ) C An_ 3({k ®a lp}). Consider the finite subset

W = U(U W- Y L.If s € An_g(W), then obviously £(s) € An_r({m, weymyg}) and

i=1 j=1
Wehavezzlmzéz)Ab/—s—Zmlf() ab;=0,1e. An_g(W) C An_ S(ZmZ®Ab)
We conclude then that M ® 4 B is L-subgenerated. We are done, since O'[KT] C My and
o[Ls] C Mg are full subcategories.l

Lemma 3.5. Let K be a right T-module and L be a right S-module with a right A-linear
map 0 : K — L. If
£((0r, : 6(k))) C (0k : k) for every k € K, (8)

then the induced right T-module K ® 4 B is L-subgenerated. This is the case in particular,
if 0 1s injective and

O(k — &(s)) = 0(k) — s for every s € S and k € K. (9)

Proof. Let Zk ®a b; € K ®4 B be an arbitrary element, V := {k; : i = 1,...,n} and
=1
= {0(k ) i=1,..,n}.If s € An_g(W) is arbitrary, then it follows by assumption that

f( ) € An_7(V) and SO

i=1 i=1 i=1
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So An_s(W) C (Oge,B : Y. ki ®4 b;) and consequently > k; ®4 b; € Sp(o[Ls], K ®4 B).
i=1 i=1
Since > k; ®4 b; € K ®4 B is arbitrary, we conclude that K ® 4 B € o[Lg].
i=1
Assume now that € is injective and that the compatibility condition (9) is satisfied.
Then we have for arbitrary £ € K and s € (0, : 6(k)) :

O(k —&(s)) = 0(k) = s =0,

hence k — £(s) = 0 (since 6 is injective by our assumption). So condition (8) is satisfied
and consequently the right S-module K ® 4 B is L-subgenerated.ll

We are now ready to present the main result in this section

Theorem 3.6. Let K be a right T-module, L be a right S-module and assume the right
S-module K® 4 B to be L-subgenerated. Then we have an adjoint pair of covariant functors

(— ®4 B, Coind} (—)).

Proof. By [Wis88, 45.11] (¢(—), Sp(c[K7], —)) is an adjoint pair of covariant functors, and
so () provides us with isomorphisms functorial in M € o[K7| and N € o[Lgs] :

HOIII_S(M ®A B,N) HOHI S (L( )®T T) ®A B),N)
) @7 (T ®4 B),N)
) HOIII_S(T®A B,N))

(M
(M
M, sp( [KT] Hom,s(T®A B, N))).

1111 R
.
o
2
/—\/—\l/\/\

4 Coinduction Functors between Categories of Co-
modules for Measuring a-Pairings

In this section we apply our results in the previous section to the special case of coinduction
functors between categories of comodules induced by a morphism of measuring left a-
pairing. It turns out that our results in this setting are direct generalization of the previous
results on coinduction functors between categories of comodules for coalgebras obtained
by the author in his dissertation [Abu01] (see also [Abu]).

The (Ad-)Induction Functor

4.1. Let A be an R-algebra and (C, A¢,ec) be an A-coring, (M, 0,,) € M€ and (N, oy) €
CM. The cotensor product M N is defined through the exactness of the following sequence
of R-modules

0— MON — M4 N =3 M®sC®s N
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where @ = 9,;, ® 4 tdy — idyr @4 05- For more information about the cotensor product of
comodules the reader may consult [BW03, Sections 21].

4.2. The induction functor. ([G-T02, Proposition 4.4]) Let (6 : 3) : (C: A) — (D : B)
be a morphism of corings. Then we have a covariant functor, the so called induction
functor

— @4 B: M - MP, M — M ®4 B,

where the canonical right B-module M ® 4 B has a structure of a right D-comodule through

M®sB— (M®1B)@D~M®@1D, m@ab— Y meps ®40(mers)b.  (10)

4.3. The ad-induction functor. ([G-T02, 4.5], [BW03, 24.7-24.9]) Let (8 : ) : (C :
A) — (D, B) be a morphism of corings. Then the canonical (B, A)-bimodule B ® 4 C has
a structure of a (D, C)-bicomodule with the canonical right C-comodule structure and the
left D-comodule structure given by

0:B®4C—D®p (BR4C)~D®R4C, b@acr Y b(c)) ®aca.

Assume the morphism of corings (0 : ) : (C : A) — (D, B) to be pure. For every right
D-comodule N, the canonical right A-submodule NOp(B®4C) C NQp(B®4C) ~ N®4C
given by

NOp(B®4C) := {Z n'®yc | an ®p0(c')) ®a 'y = an‘<0> ®pN'<is> @4
is a right C-comodule by
7:NOp(B®4C) = NOp(BRAC)®4C: Y n'@ac > n' @41 @4 .
Moreover we have a functor, the so called ad-induction functor
~Op(B®4C) : MP — M.

Proposition 4.4. ([G-T02, Proposition 4.5]) Let (6 : B) : (C : A) — (D : B) be a pure
morphism of corings. Then (—®4B, —Op(B®4C)) is an adjoint pair of covariant functors.

Theorem 4.5. Let P = (T,C : A) and QQ = (S, D : B) be measuring left a-pairings with
a morphism in PS, :

(£,0:8): (T,C:A) — (S,D: B).

Then we have a covariant functor
HOMY(T ®4 B, —) := Rat®(—) o Hom_s(T ®4 B, —) : Mg — M°, (11)
which restricts to a functor

Coind$(—) : MP — M, N — Rat’(Hom_s(7T ®4 B, N)) (12)
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defined by the commutativity of the following diagram

Hom_s(T®aB,—)

MD* MC*

oMY (TwaB,~)

Rat®(—)

Moreover (— ®4 B, Coind%(—)) is an adjoint pair of covariant functors.

Proof. Since P,Q satisfy the a-condition, Theorem 2.10 implies that M® ~ o[Cs] and
MP =~ ¢[Ds]. Moreover the canonical right B-module C ® 4 B is a right D-comodule by

COUBCR1BRED~CR.D, c®ab— Y 1 ®40(ca)b,

and is hence D-subgenerated as a right 7-module. The result follows now by Theorem
3.6.1

In the case of a base field, the cotensor functor is equivalent to a suitable Hom-
functor (e.g. [AWO02, Proposition 3.1]). Analogous to the corresponding result for co-
modules of coalgebras over commutative base rings ([Abu0l, Proposition 2.3.12], [Abu,
Proposition 2.8]) we have

Proposition 4.6. Let B be an R-algebra, D a B-coring, S a B-ring with a morphism
of B-rings  : S — *D* and assume the left B-pairing Q = (D,S : B) to satisfy the
a-condition.

1. Let (M, p,,) € MP, (N, 0y) € PM and consider M ®p N with the canonical S°-
bimodule structure. Then we have for Y . m; @gn; € M @ N :

Zmi ®Qpn; € MOpN & Zs"”mi Rpn; = Zmz ®p n;s? for all s? € SP.

2. We have an isomorphism of functors for every right D-comodule M and every left
D-comodule N :
MDDN ~ SopHOIIISop(SOp, M B N)

Proof. 1. Let M € MP, N € PM and set 1 := ;v 0 T(23). Then we have:

Zmi Rpn; € MDDN

& D Micos> ®p Mic1> Op Ny = > M ®p Nic—1> @B Nico>,

S YD micos ®p Mic1> ®pni)(s) = V(Do m; ®p nic_1> ®p Nicos)(5), Vs €S.
&Y Micos < 8, Mic1> > BNy = Y mi®p < §,Nic_1> > Nico>, ¥ SES.

= Zso”mi QB N, = Zmz XB niSOP,VSOPESOP.



2. The isomorphism is given by the morphism
Yun : MOpN = sooHomgor (S, M®@pN), m@pn = [ = sm@pn (= m@pns™)]

with inverse 8y, v : f = f(lsor). It is easy to see that v,, y and ), v are functorial
in M and N.1

As a consequence of Proposition 4.4, Theorem 4.5 and Proposition 4.6 we get
Corollary 4.7. Let P = (T,C : A), Q@ = (S,D : B) be measuring left a-pairings with a
morphism in Py, :

&0:5):(T,C: A) — (S,D: B).
Then we have an isomorphism of functors
Coind$(—) ~ —Op(B®4 C).
If moreover kq(S) C *D* then we have an isomorphisms of functors
CoindCD(—) ~ —DD(B XA C) ~ Homsop_sop(SOP, — ®nB (B Xa C))

4.8. Corings over the Same Base Ring. Let A be an R-algebra, C,D be A-corings
and 6 : C — D be an A-coring morphism. Then we have the corestriction functor

(=)0 ME — MP, (M, 0,,) — (M, (idy @4 60) 0 0y). (13)

In particular, C is a (D, C)-bicomodule with the canonical right C-comodule structure and
the left D-comodule structure by

Poe:iC 25 C@,0 "2 D, C.
If (N, 0%) is a right D-comodule and
WNC = Q%@Aidc—id]v@A DQCIN®AC—>N®AD®AC

is C-pure in My (e.g. 4C flat), then the cotensor product NOpC has a structure of a right

C-comodule by

NOpC ‘B3¢ NOp(C @4 C) ~ (NOpC) @4 C

and we get the ad-induction functor
—0pC : MP — M°, N — NOpC.

Corollary 4.9. Let A be an R-algebra, C,D be A-corings and 0 : C — D be a morphism of
A-corings. If AC 1is locally projective, then the morphism of A-rings *0 : *D — *C induces
a covariant functor

HOM(E*)D(*C, —) := Rat®(=) o Hom p(*C,—) : M.p — MC,
which restricts to the coinduction functor
Coind%(—) : MP— M€, N — Rat®(Hom -p(*C, N)).

Moreover ((—)?, Coind$(—)) is an adjoint pair of covariant functors and we have isomor-
phisms of functors

COlndCD(—) ~ —DDC ~ Hom(*p*)op_(*p*)op((*D*)Op, —®a C)

12



5 The general case

In this section we consider the case of coinduction functors induced by a morphism
of corings. Throughout the section, fix R-algebras A, B with a morphism of R-algebras
f:A— B, an A-coring C, a B-coring D with a morphism of corings (f: ) : (C : A) —
(D : B) and set #C := Hom,_(C, B).

Lemma 5.1. 1. #C is a (*C,* D)-bimodule through
(¢ — h)( Zh c19(ca)) and (h — g)( Zg c1)h (14)

2. If N is a right *D-module, then Hom_-p(¥C, N) is a right *C-module by
(¢ «— )(h) = p(¢p = h) for allp € *C, ¢ € Hom .p(*C,N) and h € #C.
If N is a left *C-module, then Hom-c_(¥C, N) is a left *D-module by
(g = @)(h) = p(h — g) for all g € *D, p € Hom.c_(*C,N) and h € #C.
Proof. 1. For arbitrary h € #C, ¢,¢ € *C, a € A and ¢ € C we have

ac) = Y h(acig(c2)) = Y ah(er(c2)) = a((¢ — h)(e))

and
(px) = h)(c) = Y hlc(p*xv)(c2)) = Y h(cr(cad(can)))
= Y h(euvl(ennd(e)) = (@ —h)(Qad(ce))
= (¢— (¥ —=n)) (),

i.e. #C is a left *C-module.
For arbitrary h € #C, f,g € *D, a € A and ¢ € C we have

(h—=g)(ac) = 3 g(B(aci)h(ca)) = > 9(B(a)f(c1)h(cz))
= Y. B(a)g(0(ci)h(ca)) = Bla)_g(0(ci)h(ca))
= B(a)[(h ~ g)(c)] = a[(h ~ g)(c)]
and
(h = fxg)c) = Y(f*xg)(0(ci)h(c2)) = 2. 9(0(c1)1f(0(c1)2h(c2)))
= > 9(0(cun)f ( (ci2)h(c2))) = >2g(0(c1)f(0(ca)h(c22)))
= >.9(0(ci)(h = f)(c2)) = ((h=f) = g)(o),

i.e. #C is a right *D-module.

To show the compatibility between the left *C-action and the right *D-action on #C
pick arbitrary h € #C, ) € *C, g € *D and ¢ € C. Then we have

(= (h=g))(c) = (h=g)(>crp(e)) = g(2_0(ci1)h(cr29(c2)))
= g(Q_0(c)hlcat(c2)) = gQ20(c)(® — h)(c2))
= (¥ —h)=g)(c).
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2. Straightforward.Hl

5.2. Assuming 4C to be locally projective we have the functor
HOM_.p(#C, —) := Rat®(—) o Hom_.p(*C, =) : M.p — MF,
which restricts to a covariant coinduction functor
G:MP = M, N+ Rat(Hom_.p(*C, N))
defined through the commutativity of the following diagram

Hom_x«p(#C,—)

Ratc(f)
MD ..................................... g ............................... . ;\ MC

Remark 5.3. Without further assumptions, it is not evident that (— ®4 B, G) is an adjoint
pair of covariant functors.

To get a right adjoint to — ®4 B : M® — MP? we modify the definition of G. Before
we introduce the new version of the coinduction functor, some technical results are to be
proved.

Lemma 5.4. Consider the maps
Bo—:*C— #C, —0f: *D = *#C
and set xC :=Im(f o —) and 4D :=Im(—o 0).
1. 4C is an A-ring with multiplication
(Bog)x(Bo):=pFo(dx1), (15)

unit foee and
Bo—: *C — #C

is a morphisms of A-rings. Moreover 4C = *C — (B o e¢), and hence is a cyclic

*C-submodule of #C.
2. 4D is an A-ring with multiplication
(fob)x(gob):=(f*g)ob, (16)

unit ep o 0 and
—o f: *D— 4D

is morphisms of A-rings. Moreover 4D = (ep o 0) — *D, and hence is a cyclic
*D-submodule of #C.

14



8. If 4D C 4C, then 4C C #C is a (*C,* D)-subbimodule. Analogously, if 4C C 4D then
4D C #C is a (*C,* D)-subbimodule.

4. If 4D C 4C and N is a right *D-module, then Hom_.p(4C, N) has a right *C-module
structure by

(o = )(h) = @(p = h) for allp € *C, p € HOm_*D(#C,N) and h € 4C.

If 4C C 4D and N is a left *C-module, then Hom-c_ (4D, N) has a left *D-module
structure by

(g = ¢)(h) =@(h+g) for all g € *D, ¢ € Hom«c_(xD,N) and h € 4D.

Proof. 1. It’s obvious, that (4C, , 5 o e¢) is an A-ring and that § o — is a morphism
of A-rings. For all ¢ € *C and ¢ € C we have

(Bog)(e) = (Bod)(Xeclc)er)) = Xl(Boee)(c)ll(Bod)(ca)]
= Y(Boec)(crd(c)) = (¢ = Boec)(o),

hence 4C = *C — (Boec) C #C is a cyclic left *C-submodule.

2. It’s obvious that (4D, *,ep o #) is an A-ring and —o 6 is a morphism of A-rings.
Moreover, for every g € *D we have

(gof)(c) = (900X ciec(z)) = g20(cr)(Boec)(c))
= g(2b(c)(epob)(cz)) = ((epob) —g)(c),
hence D = (ep 0 0) — *D C #C is a cyclic right *D-submodule.

3. Assume that 4D C »C. Then we have

4C+—=*D = (*C—=Poec)—*"D = *C—(foec—"D)
= *C—(epof—*D) = *C— 4D
- *CA#C = #C,

hence »C C #C is closed under the right *D-action (i.e. a right *D-submodule).
Analogously, if ,C C 4D, then

*C—=4D = *C—(spob+—=*D) = (*C—epol)—"*D
= (*645060)’—*13 = #C’—*D
= #D;*D = #D,

hence D C #C is closed under the left *C-action (i.e. a left *C-submodule).

4. Straightforward.Hl
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Lemma 5.5. 1. 4C N 4D is an A-ring with either multiplications (15) or (16) and
unit foee = epob. If 4D C 4C (respectively 4C C 4D), then —o 6 : *D — 4C
(respectively f o —: *C — D) is a morphism of A-rings.

2. For all ¢ € *C and g € *D we have
(Bog)—g=¢—(go0).
Hence 4C — *D = *C — 4D is a (*C,* D)-subbimodule of #C.

Proof. 1. For arbitrary fof =fo¢ and gof = o in 4CN 4D we have

(Fo0rgod)(e) = (Frua0) = SolOuf0):)
= Sl fOe) = Sgble)(5od)ew)
= Goh)(Sadle) = B0%v(co(e)
= (Bo(dmt)©) = (Bod)=(Bow)(e).
B (fob) *(gob) = (Bod)+ (For). an)

The last statement follows immediately from (17).

2. Forall p € *C, g € *D and ¢ € C we have

((Bog) = g)( Zg c1)(B o d)(c2)) Zg (c19(c2))) = (¢ = (g0 0))(c).

Definition 5.6. Let (C : A), (D : B) be corings, (0 : ) : (C: A) — (D : B) a morphisms
of corings, and consider the maps

fo—:*C— #C, —of: *D— #C.
Set 4C := Im(f o —) and 4D := Im(—o #). We say (6 : () is a compatible morphism
of corings, provided xzD Cy C (i.e. for every f € *C, there exists some g € *D with
Bof=gob).

5.7. The coinduction functor. Assume 4C to be locally projective and the morphism
of corings (C : A) — (D : B) to be compatible. Then we have a covariant functor

HOM(E*)D(#C, —) := Rat®(—) o Hom .p(4C, —) : M.p — MC,
which restricts to the covariant functor
Coindy(—) : MP — M°, N + Rat®(Hom_-p(4C, N))
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defined through the commutativity of the following diagram:

Hom_*D(#C,—)

Mp — Mec
HOMEC*)D(#C,—)
Ratc(—)
MD ....................................................................... . ;\ MC

Lemma 5.8. 1. If 4C is locally projective then we have functorial morphisms in M €

MC and N € MP :

®yy: HomP(M ®4 B,N) — Hom" (M, Coind%(N))

2 S omes b (X mees &4 h(mers))]. D)

2. If AC, gD are locally projective and (6 : 5) : (C : A) — (D : B) is compatible, then
we have functorial morphisms

Uy Hom (M, Coind%(N))
¢

Hom? (M ®4 B, N)

m@ib (Cm)(Boc)y] )

_>
}_>

Proof. 1. First of all we prove that @, v is well-defined for all M € M“ and N € MP.
For all 5 € Hom”(M ®, B, N), m € M, ¢ € *C and h € 4C we have

[(@rr,n(2)(m)) < @)I(h) = [Parn(3)(m)](d — D)

= (Y mco> ®a (¢ = h)(mcis))
%(Z M<o> @A h(m<1>1¢(m<1>2)))
%(Z M<o><0> DA h(m<0><1>¢(m<1>)))
[®rr,nv (50) (D0 m<osp(mers))](h)
= [Pun(50)(m — 9)](h).

So @y n(5¢) € Hom (M, Hom -p(4C, N)) = Hom®(M, Coind,(N)), i.e. Oy is
well-defined. It’s easy to see that ®,; y is functorial in M and N.

2. For all ¢ € Hom®(M, Coind%(N)), m € M, b € B and g € *D with bgo# = fo¢ €
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4+C we have

Uarn(Q)[(m ®4 D) — g] Meos> @4 g(0(Mmc1)d)]
Boec)][(bg)(0(mcis))]
Boec)][(bg o 0)(¢(m)<1>)]
Boec }[(5 o $)(C(m)<1>)]

P(¢(m)<1>)

U n (O
Z[C(m<0>)

™
o
™

o

So Uy n(¢) € Hom_«p(M®4B,N) = Hom? (M ®4 B, N). It’s easy to see that VN
is functorial in M and N.H

We are now in a position that allows us to introduce the main theorem in this
section

Theorem 5.9. Let (C: A), (D : B) be corings with aC, gD locally projective and (6 : 3) :
(C:A) = (D : B) be a compatible morphism of corings. Then (— ®4 B, Coind%(—)) is a
pair of adjoint functors.

Proof. By Lemma 5.8 it remains to prove that ®,, xy and ¥, x are inverse isomorphisms
for all M € M¢ and N € MP. For all s € Hom”(M ® 4 B, N), m € M and b € B we have

[(Uar,n 0 @ar,v) (50)] (M @24 ) [(@ar,n(5¢)(m)) (B oec)]b
[2(D°m<os> ®a (Boec)(mais))]b

[5(D mcosce(mars) ®a 1p)]b

[%(m ®A 13)]b

7x(m ®4b),

le \IIM7N @) @MJV - ZdHOl’l’lD(M®AB,N)
On the other hand, for all ¢ € Hom®(M, Coind%(N)), m € M and h = o ¢ € 4C we
have

[((@ar.y 0 Warn)(O))(m)](5 0 ¢) W N () (X Me<os> ®a (B0 ¢)(mer>))
2_[C(m<o>) (B o ee)][(B 0 @) (meis)]
2_1¢(

)(
>(Boec)od(C(m)<is)
)(

Le. @y y oWy = idHomC(M,coind%(N))-.
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Corollary 5.10. Let (C : A), (D : B) be corings with oC, gD locally projective and
@ :08):(C: A — (D : B) be a compatible morphism of corings. Then we have an
isomorphism of covariant functors

Coind$(—) ~ —Op(B®4C).
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